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Abstract: In this study, uniformly expanding intuitionistic fuzzy operator U with modal oper-
ators [J and ¢ were investigated. New equalities were obtained and proved with U topological
operator [4] by using equalities that were obtained by K.Atanassov in [2, 3] and by us in [5].
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1 Introduction

In 1965, Fuzzy Set Theory was defined by L. Zadeh [1]. Then K. T. Atanassov generalized fuzzy
sets into Intuitionistic Fuzzy Set in 1986 [2]. Intuitionistic fuzzy set is one of the extensions of
fuzzy sets. Intuitionistic Fuzzy Theory are widely used in algebraic structures,robotics, agricul-
ture,control systems, computer, economy and many engineering fields. Furthermore the notion
of Intuitionistic Fuzzy Operators (IFO) was introduced first by K. T. Atanassov [2]. Several op-
erators are defined in the Intuitionistic Fuzzy Sets Theory. They are classified in three groups:
modal, topological and level operators. The notion of modal operator [, ¢ introduced on in-
tuitionistic fuzzy sets were defined by K.Atanassov in 1986 [2]. Modal operators [], { defined
over the set of all IFS’s transform every IFS into a FS. They are similar to the operators ‘necessity’
and ‘possibility’ defined in some modal logics. Then U intuitionistic fuzzy topological operator
was defined by Krassimir T.Atanassov in 2016 [4]. This operator is called ”Uniformly expanding
intuitionistic fuzzy operator”.

Definition 1. [/]. Let X be a nonempty set. A fuzzy set A drawn from X is defined as



A={(x,pa(x))|z € X}, where puy(x): X — [0,1] isthe membership function of the fuzzy
set A.

Definition 2. [2]. Let X be a nonempty set. An intuitionistic fuzzy set A in X is an object having
the form

A ={(z,pa(z),va(z))| 2 € X},
where the functions
pa(z),va(z) : X — [0,1]

define respectively, the degree of membership and degree of nonmembership of the element
x € X, to the set A, which is a subset of X, and for every element x € X,

0 < palz)+rva(z) <1

Definition 3. /2, 3]. Let A and B € X be IFS. For every two IFS’s A and B the following
operations and relations are defined.

AQB = {(z, 1@t valartvp@ly | o XY
A= B = {(z.max(va(e), ps(x)), min(ua(z), vs(2)| « € X}
ANB = {(z.min(ua(), up(x)), max(va(z), vs(2)| « € X}
AUB = {(z.max(ua(x), ps(x)), min(va(z), vs(2))| = € X}
A®B = {{z.pale) + un(e) — pa@).us(@), vale)vs(a))] © € X}

A B = {{z, pa(r).up(r),va(r) +vp(x) —va(z).vp(e))| = € X}

ASB = {{z,\/ima(@) ap(@), v/val@) vs(2))] = € X}

o 2a(e)an(@)  2va(x)(o)
A#B = 1s(@) vale) + va(@)

re X}

Ax B :{<.I, MA(x)+MB(x) 7 VA(x)+VB(x) >|
2(pa(@)pp(x) +1)" 2va(z)vp(r) +1)
Definition 4. [4]. Let us define the operator U over the IFS A by

re X}

suppa(y) > infpa(y)
)

supra(y) > irylva(y)
)
m(r)—ir;f pay) uA(x)—irylf va(y)

“sgp paly)-inf paly) supvaly)-infraly)

U(A) =

Yo e X}



Definition 5. [2]. Let X be a nonempty set. If A and B are an IFS drawn from X, then;
OA = {(z,pa(x),1 — pa(z))| v € X}
OA = {(z,1 —va(x),va(x))| x € X}[1]

Theorem 1. [4]. Let X be a nonempty set. For every IFS A in X:
(a) U(OA) =0U(A)
(b) U(CA) =QU(A)

2 Main result

In this section, new equalities were obtained and proved with U topological operator [4] by using
equalities that were obtained by K. Atanassov in [2, 3] and by us in [5].
Theorem 2. [2, 3]. Let X be a nonempty set. For every IFS A in X;

(a) OOA =0A

(b) O0A =0A

(c) QUA=0A

(d) OOA=0A
Theorem 3. Let X be a nonempty set. For every IFS A in X;

() UOOA) =0U(A)

() U(OOCA) =0U(4)

© U(@0A) =QU(A)

d UOA) =0U(A)

Proof. The proof is obtained thanks to Theorem 2. ]

Theorem 4. [2, 3]. Let X be a nonempty set. For every IFS A and B in X;
(@ (DA@OB) = O(AQB)

(b) (VA@OB) = O(AQ@B)

Theorem 5. Let X be a nonempty set. For every IFS A and B in X;
(a) U(DA@OB) = OU(AQ@B)

(b) UQAQOB) = OU(AQB)

(© U(BA)) = (OU(A))
@) U((0A)) = (0U(A))
Proof. (a)

DA@OB = {(g, NA(x)JQFNB(l’)’ 1*#A(x)J2Fl*NB(I)>’ ze X}

DA@OB = {(z, ;LA(JC);HLB(QJ)7 1— uA(w)JQruB(z)H ze X}




PA@HRR@) e na@ tup ) | BA@ERE@) g A tup))
2 2 2

UOA@OB) = {{z,

2
Sup(ﬂA(z)+HB(1)) _ inf(#A(T)‘H"B(Z))’ Sup(l—‘uA(z)_HLB(z)) _ inf(l_#A(z)+#B(z)) }

2 2 2
_ {<x uA(w>J2ruB(z)7 inf(uA(z);ruB(z)) 17#,4(90);#3(1) 14 Sup(uA(I)JQruB(@)
) Sup(HA(x);NB(x)) _ inf(HA(w)‘;HB('T))7 1_inf(HA(x)‘;MB(93)) —1+ Sup(“A(x);HB(x))
pA@IE@) | na@ g @) PA@HIEE) g na@ g @)
— T 2 2 o 2 2
{< ) Sup(HA(i)é’#B(z>) _ inf(l‘A<T)‘2H—LB(I))7 Sup(HA(z>‘§MB(Z)) _ inf(#A@HQ‘NB@)) }

U(DA@OB) = OU(A@B)

Similarly, the other proofs are obvious.

Theorem 6. [5]. Let X be a nonempty set. For every IFS A and B in X:

@ DO[(0AQOB)] = [0(A@B)
®) (0A®OB)A(0A® OB) — O(A@B)

(© (0A®DB)Q(0A®OB) = [O(A@B)
@ [(OA®OB) @ (DA 0B)U@A4) = (D)

© [(0A @ OB)@ ((0A)® OB)] U (04) = 0O(A)

® [(0A OB @ ((0A) @DB)] U (0A)° = (0(A4))

(» [(0A ®@OB) @ (@A) ® OB)] N (OA) = (O(A))"

Theorem 7. Let X be a nonempty set. For every IFS A and B in X:

(@ UO[(0AQOB)]) = [QU(A@B)
(b) U((0A®OB)Q(0A® OB)) = OU(AQB)

(©) U((DA@OB)@(0A®OB)) — OU(A@B)
@ U(([OA@0B) @ (D4 ®0B)uU(@4)) = (OU(A)"

@ U([(0A @ OB) @ ((0A)*® OB)] U (04)) = OU(4)

@ U((0A @OB)* @ ((0A)*®DB)] U (0A)) = (QU(A))

@ U(0OA ®@oB) @ (MA@ ¢B)] N (A)) = ([U(A))



Proof. (a)

_ 1—va(z)+1—v (x) v -‘rl/ (z)
0AQOB = §{r, /52 Aleltvsle)y| e X
0AQOB = $(x,1 -l >;”B<$> va(z +”B<9”>>| reX
(0A @ OB) = (o, a@s@) g va@ivs@y) g e x
O(0A@OB)] = {(o,alipel g mlliel)) ;e X
va(z)+vpg(z) mf(l’A(x)-FvB(x)) 1— VA(¢)+VB(JC) _ mf(l_VA(x)-FVB(w))
U(D[(OA @ <>B)Cj|) == {<x, sup(VA(:j;VB(I) _ inf VA(I)+VB(:E)) sup(l UA(z)+VB(z)) ll’lf(l— L/A(2z)—02—l/B(z) }
VA(IH"B(I) inf( VA(I)JrVB(Z)) 1— VA(T>+VB(I) ~1 4 Sup(VA(I)+VB(I))
= {<$’ Sup(”A(f)"'VB(m)) f(”A(l)+VB(95))7 1— f( VA(“)‘H’B(“')) 14+ Sup(”A(x)‘H/B(x)
2
_ {<x7 VA(Z)-H/B(Z) inf( VA(I)-*Q-VB(HE)) VA(Z)-OQ-VB(Z) inf( VA(I)+VB(I))

1—
Sup(VA(z>+uB<z>) (AT ) - T AT IR ZA )

U(@[oAQ@OB))

[OU(A@ B)*

Similarly, the other proofs are obvious.
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