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1 Introduction

In the previous papers of the authors [4, 5], a new type of intuitionistic fuzzy modal operator,
marked by ®, 3,5 1s introduced and some of its properties are studied. Now, new properties of
this operator are studied.
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Let a set E be fixed. The Intuitionistic Fuzzy Set (IFS) A in E is defined by (see, e.g., [1]):

A= {(r, pa(z), va(z))|z € E},

where functions p14 : £ — [0,1] and v4 : E — [0, 1] define the degree of membership and the
degree of non-membership of the element x € E, respectively, and for every x € E:

0 < pra(z) +va(z) <1

Different relations, operations and operators are introduced over the IFSs. One of them is the
classical neegation, defined by

—A = {{z,va(2), pa(x))|z € E}.

For the needs of the present research, we introduce the extended modal operators, defined
over IFSs (see, e.g. [1, 2]). Let o, 5 € [0, 1] and let:

a,8(A) = {(z, pa(@) + a.ma(z), va(z) + B.7a(z))|x € E}, where o + § < 1,
Gas(A) = {{z,.pa(z), Bva(z))|r € EY,
Hop(A) = {{z,a.pa(z),valz) + f.ma(z))|z € E},
1}, 5(A) = {{z, a.palz), va(z) + B.(1 — a.pa(z) — valz)))|z € E},
Jap(A) = {{z, pa(x) + a.ma(z), Bva(z))|z € B},
Jap(A) = {{z, pa(z) + a.(1 = pa(z) — Bva(x)), Bva(z))|z € E}.

These operators are partial cases of the followingg operator (see [2, 3])

Xapedef(A) = {(z, a.ppa(z) +b.(1 — pa(r) — cva(z)),

dva(z)+e(l — fua(x) —va(x)))|z € E}

where a, b, ¢, d, e, f € [0,1] and there, the following two conditions are given:

at+e—e.f <1, (1)
b+d—b.c<1, (2)
b+e<1. (3)

In [4], we introduced the following new operator from modal type:

Ra,pr0A = {(x,a.pa(x) +vvalx), B.pua(z) + ova(x))|z € EY,

where a, 3,7,0 € [0,1]and v + 3 < 1,7+ 0 < 1.

According to this definition, on one hand, the operator reduces by « the degree of membership
pa(x) original IFS A’s and sums it up with a part of the degree of non-membership (y.v4(z)),
and in the same time it reduces the original A’s degree of non-membership (v4(z)) by § and sums
it up with a part of the degree of membership (5.114()).
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As it is mentioned in [4], it is easy to see that
®1,0014 = A,

®o,1,1,04 = 74,
and the set ®, 3,54 is an IFS. There, they are proved also that for every IFS A and for every four
real numbers «, 3,7,0 € [0,1] suchthataa + 8 < 1,y +§ < 1
- ®a,ﬂ,'y,5 —A = ®6,7,ﬂ,aA-

In [5] it is proved that for the IFS A and for a,b,¢,d, e, f,g,h € [0, 1], so thata+ b, c+d, e+
f,g+h €0,1]. Then

®e,f,g,h (®a,b,c,d (A) = ®ae+bg,af+bh,ce+dg,cf+dh (A) .

2 Main results

Here, we formulate and prove some new assertions, related to the intuitionistic fuzzy modal

operator Qg g.~,5-
First, we mention that in [1, 2] the following five operations are defined for the IFSs

A ={(z, pa(z),va(z))|z € E}
and
B = {{z, pp(z),vp(z))|x € E} :
AN B = {{z,min(pa(z), pp(x)), max(va(z), vs(z)))|r € E},
AU B = {{z,max(pa(), pp(r)), min(va(z), vs(z)))|r € E},
A+ B = {{z, pa(z) + pp(x) — pa(@)pp(), va(z)vp(a)) |« € E},

A.B = {(z, pa(@)pup(x),va(r) + vp(x) —va(z)vp(z)) | © € E},
A(z) + pp(z) va(z) +vp(z)
2 ’ 2
Theorem 1. Let A be an IFS and let o, 3,7,0 € [0,0.25], ¢,¢,n, 6 € [0, 1]. Then

AQB = {(z,” \z € EY.

JLO(H4a7EA@H4%CﬁA>@H071 (Jn745ﬁA@J9,45A) - ®a”87%514. (4)

Proof. Let the IFS A and the real numbers «, 3,7,9,¢,(,n,0 satisfy the conditions from
Theorem 1. Then
JI,O(H4a,EA@H4'y,C_'A)@HO,1(JnAﬁ_'A@JQA(S)

= J1o(Haa (7, pa(@), va(@))|z € EYQH 4y (2, va(z), pa(z))|r € E})
QHo 1 (Jpap{{z; va(@), pa(e))|v € E}QJpas{(z, pa(e),va(z))|x € E})
= Juo({(w, dapa(e), va(r) + ema(e))|e € EYO{(x, dyva(z), pa(x) + Cra(z))|z € E})
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QHox({{z, va(z) + nma(z), 48pa(x))|e € EYQ{(z, pa(z) + 0ma(z), 46va(x))|z € E})

= J1o{(x, 20014 (2) + 2yva(2), palx) + VA($)2+ (e + Q)WA(;[‘)H

(o, AT 2 OTAE) 55, (2) 1 280a(a e € E)

= {(&, 2apa(2) + 2ywa(x), Olr € E}YQ{(x,0,20pa(x) + 20va(2))|x € E}
= {{, apa() + yva(z), Bpa(r) + ova(z))|z € B}
— ®a7/37’y’614'

r € E}

Therefore, (4) is valid. So, the Theorem is proved. ]

Theorem 2. Let A be an IFS and let «, 3,7,0 € [0,0.25], &,¢, 1,60 € [0, 1]. Then
Jio(H4a,€A@H4%C—|A)@H§71(Jn74/3—|A@J9,45A) = Qaq,8,7,04.

The proof is similar to the above one. The same is valid for Theorem 3.

Theorem 3. Let A be an IFS and let o, 8,7, 0 € [0,0.5]. Then
®a,ﬁ;y,6A — G2a72,YA@G2/3’25A.

These three theorems give answer to the Open Problem 1 from [5]: Can operator ®,, .5 be
represented by the extended modal operators?
On the other hand, we can check directly that for each IFS A and for o, § € [0, 1],

Ga,,BA = ®a,0,0,,3A7

_‘GaﬂA - ®O,ﬁ,o¢,0A-

In [4] it is proved that for every two IFSs A and B and for every four real numbers «, 3,7,9 €
[0,1] such that « + 5 < 1,7 + § < 1, it holds that

(@) ®a,8,4,5 (AU B) = ®q,8~,54 U @a,8.58,
(b) Da,B,7,6 (A N B) ®aﬁ,%5A n ®a,,37%5B’
(€) ®a,8,7,6 (A+ B) = ®a,8,7,64 + ®a,p.4,6B,
(d) ®a,p,7.8 (A-B) = Qa 7,64 ®a,p,.6 B

Here, we shall continue this sequence of equalities, proving the following theorem.

Theorem 4. Let A and B be two IFS and let o, 3,7, € [0,1],sothat a + < 1,7+ 6 < 1.
Then,
®a,ﬂ,'y,6<A@B) = ®a,5,%514@ Ra,B,7,6 B. (5)

Proof. Let the IFSs A and B and the real numbers «, 3, v, ¢ satisfy the conditions from Theorem
3. Then

®a,ﬂ,7,6A@ ®a,,8,7,6 B
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= ®a,p,7,61(T; pa(@), va(z))|r € E}YQ @q 54,5 {(, up(2), vp(2))|r € E}
= {{x,a.pa(x) + yva(z), B.pa(x) + dva(x))|z € E}
Q{(z, a.pp(z) + v.vp(@), B.up(x) + d.va(B))|z € E}

_ gy epa(z) +app() | yva(r) +y.vs(e)

- {<l’, 4 2 + 4 2 )

B.palx)+ B.up(z) N d.va(z) + d.va(B)
2 2

)z € E}

pa(r) + pp(r) va(r) + vp(z)
= {(z, . A 5 +7.Af,

pale) +inle) 5 vale) + valB)
= Qapr0(T, pa(z) —g ps(r) i va(z) ‘; VB(ﬁ)’
IUA(.??) + HB(I') n I/A(x) + I/A(B)
2 2
= ®a,5,%5(A@B).

Therefore, (5) is valid. So, the Theorem is proved. O

)z € E}

)z € E}

By analogy with Theorem 4, we can prove Theorem 5 below.

Theorem 5. Let A be an IFS, let o, 3,7, € [0,1], sothat « + 5 < 1,7+ ¢ < 1 and let
a,b,c,d,e, f €[0,1], so that: b,e > 0 and (1) — (3) are vaild. Then

Xazbaczdzezf(®a7ﬁ7776A) = XbJraafbafbc,B,b,w,e+d676f’yfe§,e,w' (6)

Proof. Let the IFS A and real numbers «, 5,7, 9, a,b, c,d, e, f satisfying the conditions in the
Theorem, are given. Then

Xapedef(®a,sn,54)
= Xapedef (Qasq5{(x, pa(@), va(z))|z € E})
= Xapedes (@, a.pa(z) +v.va(z), B.pa(z) + d.va(z))|z € E})

= {{z, a(a.pa(z) + v.va(@)) + b(1 — apua(w) — yva(z) — e(B.pa(x) + 0.va(2))),
d(B.ia(x) + 0.a(@) + (1 — Flapa(@) +vva(@)) — (Bpia(x) + dwa(@))|e € B}

= {{z,aa.pa(@) + ay.va(z) + b — ba.pa(z) — by.va(z) — bef.pa(z) — bed.va(z))),
dB.11a(x) + dsva(x)) + ¢ — efaia@) — efrva(x)) — B pa(@) — ecdwa(@)|z € E}

({2, a0 pia(®) + ayva(z) + b — baia(x) — byva(x) — beBopa(z) — bed.wa(z))),
dB.pa(x) + dd.va(z)) + e —efa.pa(z) — efyva(z)) — eB.pa(z) — edva(x)))|z € E}.

Having in mind that
XparstulA) = {2, ppale) +¢.(1 = pale) — rva(z)),
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swa(z) +t.(1 —u.pa(x) —va(z)))|z € E},
we see that now
p—q = ax — ba — bcp,
q=",
—qr = ay — by — bed,
s—t=dd—efy— e,
t=e,
—tu=df —efa—ep.
Therefore, from b, e > 0 it follows that
p="b+ aa — ba — bcp,
by — ay + bcd
r=—,
b
s=e+dd—efy—ed,
ef —df+efa
u = .
e
Hence, (6) is valid. Now, we must check the validity of conditions (1) — (3) for p, q, 7, s,t, u.

For condition (1) we see that

p+t—tu=b+aa—ba—bcf+e—e.

ef —dpf+efa
e

=b+aa—ba—bcf+e—ef+dS—efa
=b+e+(a—ba—(e—d)f—efa—bcp
=bt+e+(a—b—ef)a+(—e+d—bc)s

(Because a, b, ¢, d, e, f satisty (1) — (3), from (1) we have that a — ef < 1 — e and from (2) — that
d — bec <1 —b. Therefore,
a—b—ef <1—e—b,

—e+d—bc<1—b—e.)
<bte+(l-b—e)a+(1-b—¢)p
=bt+e+(1-b—e)la+p)
<b+e+l-b—e=1

Hence, (1) is checked for p, ¢, r. By analogy, we check (3) for s, ¢, u, while the validity of (2)
for q and r follows directly from (3).
So, the Theorem is proved. O]

Theorem 6. Let A be an IFS, let o, 5,7, € [0,1], sothat « + f < 1,7+ ¢ < 1 and let
a,b,c,d,e, f €[0,1], so that: baw + ey, b3 + ed > 0 and (1) — (3) are vaild. Then,

B0 Xabedes (A) = Xoatoy—epybater, 8t 45 1 d5-be,b-+es, Yogaiess

The proof is similar to the above one.
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3 Conclusion

In the present paper, new properties of the intuitionistic fuzzy modal operator ®, g - s are given.
It is different from the rest modal operators, defined over IFSs. Following [4] we mention that it
gives rise to some open problems. The solution of the first of them was given here. The rest two
are:

Open Problem 2. Can operator ®,, 3,5 be represented by the modal operator (9, ¢ ., f?

Open Problem 3. Can operator ®,, 3.5 be used for representation of some type of modal opera-
tors?
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