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1 Introduction

The concept of intuitionistic fuzzy sets was introduced by Atanassov [3—5] as a generalization to
the notion of fuzzy sets given by Zadeh [21]. Biswas was the first to introduce the intuitionistic
fuzzification of the algebraic structures and developed the concept of intuitionistic fuzzy subgroup
of a group in [8]. Hur and others in [11] defined and studied intuitionistic fuzzy subrings and
ideals of a ring. In [10], Davvaz et al. introduced the notion of intuitionistic fuzzy submodules
which was further studied by many mathematicians (see [7,12,13,15-17, 19]).

The correspondence between certain ideals and submodules arising from residual quotient
plays a vital role in the decomposition theory and Goldie like structures (see [9]). A detailed
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study of the fuzzification of this and related concepts can be found in [1, 14]. Intuitionistic fuzzi-
fication of such crisp sets leads us to structures that can be termed as intuitionistic fuzzy prime
submodules. In this paper, we attempt to define intuitionistic fuzzy prime ideal of a ring and
intuitionistic fuzzy prime submodule of a module using the concept of residual quotients and
investigate various characteristic of it. This concept will help us to explore and investigate var-
ious facts about the intuitionistic fuzzy aspects of associated primes, Godlie like structures and
singular ideals.

2 Preliminaries

Throughout the paper, R is a commutative ring with unity 1,1 # 0, M is a unitary R-module and
0 is the zero element of M. A proper submodule N of M is called a prime submodule if rm € N
for some r € R, m € M implies that m € N orr € (N : M), where

(N:M)={r|reRrMCN}.
The set of all prime submodules of M is denoted by Spec(M).

Lemma 2.1. ([2]) Let N be a prime submodule of R-module M. Then

(i) N is a prime submodule of M if and only if P = (N : M) is a prime ideal of R and R/ P-
module M /N is torsion free.

(ii) (N : M) is a maximal ideal of R, then, N is a prime submodule of M.
(iii) If N is a maximal submodule of M, then, N is a prime submodule of M.

Definition 2.2. ([4,15]) Let X be a non-empty fixed set. An intuitionistic fuzzy set (IFS) A in
X is an object having the form A = {(z,pua(z),va(z)) | © € X}, where the functions p4 :
X — [0,1] and v4 : X — [0,1] denote the degree of membership (namely 14(x)) and the
degree of non-membership (namely v4(x)) of each element 2 € X to the set A, respectively, and
0 < pa(z)+va(x) <1foreachx € X.

Remark 2.3. (i) When p4(x) + va(z) = 1, i.e,, when va(x) = 1 — pa(x) = pac(x), then, A is
called a fuzzy set.

(ii) We denote the IFS A = {(x, ua(x),va(x)) | 2 € X} by A = (pa,va).

(iii) The class of intuitionistic fuzzy subsets of X is denoted by / F'S(X).

For A, B € IFS(X) we say that A C B if and only if us(z) < pp(z) and va(x) > vp(x)
forall x € X. Also, A C Bifandonlyif A C Band A # B.

By an intuitionistic fuzzy point (I F'P) x(, 4 of X,z € X andp,q € (0, 1] such thatp+¢q < 1,
we mean z, 5 € [ FS(X) defined by

(p.q), fy==x

Tpa)(y) =
() (0,1), if otherwise.
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If z(,q) is an intuitionistic fuzzy point of X and z(,,) € A € IFS(X), we write (4,4 € A.
Let A = (ua,va4) be an IFS of X and Y C X. Then, the restriction of A to the set Y is an IFS
Ay = (pay,va, ) of X and is defined as:

pa(y), ifyey valy), ifyeY
KAy (y) = . . Vay (y) - :
0, if otherwise 1, otherwise.

The intuitionistic fuzzy characterisitic function of X with respect to a subset Y is denoted by yy
and is defined as:

1, ifyeY 0, ifyeY
; ny(y):

Fowy (4) = ;
Y 0, if otherwise 1, otherwise.

The following are two very basic definitions given in [11] and [18].

Definition 2.4. Let A € IF'S(R). Then, A is called intuitionistic fuzzy ideal (/FI) of R if for
all z,y € R, the following statements are satisfied:

@) pa(r —y) > palr) A paly);
(i) pa(zy) > pa(r) V pay);
(i) va(z — y) < va(z) V valy);
(iv) va(zy) <wva(x) Aval(y).

Definition 2.5. Let A € JF'S(M). Then, A is called intuitionistic fuzzy module ({ FM) of M if
for all x,y € M,r € R, the following statements are satisfied:

(@) palr —y) > palz) A pay);
(i) pa(ra) > pale);
(iii) pa(f) = 1;
(iv) va(z —y) <wval(z) Vrvaly);
(V) va(rz) < wva(z);
(vi) va(0) = 0.
Let I F'M (M) denote the set of all intuitionistic fuzzy R-modules of M and I F'I(R) denote

the set of all intuitionistic fuzzy ideals of R. We note that when R = M, then, A € IFM (M) if
and only if 4(0) = 1,v4(0) =0and A € IFI(R).

Let A€ IFS(M)and p,q € [0,1] withp+ ¢ < 1. Then, the set A, o) = {x € M | pa(z) >
pand va(x) < ¢} is called the (p, ¢)-cut subset of M with respect to A. In particular, we denote
A(MA(Q)’VA(Q)) by A,. Of course, A, = {x e M | ,LLA(Z‘) = [LA(Q) and I/A($) = I/A(Q)} The sup-
port of an /F'S A is denoted by A* and is defined as A* = {z € M | pa(z) > 0and va(z) < 1}.
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Definition 2.6. Let C' € IFI(R)and B € IFM (M ). Define the composition C'o B, and product
C' - B, respectively, as follows: For all w € M,

sup[pc(r) Aug(z)] ifw=rz,re R,x e M

peon(w) = L .
0, if w is not expressible as w = rz
and
inf[ve(r) Vg(x)] ifw=rz,re Roxe M
Voop(w) = . . .
1, if w 1s not expressible as w = rz.
sup[inf}  {uc(ri) A pp(z)}] ifw=>" rz;,ri € Ra; € M,ne N
:U“C'B(w) = . . . n
0, if w is not expressible as w = > " | r;x;
and
inf[sup? {ve(ri) Vvg(x)} ifw=>" rx,rc Rz, e M\,ne N
Vc.B(U)) =

1, if w is not expressible as w = > | r;x;.

where as usual supremum and infimum of an empty set are taken to be 0 and 1, respectively.
Clearly, Co B C C - B.

The following results in the lemma can be easily derived. It gives the basic operations between
intuitionistic fuzzy ideals and intuitionistic fuzzy modules.

Lemma 2.7. Let C' € IFI(R), A, B € IFM(M) Then:

(i) C-BC Aifandonlyif C o B C A.

(ii) Let r(s ) € IFS(R),x(pq) € IFS(M) be IFPs. Then, 1(s1) 0 T(pq) = (TT)(srp,tve)-
(iii) If 11c(0) = 1, vo(0) = 0, then, C - A € IFM(M),

(iv) Let v(s4) € IFS(R) be an IFP. Then, for all w € M,

sup[s A pp(z)] fw=rz,re R,x e M

/’LT s,1)0B (w) -
(s,) o .
0, if w is not expressible as w = rx

and
inf[t Vuvg(zr)] fw=rz,re RoeM
Vr(s,t)OB(w - o .
1, if w is not expressible as w = rzx.
The following theorem gives a relation between the intuitionistic fuzzy modules on M and

the submodules of M. It is a very practical method to construct an intuitionistic fuzzy module on
M.

Theorem 2.8. ([16]) Let A € IF'S(M). Then, A is an intuitionistic fuzzy module if and only if
forall a, B € [0,1] with o« + < 1 such that A, g is an R-submodule of M. In particular, A,
is an R-submodule of M.
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Definition 2.9. ([20]) Let X and Y be any sets and let f : X — Y be a function. An IFS A
of X is called f-invariant if f(x,) = f(x2) = pa(z1) = pa(z2) and va(xy) = va(xs), where
X1, T2 € X.

If Ais any f-invariant IFS of X, then, f~!(f(A)) = A.

Theorem 2.10. ([20]) Let f : M — M, be a module homomorphism. If A and B are f-invariant
IF'S of M and M, respectively. Then

1. (f(A)). = f(A)
2. (f7H(B))s = f71(B.).
Definition 2.11. ([18]) For A, B € IFS(M) and C € IFS(R), define the residual quotient
(A: B)and (A: C) as follows:
(A:B)=|J{D| D € IFS(R) such that D - B C A}
and
(A:C)=|J{E| E € IFS(M) such that C - E C A}.
Clearly, (A: B) € IFS(R)and (A: C) € IFS(M).
Theorem 2.12. ([18]) For A, B € IF'S(M) and C € I1FS(R). Then, we have
(i) (A:B) =U{r@p 7 € R,a,B €[0,1],a+ < 1suchthat rnp) - B C A}
(ii)) (A:C) = U {z@p v € M,a,8€[0,1],a + B < 1such that C - x5 C A}.
Theorem 2.13. ([18]) For A, B € IFS(M) and C € IFS(R). Then, we have
(i)(A:B)-BC A;
(i) C-(A:C)C A;
(ii) C-BC A< CC(A:B)BC(A:C).
Theorem 2.14. ([18]) For A;(i € J),B € IFS(M) and C € IFS(R). Then, we have
() (Miey Ai : B) = e (Ai : B);

(ii) (Mies Ai : C) = Nies (Ai : C).

Theorem 2.15. ([18]) For A,B € IF'S(M) and C € IFS(R)

(i) If A € IFM(M), then, (A: B) = \J{D | D € IFI(R) such that D - B C A};
(ii) If C € IFI(R), then, (A:C)=\{E | E € IFS(M) suchthat C - E C A}.

Theorem 2.16. ([18]) If A,B € IFM(M) and C € IFI(R), then (A : B) € IFI(R) and
(A:C) e IFM(M).
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Let AAB € IFM(M) and C € IFI(R). Then, (A : C) is called the residual quotient
intuitionistic fuzzy submodule of A and C' and (A : B) is called the residual quotient intuitionistic
fuzzy ideal of A and B respectively. In particular (X9 : B) = ann(B) is called the annihilator
of B. The authors in [18] have studied the annihilator of intuitionistic fuzzy subsets of rings and
modules.

Theorem 2.17. ([18]) For A, B; € IFS(M) and C; € IFS(R), (i € J) . Then, we have

(i) (A:Uies Bi) = Nies (A Bi)s

(ii) (A : Ujes Ci) = Nyes (A= Ci).

Definition 2.18. ([6]) For a non-constant C' € [ F'I(R), C is called intuitionistic fuzzy prime ideal

of Rif for any z(,q), y(s) € 1F P(R), whenever x(, y(s+) € C implies that either 2, oy € C or
Y(s,t) - C.

The set of intuitionistic fuzzy prime ideals of R is denoted by I F' — Spec(R).

Definition 2.19. ([6]) A non-constant IFI A of a ring R is called intuitionistic fuzzy maximal
ideal if for any IFI B of R, if A C B, then, either B, = A,, or B = xp i.e., either B, = A,, or
B, = R.

Definition 2.20. ([18]) A non-constant IFSM A of an R-module M is said to be an intuitionistic
fuzzy maximal submodule if for any IFSM B of M, if A C B, then, either B, = A,, or B = x/,
i.e., either B, = A,, or B, = M.

Proposition 2.21. ([18]) A non-constant IFSM A of an R-module M is an intuitionistic fuzzy
maximal submodule if and only if A is of the form

1, ifze M, 0, ifze M,
pa(r) = , ;o va(r) = ,
s, ifre M\M, t, ifre M\M,,

where My is a maximal submodule of M and s,t € (0,1) such that s +t < 1.

3 Intuitionistic fuzzy prime submodule

In this section, we will give a characterization of intuitionistic fuzzy prime submodules in terms
of residual quotients.

Definition 3.1. For A, B € IFM(M), A is called intuitionistic fuzzy submodule of B if and
only if A C B. In particular, if B = x,, then, we say that A is an intuitionistic fuzzy submodule
of M.

Definition 3.2. A non-constant intuitionistic fuzzy submodule A of B is said to be prime if for
CelIFI(R)and D € IFM(M) suchthat C' - D C A, then, either D C A,orC' C (A: B).
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Definition 3.3. A non-constant intuitionistic fuzzy submodule A of M is said to be prime if for
CelFI(R)and D € IFM (M) suchthat C'- D C A, then, either D C A, or C' C (A : xum).

The set of intuitionistic fuzzy prime submodules of M is denoted by I F' — Spec(M).

Theorem 3.4. Let A be an intuitionistic fuzzy prime submodule of M. Then, A* is a prime
submodule of M.

Proof. Here A is an intuitionistic fuzzy prime submodule of M. Let us show A* is a prime
submodule of M.

Let rm € A* for some r € R, m € M. Suppose that m ¢ A*. We assume that p4(rm) = s
and v4(rm) = t, where s,t € (0,1] such that s +¢ < 1.

(s,t), ifx=rm

(rm)s(z) =
=0 0,1), ifx#rm.
So, (rm) (s € A. Now,
Mr(s,t)m(s,t)(x) = \/{l’br(s,t)<y) A /'Lm(s,t)(z) S = yz}
= s
= [i(rm) o (2)
< pa(z).

Thus, (i mi,., () < pa(x). Similarly, we get 2T () > va(z),Vx € M. Thus,
T(s,)M(st) © A. As A s an intuitionistic fuzzy prime submodule of M, therefore, either m ) C
Aorrin C (A xm) mry C AThen, py, , (7) < pa(r) and vy, (2) > valz), Vo € M,
ie.,s < pa(z)andt > vu(x), for x = m. Since x ¢ A*, so ua(m) = 0 and v4(m) = 1, hence,
a contradiction. This implies that m ;) € A. Thus, (s € (A : xm) = rsnxm S A.

Now, gy, . () = Vi, (Y) A by (2) | @ = y2} = s < pa(x). Similarly, vy, (2) =
t > va(x). Thus, 7 nXu C A = fir xo (rm) < pa(rm) and v, v, (rm) > va(rm). This
implies that u4(rm) # 0 and va(rm) # 1,Ym € M. Therefore, rm € A*,Ym € M. Thus,
rM C A%, ie.,r € (A*: M). Hence, A* is a prime submodule of M. O

Remark 3.5. The converse of the Theorem (3.4) needs not be true, i.e., the support of an intu-
itionistic fuzzy submodule may be a prime submodule, but it needs not be an intuitionistic fuzzy
prime submodule.

Example 3.6. Consider an IFS A = (u4,v4) of a Z-module Z defined by

1 ifr=20 0 ifr=20
pa(z) =905, ifrxe2Z—{0}; valz)=104, ifze2Z-{0}
0, otherwise 1, otherwise .

It is easy to verify that A is an intuitionistic fuzzy submodule of Z with A* = 27, which is a
prime submodule of Z. But we show that A is not an intuitionistic fuzzy prime submodule of Z.
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COI’lSidCI‘lL‘:4,7’:5]?—04(]—8—03t_01 Then T (5,t)T(p,q) :5(0301)4(0403):
(20)(0.3,073) C A. Bllt L(pq) = 4(0403) g A for 1/4(0403) = 0.3 % = 0.4. AlSO,
T(st) = 9030.1) € (A1 xar)s 1., Sos0nxm € A, fOfM5<0301)XM( )=0.3 i pa(5) = 0.

Theorem 3.7. If M = R, then, B € IFM (M), is an intuitionistic fuzzy prime submodule of M
if and only if B is an intuitionistic fuzzy prime ideal.

Proof. Let A be an intuitionistic fuzzy prime submodule of M. Since A € [FM (M) and R is a
commutative ring, A € [ FI(R).
For ay, ¢y, b(s,t) € IFP(R), a(p,q)b(sy € Aimplies a(,q) € Aor b yxu € A.

If ag,q) € A, then, A is an intuitionistic fuzzy prime ideal.

If bsyxm C A, then, i, xar(bm) < pa(bm) and vy, X (bm) > va(bm),¥Ym € M.
Since R has identity so b = bl and pip,, , Xar(b1) = s < pa(b) and vy, xar(bl) =t > va(b)
implies that s = iy, (b) < pa(b) and t = vy, , (b) > va(b), hence b, ) g A.

Conversely, let A be an intuitionistic fuzzy prime ideal of R. Then, A C xyg and A €
IFM(M). Now, let 7(s y () € A forany r ) € IFP(R), x4, € IFP(M).

If 2,4 C A, then, A is an intuitionistic fuzzy prime submodule of M.

If 249 € A then, 7, C A. Now, Ihr s o xar (rm) = s < pa(r) < pa(rm) and
Vo (T) =t > v4(r) > v4(rm) by the definition of intuitionistic fuzzy ideal of R. Thus,
renXm C A de, riy € (A xum). O

The following theorem, which relates intuitionistic fuzzy submodule to prime submodules of
the module, will be needed in the proof of Theorem (3.10).

Theorem 3.8. Let A be an intuitionistic fuzzy prime submodule of B. If A ) # B(a,p),, 3 €
[0, 1] such that o + 3 < 1, then, A, ) is a prime submodule of B, p).

Proof. Let A 3) # Bap) and 1z € A, p) for some r € R,x € M. If ro € A, p), then,
pa(re) > aand va(re) < B = (17)@p) = T@,8)%@p S A, since A is an intuitionistic fuzzy
prime submodule of B, either x(,,3) € A or r, 3B C A.

Case (i) If 2(, 5y C A Then, pa(z) > cvand vy (z) < B = x € A(ap).

Case (ii) Let 7, 5yB C A, then, for any w € rB,p),w = rz, for some z € B(,g). So,

)
up(z) > aand vp(z) < f.
Now, a = a A pup(z) < sup{a A pup(x) 1 w=ra} = ., p(w) < pa(w). Similarly, we have

B=pBVup(z) > inf{BVrvp(x): w=rz}=uv, W) >va(w).
Thus, w € A, ). Thereby rB, 5 C Awp) ie., r € (A(a’g) : B(aﬂ)). Hence A, g) is a prime
submodule of B, g). [

Corollary 3.9. Let A be an intuitionistic fuzzy prime submodule of M. Then
A ={x e M : ps(z) = pua(0) and va(z) = va(0)}
is a prime submodule of M.

Proof. Clear from Theorem (3.8) as A, 3) = A., when o = 14(0) and 5 = v4(0) and B =
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The following theorem is the main result of this section.

Theorem 3.10. (a) Let N be a prime submodule of M and o, 8 € (0,1) such that « + 5 < 1. If
A'is an IFS of M defined by

1, ifzxeN 0, ifyeN
pa(z) = . _5ovalr) = :
«, if otherwise B, otherwise.

forall x € M. Then, A is an intuitionistic fuzzy prime submodule of M.

(b) Conversely, any intuitionistic fuzzy prime submodule can be obtained as in (a).

Proof. (a) Since N is a prime submodule of M, N # M, we have that A is a non-constant
intuitionistic fuzzy submodule of M. We show that A is an intuitionistic fuzzy prime submodule
of M.

Suppose 7(s1) € IFP(R),2(,q € IFP(M) are such that 7, yyz(,4 C Aand 2,4 € A. If
T(pg) € AThen, ia(z) = aand v4(x) = 3, hence z ¢ N.

If 7(s.)T(p,q) C A, then, ) (onprtva) (re) < pa(re) and v, re) > va(re) = sAp <

(s/\p,t\/q)(
pa(rz) and t VvV g > va(re).

If ua(rez) = 1 and va(rx) = 0, then, rz € N. Since x ¢ N and N is a prime submodule
of M, we have rM C N. Hence pa(rm) = 1 and vy(rm) = 0, for all m € M. Thus,
Hor s oyxar (rm) =s < pa(rm) and Vr X (rm) =t > va(rm).

If pa(rz) = aand va(ra) = B, then, s A\p < awand ¢tV ¢ > (. If p £ a, then, s < « and
t>p.

Thus, iy, oy (W) = s < a < pa(w) and v,y (W) =t > B > va(w), forall w € M.
Therefore, ryxu € A, ie., rey € (A @ xa). Hence A is an intuitionistic fuzzy prime
submodule of M.

(b) Let A be an intuitionistic fuzzy prime submodule of M. We show that A is of the form

1, ifzeN 0, ifyeN
pa(x) = . _ovale) = -
«, if otherwise B, otherwise.

for all x € M, where o, 5 € (0,1) such that o + 5 < 1.
Since A is a non-constant intuitionistic fuzzy prime submodule of M, so A, is a prime sub-
module of M.

Claim (1) A has two values.
Since A, is a prime submodule of M, A, # M, then, there exists z € M\ A,. We will show
that pa(y) = pa(z) < pa(f) and va(y) = va(z) > va(0), for all y € M such that y € A,.
Then, z € A, = pa(z) <1 = pa(f) and va(z) > 0 = va(0) 50 21,0y € A and 2y, (2)wa(z)) =
21,0 Lua(z)watz)) € A. Thus, 1, ) vaz)Xm € A, since w = lLaw, for all w € M, we have
pa(z) < pa(w) and va(z) = va(w).

Let w = y. Then, pa(z) < pa(y) and va(z) > va(y). Similarly, pa(y) < pa(z) and
va(y) = va(z). Hence pa(z) = pa(y) and va(z) = va(y).
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Claim (2) Let 1a(2z) = o and v4(2) = 5, where o, 8 € (0,1) such that o + 5 < 1. First, let
p,q,s,t € (0,1] suchthatp+¢q <1,s+¢ < 1. Consider s \p < aandtVq> ﬁandletpjé Q
Then, s < aand t > f5.

Suppose € M\ A,, then, z(, ) g A. Hence 15T (pq) = T(sapivg) S A = Lsnxm C A,
and for all w € M, py, v, (W) < pa(w) and vy, \, (w) > va(w). Let w = x. Then,
$ = fi1g, pxn (W) < pa(z) = aand t = vy, (w) > va(x) = B. Thus, every intuitionistic
fuzzy prime submodule of M is of the form

1, ifzeN 0, ifzeN
pa(z) = . _ovale) = -
«, if otherwise [, otherwise.

for all z € M, where «, 5 € (0,1) such that &« + § < 1 and N is a prime submodule of M. [

This theorem is particularly useful in deciding whether or not an intuitionistic fuzzy submod-
ule is prime. The following example illustrates this.

Example 3.11. Let M = Z be a module over R = Z. Then

1, ifr e 3z 0, ifx e 37
pa(x) = . _ovale) = -
0.2, if otherwise 0.7, otherwise.

is an intuitionistic fuzzy prime submodule of Z, since 37 is a prime submodule of Z.

Proposition 3.12. Let A, B be two intuitionistic fuzzy submodules of M. Then, AN B is also an
intuitionistic fuzzy prime submodule of M.

Proof. Let C € IFI(R),D € IFM (M) such that C - D C AN B. To show that A N B is also
intuitionistic fuzzy prime submodule of M, we show that either D C ANBor C C (ANB : xn)-

SinceC-D C AnNB=C-DC Aand C-D C B. As A and B are intuitionistic
fuzzy prime submodules of M. Therefore, either D C Aor C C (A : xp) and D C B or
CCB:xu)=DCANBorCC(A:xu)N(B:xu)=((ANDB:xu). O

Corollary 3.13. If A;(i € J) are intuitionistic fuzzy prime submodules of M, then, (\,; A; is
also an intuitionistic fuzzy prime submodule of M.

Theorem 3.14. Let B € IFS(M) and A € IF — Spec(M).

(i) If B C A, then, (A : B) = xg, and

(ii))If B L A, then, (A: B) = (A: xum).

Proof. (i) Since B C A, then, forany C' € IFI(R), wehave C- B C xygp-B C xg- A = A.
Therefore, (A: B) =J{C | C € IFI(R)suchthat C- B C A} = xpg.

(ii) Suppose B ¢ A. If C'- B C A for some C' € IFI(R). As A is an intuitionsitic fuzzy prime
submodule of M, we have C' C (A : xp). Thus, (A : B) = |J{C | C € IFI(R) such that
C-BCA} C(A:xu) But (A: xum) C (A: B) always. Therefore, (A: B) = (A : xum). O
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Theorem 3.15. Let A € IFM (M) and C € IFI(R). If A is an intuitionistic fuzzy prime
submodule of M, then

() if C € (A: xm), then, (A: C) = A and

(ii) if C C (A : xn), then, (A:C) = xu-

Proof. (i)LetC € (A: xu)and C-B C Aforsome B € IFM(M). As A s intuitionistic fuzzy
prime submodule of M we have B C A. Therefore, (A : C) = J{B : B € IFI(R) such that C'-
BC A} C A Clearly, C-AC xg- A= Aandso, A C (A:C). Hence (A:C) = A.

(i) Assume that C' C (A : xar). Then, C-xpr € (A: xp) X € A Thus, C-BC C-xyy CA
forall B € I[FI(M). Hence (A: C) = xu- O

Theorem 3.16. Let A be an intuitionistic fuzzy prime submodule of M and B € IFM(M). If
(A: B) # xr, then, (A : B) is an intuitionistic fuzzy prime ideal of R.

Proof. We assume (A : B) # xg. Then, B ¢ A and so by Theorem 3.14 we have
(A:B)=(A:xu). Let C,D € IFI(R) be such that C - D C (A: B)and C € (A : B).
Now C - D C (A : B) gives (CD)B C A. This implies C(DB) C A. As A is an intuitionistic
fuzzy prime submodule of M, this implies either C' C (A : xp) or DB C A. IfC C (A : xum)
Then, C'xyr C A, also B C xyy. This implies CB C Cxy C A, ie., CB C A this further
implies that C' C (A : B), which is a contradiction. So DB C A and this implies D C (A : B).
Thus, C'- D C (A : B) implies that either C' C (A : B)or D C (A : B). Hence (A : B) is an
intuitionistic fuzzy prime ideal of R. [l

Corollary 3.17. If A is an intuitionistic fuzzy prime submodule of M, then, (A : xu) is an
intuitionistic fuzzy prime ideal of R.

Theorem 3.18. Let A € IFM(M) and C € IFI(R). If A is an intuitionistic fuzzy prime
submodule of M and (A : C) # xu, then, (A : C) is an intuitionistic fuzzy prime submodule
of M.

Proof. Let D € IFI(R),B € IFI(M) and DB C (A : C). Then, D(CB) = C(DB)
C C(A: C) C A. As Ais an intuitionistic fuzzy prime submodule of M, therefore, either
CB C AorD C (A: xuy) Also,CB C Agives BC (A:C). As (A : C) # xu, we get
Cxm € A. Now,
(A:C):xu) = [{D|DeIFI(R),Dxy C(A:C)}

— ({D| D eIFI(R),C(Dxun) C A}

= (DD e IFI(R), D(Cxa) € A}

= (A:(C:xwm)).
Thus, (A : C) : xm) = (A : (C : xum)), so by Theorem 3.15 we have ((A : C) : xu)

= (A : xan). This givesthat B C (A: C)or D C (A : xm) = ((A: C) : xu)). Therefore,
(A : C) is an intuitionistic fuzzy submodule of M. O
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Corollary 3.19. If A is an intuitionistic fuzzy prime submodule of M, then, (A : xgr) is an
intuitionistic fuzzy prime submodule of M.

Proposition 3.20. If a non-constant intuitionistic fuzzy maximal submodule A of an R-module
M, then, A is an intuitionistic fuzzy prime submodule of M.

Proof. By Proposition (2.21) A is of the form

1, ifx e M, 0, ifxe M,
va(z) =

pa(z) = , ; .
s, ifx e M\M, t, ifxe M\Mo,

where M is a maximal submodule of M and s,t € (0,1) such that s + ¢ < 1.
Also, by Lemma 2.1 if M, is a maximal submodule of M, then, M is a prime submodule of M.
Then, the result follows from Theorem 3.10. O]

Proposition 3.21. If A € [FM (M) is such that (A : x ) is an intuitionistic fuzzy maximal ideal
of R, then, A is an intuitionistic fuzzy prime submodule of M.

Proof. Let B € IFI(R) be such that (A : xa;) € B. As (A : xa) is an intuitionistic fuzzy
maximal ideal of R. Therefore, either B, = (A : xa)« or B. = R, i.e., either B, = (A, : M) or
B, = R. This implies that (A, : M) is a maximal ideal of R. Then, by Lemma 2.1 we have A, is
maximal prime submodule of M. Then, from Theorem 3.10 (b), we get that A is an intuitionistic
fuzzy prime submodule of M. []

4 Intuitionistic fuzzy prime submodules

of homomorphic modules

In this section, we investigate the behaviour of intuitionistic fuzzy prime submodules under an
R-module epimorphism. Firstly, we recall the definition of image and inverse image of an in-
tuitionistic fuzzy subset under an R-module homomorphism. From now on, M and M, are
R-modules.

Definition 4.1. Let f be an R-module homomorphism from M to M;, A € [FS(M) and
B € IFS(M,). Then, Yw € M, f(A) € IFS(M,) and f~Y(B) € IFS(M) are defined
by

(sup{pa(m) : m € fH(w)}, Inf{va(m) :m € f~H(w)}), if f~H(w) # ¢

(0,1), otherwise

f(A)(w) =

Also, f~1(B)(m) = (up(f(m)),va(f(m))).Vm € M.

In the next two theorems we show that both the image and the inverse image of an intuitionistic
fuzzy prime submodules under an R-module epimorphism are again intuitionistic fuzzy prime
submodules.
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Theorem 4.2. Let f be an R-module epimorphism from M to M. If A is an intuitionistic fuzzy
prime submodule of M such that A is f-invariant, then, f(A) is an intuitionistic fuzzy prime
submodule of M;.

Proof. Since A is an intuitionistic fuzzy prime submodule of M and f : M — M, is an R-module
epimorphism. Therefore, f(A) is an intuitionistic fuzzy submodule of M; (see [15]).

Next, we show that f(A) is an intuitionistic fuzzy prime submodule of M;. Since A is an
intuitionistic fuzzy prime submodule of M, so A is of the form

1, ifzeN 0, ifreN
pa(z) = . _ovalr) = -
«, if otherwise [, otherwise.

forall x € M, where «, 8 € (0, 1) such that « + 5 < 1 and N = A, is a prime submodule of M.

We first claim that f(A.) is a prime submodule of M.

Forall r € R,w € My,rw € f(A,), there exists z € A, such that rw = f(z). Since f is an
epimorphism there exists m € M such that rw = rf(m) = f(rm) = f(z). As Ais f-invariant,
s0 ia(rm) = pa(z) = pa(f) and va(rm) = va(z) = va(0). This implies that rm € A,. As A,
is a prime submodule of M, so either m € A, orrM C A,.

If m € A, then,w = f(m) € f(A.)andif rM C A,, then, rM; = f(rM) C f(A,).

Thus, f(A,) is a prime submodule of M, so by Theorem 3.10, for all w € Mj,

(w) 1, ifwe f(As) () 0, ifwe f(A))

Hfap\Ww) = o Vray(w) =

T «, if otherwise T [, otherwise.

Hence f(A) is an intuitionistic fuzzy prime submodule of M;. ]

Example 4.3. Let f be a homomorphism from Z to Z, defined by f(z) = 2z, and let

1, ifxed” 0, ife e 32
pa(z) = . C 5 valz) = _
0.2, if otherwise 0.7, otherwise.

be an intuitionistic fuzzy prime submodule of Z. Then

FA)0) = (sup{pa(x) | f(n) = 0}, inf{va(z) [ f(n) = 0}) = (1a(0),74(0)) = (1,0) and
F(A)A) = (sup{pa(x) | f(n) = 1},inf{va(z) | f(n) = 1}) = (0,1) [As f7(1) = 0OI.
Similarly, we can find that f(A)(3) = f(A)(5) = (0,1) and f(A)(2) = f(A)(4) = (0.2,0.7)
and so on we get
1, ifxe6” 0, ifzeb6s
pray(r) =402, ifxe2Z—-67; vpalr)=107, ifze2Z—-6Z
0, ifees-27 1, fxeZ-2Z
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is not an intuitionistic prime fuzzy submodule of Z. This shows that the assumption that f is an
epimorphism in Theorem (4.2) cannot be dropped.

Theorem 4.4. Let [ be an R-module epimorphism from M to M. If B is an intuitionistic fuzzy
prime submodule of M, then, f~Y(B) is an intuitionistic fuzzy prime submodule of M.

Proof. Let B be an intuitionistic fuzzy prime submodule of /. Then

1, ifxre B, 0, ifze B,
pp(z) = . _ove(e) = -
«, if otherwise [, otherwise.

for all z € M, where «, 5 € (0,1) such that & + 8 < 1 and B, is a prime submodule of ).

We first show that f~1(B,) is a prime submodule of M.

Forallr € R,m € M, ifrm € f~YB,) = f(rm) € B, ,ie,rf(m) € B,. As B, isa
prime submodule of M;. Therefore, either f(m) € B, or rM; C B,.

If f(m) € B,, then,m € f~(B,) and if rM; C B,, then, rf(M) = f(rM) C B, = rM C
f~Y(B.). Hence for all x € M, we have

@ 1, ifze fY(B,) (@) 0, ifze f(B.)
Br-1(py(T) = ;o Vi) (x) =

e «, if otherwise e [, otherwise.

Hence f~!(B) is an intuitionistic fuzzy prime submodule of M. O

Theorem 4.5. Let M and M, be two modules over R and let f be an epimorphism of M onto M,

(i) If A is an intuitionistic fuzzy prime submodule of M and is also f-invariant, then

(A xa) = (f(A) : xor)

(ii) If B is an intuitionistic fuzzy prime submodule of M, then
(B xar) = (f7H(B) : xum).

Proof. (i) We assume that A is an intuitionistic fuzzy prime submodule of M and is also an
f-invariant. Then, f(A) is an intuitionistic fuzzy prime submodule of M;.

Let r € (f(As) : My). Then, M, C f(A.) = rf(M) C f(A) = f(rM) C f(A)).
Letz = rm € rM,m € M. Then, f(rm) € f(rM). Then, f(z) = f(rm) C f(A,). This
implies that f(z) = f(z), for some z € A,. As Ais f-invariant so pa(z) = pa(z) = pa(0)
and v4(z) = va(z) = va(f) = = € A.. From this we get that rM C A, and this implies that
re (As: M),so(f(As): M) C (A : M).

Again let p € (A, : M). Then, pM C A,. From this we get f(pM) C f(A.). So, pf(M)
C f(A,),ie.,pM; C f(A,), as f is an epimorphism. This implies that p € (f(A) : M;y). Thus,
(Ae: M) = (f(As) : My). Hence (A : xar) = (f(A) : xar,)-

(ii) We assume that B is an intuitionistic fuzzy prime submodule of M;. Then, f~!(B) is an
intuitionistic fuzzy prime submodule of M.

110



Letr € (f~(By) : M). Then, M C f~'(B,) = f(rM) C B,, ie., rf(M) C B, as
f is an epimorphism, which implies that rA; C B,. This implies that » € (B, : Mj). So,
(F1(B) : M) C (B. : My).

Again, let p € (B, : M;). Then, pM; C B,. This implies that pf(M) C B,, as f is an
epimorphism, so f(pM) C B,,i.e.,pM C f~Y(B,)=pe (f~YB,) : M).

Thus, (B, : My) C (f~%B.) : M). Thus, (f"(B,) : M) = (B, : M,). Therefore,
(B :xan) = (f7HB) : Xum)- O

5 Conclusions

In this paper we have studied intuitionistic fuzzy prime submodules with the help of residual
quotient of intuitionistic fuzzy subset of rings and modules. We also investigate some important
characterizations of intuitionistic fuzzy prime submodule. A relationship between intuitionistic
fuzzy maximal submodules and intuitionistic fuzzy prime submodules has been developed. The
homomorphic behaviour of intuitionistic fuzzy prime submodules has been investigated. For
further study, we shall investigate the decomposition of intuitionistic fuzzy prime submodules
and try to explore the Goldie like structure in intuitionistic fuzzy setting.
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