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1 Introduction

Fractional calculus is a generalization of differentiation and integration to an arbitrary order. First
works, devoted exclusively to the subject of fractional calculus, are the books [14, 15]. Many
recently developed models in areas like rheology, viscoelasticity, electrochemistry, diffusion pro-
cesses, etc. for details, see [7, 10].

Initial value problems for fractional differential equations have been considered by some au-
thors recently [10,11,17].

For significant results from the theory of fuzzy differential equations and their applications
we refer to the books [3,9] and the papers [1,2,6, 11].

The initial value crisp problem

{ Dix(t) = Ax(t) + f(t,z(t)), t € [0,T) (1)

z(0) = Ty

has a unique mild solution under assumption some conditions, if A is the generator of a Cy —
semigroup, (S(t)):>o on a Banach space X, the system (1) has a unique mild solution = €
C ([0, 77). In [4], C. G. Gal and S. G. Gal studied, with more details, fuzzy linear and semi-
linear (additive and positive homogeneous) operators theory, introduced semigroups of operators
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of fuzzy-number-valued functions, and gave various applications to fuzzy differential equation.
In this work, we study the existence and uniqueness of mild solution for fractional differential
equation with intuitionistic fuzzy data of the following form:

{ Dx(t) = Ax(t) + f(t,z(t)), t € [0,T)

2(0) =m0 €1IF ' @

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are used through-
out this paper.
Let us denote by P,(R) the set of all nonempty compact convex subsets of R. we denote by

F' =IF(R) = {(u,v) : R — 0,1]*, WYz € R, 0 < u(x) +v(z) < 1}.

An element (u,v) of IF! is said an intuitionistic fuzzy number if it satisfies the following
conditions

(i) (u,v) is normal i.e there exists =y, z1 € R such that u(xy) = 1 and v(z;) = 1.
(i1) w is fuzzy convex and v is fuzzy concave.
(ii1) w is upper semi-continuous and v is lower semi-continuous
(iv) supp (u,v) = cl{z € R : v(z) < 1} is bounded.

so we denote the collection of all intuitionistic fuzzy number by IF;.
For v € [0, 1] and (u, v) € IF', the upper and lower a-cuts of {u, v) are defined by

[<u,v>r‘ —{reR:v@) <1-a)

and
[(u,v)} — {zeR:ulz) > al

Remark 1. If (u,v) is an intuitionistic fuzzy number, so we can see [(u,v)], as [u]* and [(u, v)]"
as [1 — v]” in the fuzzy case.
We define 0, ) € IF; as
(1,0) t=0
0,1) t#£0

Let (u,v) ,(u',v") € IF; and A € R, we define the following operations by:

((u,v) @ (u',0v) )(2) = ( sup min (u(z),u (y)), infry max (v(x),v’(y)))

z=x+y =T

0(1,0)(t) =

(Au, vy if A#£0

A{u,v) = _
0(170) ifA=0
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For (u, v), (z,w) € FF; and A € R, the addition and scale-multiplication are defined as follows

«

[(u,v)@(z,w>]a:[(u,v)]a+[<z,w>], [A(z,w>]a:)\[<z,w>r
[(u,v)@(z,w>] :[(u,v)] +[<Z,w>], [A(z,w>] :)\[<z,w>}

« e} e « «

Definition 1. Let (u,v) an element of IF, and o € [0, 1], we define the following sets:

[(u,v)]j(a) =inf{z € R |u(z) > a}, [(u,v)}r(a) =sup{z € R |u(x) > a}

[(u,v)]l (o) =inf{z e R|v(z) <1-—a}, [(u,v)}r(a):sup{xeRM(x) <1l-a}

Remark 2.

+

[wo], =[] @[] @]

« s

[wo]" =[], @[] @]

l r

Proposition 1. For all o, 5 € [0,1] and (u,v) € IF,

i) [(wo)] c[wo]

(ii) [(u, v) } X and [ (u,v) ] " are nonempty compact convex sets in R
(iii) if o < 3 then [(u,w]ﬂ C [(u,v)}aand [(u,vﬁﬁ C [(u,v)}a

(iv) If o, /* o then [(u,v>]a =N, [(u,vﬁ and [<U7U>] =N, [(u,vﬁ

Let M any set and @ € [0, 1] we denote by

My={z€eR :ulx)>a} and M*={zreR :v(x)<1l-a}

Lemma 1. Ler {Ma, a € 0,1] } and {Ma, a € [0, 1]} two families of subsets of R satisfies
(i)—(iv) in proposition 1, if u and v define by

0 if v & M,
u(r) =
sup{a € [0,1] : z € M,} ifx € M,
1 ifv ¢ M°
v(x) =
1—sup{a€(0,1] : z€ M*} ifze M°
Then (u,v) € IF;.
Proof. See [12]. [l
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The space IF; is metrizable by the distance of the following form :

1 Yy + + P
(o) ) =(5 [ [ ] @- [ew] @]
1 [y + r 1+ P
w1 [ wo] @ =[] @
4 Jy IL ! i !
1 (YT - SN
w1 [ wo] @ -[ee)] @fda
0 L T L 47 )
L[ - IR
w1 [ o] @[] @f )
4 o 1L ! L iy
and
1 + +
doo(( (00 () ) = 7 swp [[ ()] (@) = [ (2 0) | ()
1 - 1+ - 1+
+ — sup <U, U) (Oé) - <Za UJ) (Oé)
4 pca<i L iy I 1y
1 r 9 — r 9 —
w2 sw |[wo)] (@=[Ee] @
4 0<a<l 't 4r - 4r
1 r q — r q —
+ 7 sup || (w0) | (@) = | (zw)| (a)
4o<ca<i |t il i i
Proposition 2. <IF 1, dp> is a metric space.
Theorem 1. For p € [1,00),
(FF1,d,) is a complete and separable metric space.
(IF, dw) is a complete and not separable metric space.
Proof. See [12]. O

We can see that d; < d

Let [a,b] C R

F :la,b] — IF) is called integrable bounded if there exists an integrable function A : [a,b] — R
such that | y |< h(t) holds for any y € supp(F'(t)),t € [a,b].

Definition 2. we say that a mapping F : [a,b] — I F is strongly measurable if for all « € [0, 1]
the set-valued mappings F, : |a,b] — P(R) defined by F,(t) = [F(t)], and F* : |a,b] —
Pr(R) defined by F*(t) = [F(t)]* are (Lebesgue) measurable, when Py(R) is endowed with the
topology generated the Hausdorff metric dy

Lemma 2. Let F' : [a,b] — IF, be strongly measurable and denote F,(t) = [\,(t),\*(t)],
Fo(t) = [ua(t), p*(t)] for a € [0, 1]. Then Ao, A%, o, p* are measurable.

Proof. See [12]. [l
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Definition 3. Suppose A = [a,b], F' : A — IF; is integrable bounded and strongly measurable
for each o € (0, 1] write

[/ F(t)dt} = / [F(t)],dt = {/ fdt|f : A — R is a measurable selection for Fa}
A o« JA A

{/ F(t)dt] ’ = / [F(t)]* dt = {/ fdt|f : A — R is a measurable selection for FO‘}
A A

if there exists (u,v) € IFy such that [ ] [fA } and [ } [fA }
Va € (0,1]. Then F is called integrable on A, write (u,v) = [, F(
Remark 3.

1. IfF(t) = (u,v) is integrable, then [ (uy,vi) = ([, [ v;)

2. If F : [a,b] — IFjis integrable then in view of Lemma (2) f F'is obtained by integrating
the a-level curves, that is

][] ma o] = [ f e

WﬂhPL@)Z[PKﬂLwZ[Aaﬁhkaﬁﬂ,F“@)z[PKﬂP*z[ua@%u“@ﬂfbraéfmyﬂ-

3 The embedding theorem

Definition 4. An intuitionistic fuzzy set (u,v) is called convex intuitionistic fuzzy set if and only
if u is convex fuzzy set and v is concave fuzzy set.

The question that arises, is what IF; with addition and multiplication by a scalar is a vector
space. The answer is negative. The embedding theorem of Radstrom will be extended to IF;. To
do this, a linear structure is defined in IF; by

((u,v) & (u,v)) (x) = (sup{a €0,1],xz € [(u,v)LjL [(u’,v’}]a},

1.
1—sup{a€ 0,1],z € [(u,v)r%— [(u/,v’>]a})
’ (w(w /), (/) i A0
(A{u,v) () =4 0 ifA=0z#0

<supy€R u(y), 1 — sup,eg v(y)> ifA=0,2=0

Theorem 2. There exists a normed space X and a function j : IF; — X with properties

1. jisanisometryi.e. ||j({u,v))—j({u',0v"))|| = d1<<u,v>;<u’,v’>> < doo<(u v); (U, U>>
2. (s v) @ (' 0) ) = i ((u0)) +5 (')
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3. (M {u,v)) = Aj ({u,v)) AX>0

Proof. Define an equivalence relation in [ F; x [F} by

((u, vy (u' v )R( (z,w); (2, w'>> < (u,v) ® (2, w') = W, v ® (z,w)

The space of equivalence classe ( (u,vy; (v, v’)) of pairs <(u, v) ;5 (u', ") > is denoted by X.

The norm in X is define by || ( {(u,v); (u, v ) || = d; ( (u,v); (u', ") ) It is easy to check that
j : [Fy — X defined by

J ((u,0)) = ((u,0); O0))

is an isometry, and properties (2), (3) follow the definition. [l
Proposition 3. X is a Banach real space.

Proof. See [8]. [l

4 Intuitionistic fuzzy strongly continuous semigroup

In this section, we give the approach of the concept of intuitionistic fuzzy Semigroup.

Definition 5. We called an intuitionistic fuzzy C°-Semigroup (one parameter; strongly continuous,
nonlinear) the whole family {T'(t),t > 0} of operators from IF; into itself satisfying the following
conditions

e T(0) = i, the identity mapping on IF;.
o T'(t+s)=T(t)T(s), Vt,s > 0.

e the function g : [0, +oo[— IFy, defined by g(t) = T(t) (u,v) is continuous at t = 0 for all
(u,v) € IFy i.e
lim 7'(¢) (u,v) = (u,v)

t—0t

o There exist two constants M > 0 and w € R such that
do (T(t) (u,v), T(t) (u',v’>> < Me“tdoo< (u, ), (') ) fort >0, ((u,0), (u,v) € IF?
In particular if M = 1 and w = 0, we say that {T(t);t > 0} is a contraction intuitionistic fuzzy
Semigroup.
Remark 4. The continuity of g at 0, implies the continuity of g at t, > 0.

Definition 6. Let {T'(t),t > 0} be an intuitionistic fuzzy C°-semigroup on IF, and (u,v) € IFy, if
for h > 0 sufficiently small, the Hukuhara difference T'(h) (u,v) —pg (u,v) exists, we define

lim d. (T(h) (u,v) = <u,v>’A<<u,U>>) _0

h—0 h
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whenever this limit exists in the metric space (IFy, dw,). Then the operator A : (u,v) — A (u,v)

defined on
D(A) = {(u,v) € IFy, lim {T(h) <“’U;L_H (w, “>} exists }

is called the infinitesimal generator of the intuitionistic fuzzy semigroup {T'(t),t > 0}.

Proposition 4. Let A : [F, — IF, and A, = jAj~ : X — X two operators. A is the infinite-
simal generator of an intuitionistic fuzzy semigroup {T(t);t > 0} on IF; if and only if Ay is the
infinitesimal generator of the semigroup {T\(t);t > 0} defined on X by Ti(t) = jT(t)j~" for
t>0

Proof. We assume that A is the generator of an intuitionistic fuzzy semigroup {7'(¢);t > 0} on
IF,, then we have For all (u,v) € j7(D(A))

_ . .71 . B .71
fiy D) (s 0) = (wo) o GT(R) (usv) = 57 (u, v)
h—0+ h h—0+ h
1 B 1
h—0t h
= jAj " (u,v)
= Al <u> U>

lim T(h) (u,v) —g (u,v) ~ i ! YT (h)j (u,v) —g 574 (u, v)
h—07+ h h—0+t h
= 1 lim Tl(h)] <U,U> _.] <U,,'U>
h—0+ h
= j 1A (u,v)
= A(u,v)
This completes the proof. [

Remark 5. Since the infinitesimal generator A, of {T(t);t > 0} is unique, we deduce that the

infinitesimal generator A of an intuitionistic fuzzy semigroup {T(t);t > 0} is also unique.

Lemma 3. Let A be the generator of an intuitionistic fuzzy semigroup {T'(t);t > 0} on IF},
then for all (u,v) € IFy such that T(t) (u,v) € D(A) for all t > 0, the mapping t — g(t) =
T'(t) (u,v) is differentiable and

g'(t) = AT(t) (u, v)

Proof. Let (u,v) € IFy, fort, h > 0 we have
T(t+ h)(u,v) =Th)T(t) (u,v)

Since T'(t) (u,v) € D(A) then
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g(t+h) —m g(t) T(t+h) (u,v) —pg T(t) (u,v)

li = 1
B0 h B0 h
L T () — T(E) (w,0)
= lim
h—07t h
= AT(t) (u,v)
Denote A;, = T(};L)fi, for h > 0. Using the continuity of g and the definition of A, we have
L gt=h) —wg) L T(—h) (w0) = T() (u,0)
h—0+ —h h—0+ —h
CT(R)T(E = h) {u,0) — T(E = B) {u,0)
= lim
h—0+t h
= hlir(r)l+ A T(t — h) (u,v)
— AT(t) (u,v)
Hence, ¢ is differentiable and ¢'(t) = AT'(t) (u,v), forall t > 0. O

S Intuitionistic fuzzy fractional integral
and fuzzy fractional derivative

+ +

Let (u,v) € IF; such that [(u, v) (t)} = H(u, v>}

« l r

@0 [(w)] @0

[(u,v} (t)]a - H (u, w]l (@)(t), [<u, U>L (a)(t)} forall ¢t € (0, 7] and ¢ € R, with [q] is the

largest integer less or equal to g.

Suppose that
[ ] (@), [wo)] @, [ @] @[ @] @ e e R n o))
for all o € [0, 1] and let
A, = ﬁ Uot(t — 9 [ 0) ] (@) (s)ds, /Ot(t 5 fu) ]:(a)(s)ds]
= a0 [(wo)] @), a0 [(w0)] (@) )
A% = ﬁ [/Ot(t —5)7! [ <u,v>}l_(oz)(s)ds, /Ot(t —5)771 [ {(u,v) ];(a)(s)ds]
= |0u) 5 | w) | (@), @(t) [ w0) ]| (@)®)] )

Lemma 4. The family {A., A%; « € [0,1]}, given by (3) and (4), defined an intuitionistic fuzzy
number (u,v) € I Fy such that [(u, v)} = A, and [(u, U>} = A“
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‘We define

ta—1
t>0
t) = I'(q) ’
20 {0, <

and

Oq(t) = Gring(t)x8F(@H) k=g
b_a(t) = O"(t) n=0,1,2,...

with the property @, (t) * ¢,(t) = ¢g4p(t) for p > 0, where 6" (¢) is the n'" derivative of the delta
function and I'(.) is the gamma function (for the properties of ¢, () see [5] and [16]).

Let (u,v) € C ((o, il ]Fl) nL ((o, ), ]F1>. Define the intuitionistic fuzzy fractional prim-
itive of order g > 0 of (u, v)

19 (u,0) (1) = ﬁ /0 = 7 () (s)ds, e (0.T)
by
0], = o] [ [ ] @ [ -0 [wo] @] o
= [0 ] @@ 640). [w0) ] (@@ 5 640)], £ ©0.7)
1w 0] = ] [ -9 )] @ [0 o] @] ©
= [[@v)] @)« 6 0). [ (w0} (@)E) ¢4(0)]
fort € (0,7

(i) 19(c(u,v))(t) = cI({u,v))(t) for each constant ¢ € IF,
(i) I7((u, v) ® (', 0))(t) = I"({u,v))(t) & I7((u, v))(t)
Proposition 5. If (u,v) € C((O, T],Fl> N L ((O,T),Hﬁ) and p, q > 0, then we have
P19 (u,v) = 1P (u,v) .

Proof. Letg € L' ([0, T],IF1> be such that [g(£)]. = [g; (a)(t), g7 () (#)]
[9(0)]* = [g; (a)(t), g, ()(t)] forall t € [0,T] and « € [0, 1], where

o (@)(8). g (@)(8)] = ﬁ { / (t — )7 [(u, 0)]f (o) (3)ds, / (t - )7 (u, v)]ﬂa)(s)ds]

o (@)(8), g7 (@)(8)] = ﬁ { / (t — )7 [(u, 0)]; (a)(s)ds, / (t - )7 (u, v>1r<a><s>ds]

Then [I7f(t)]a = [g/ (a)(t), g (a)(t)] and [I7f(1)]* = [g; (@)(t), g, ()(t)], that is [*f(t) =
g(t). Tt follows that

84



[P 1%(u, v)(1)],

and

(171 (u, 0) (8)]°

[1Pg(t)]a

L ¢ [0 [ea)]

'(p)
(@)(7)drds,
/Ot(t — )Pt /03(3 — 7)1 [ (u,v) } :(oz)(r)drds]

[P ()]

A

@, [ (6= 5 ()51t

I'(p) t
L ¢ [ [ ] s,
/Ot(t — 5Pt /05(8 — )7t [ (u,v) } ;(a)(7‘)d7‘d8:|

The Dirichlet formula and the substitution s = 7 + (¢t — 7) yield

[ = -n )]
[=mrtfwn]’

() (7)dsdr

(a)(T)dT/O 0711 — 9)P~d,
L= {l,?”}, J= {+7_}
_ T'(pr(g)

we obtain that
+q)

1) 0, = s | [ =9 L] @, [ (6= [t ] @)
= [ ) (0],

uwwmwmw—rwiwQ[u—ﬂ“qﬂwvﬁﬂm@MaA%—ﬂ“qﬂwUﬁ]w@ws
= [Ip+q (u,v) (t)]a

As [IP19 (u,0) (0], C 1717 (u,0) ()], then [0 (u,v) (1)), C [IP*7 {u,v) (£)]°, which

implies

(P17 (u, ) (B)] = (177 (u,0) (1),

This completes the proof.
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Definition 7. Let (u,v) € C*** ((O, T], Fl) NL ((O, T), F1>. The intuitionistic fuzzy fractional
differential operator is defined

D (u,v) (t) = DM (u,0) () G110 (1)
1 ! _q
- F /0 DY (1, v) (s)(¢ — 5)F~9ds
by
D (0,0) (0 = [ D[ (0,0h] (@00 14000, D7 [ )] (@)0) # S1104(0)

iy [/ot D )] (@) =), [ 07 o]

+

(@)(s) (¢ — s)k-qu}

r

D (0,0} (01 = | D[ (00h] @00 rssa(0. D7 [ ) ] (@)0) % S1104(0)

T

~ s L 2 [ ] @ =9t [0 )]

(@)(e)(t )" 1ds

r

forallt € (0,7] and a € [0, 1], we have

+

[Dq (u,v) (t)} - {Dq [ (u, m}

« l

@00 ] (@10
[0 0] = [0 [ w)] @0, w] (@]

6 Fractional differential equations
with intuitionistic fuzzy data

In the sequel we choose w > 0. We consider the intuitionistic fuzzy initial value problem

{qu(t) = Ax(t) + f(t.a(t) te(0,T]
z(0) =z

(7

with x¢ € IF;
Definition 8. We say that x is a mild solution of (7) if :

(1) = T(#)ao @ ﬁ /0 (t — ) VT(t — 8) f(s, o(s))ds

Where T'(t) is an intuitionistic fuzzy C°-semigroup generating by A.
We assume that :

o (Hy): f:[0,T] x F, — T, is continuous and d.. (f(t,x(t)),f(t,y(t))) <Kz -yl
forall z, y € C<[O, T], ]Fl).
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o (Hy): z9€ D(A)

MK [“T
Hs): a—1es 1
.(?’)Fq)m/0 s letds <

Theorem 3. Under assumption (Hy) — (H3), if A is the generator of a Cy-semigroup (T(t)) .
>0

on IF, the system (7) has a unique mild solution x € C ([O, T], F1>.

Proof. Denote Cr = C ([O, T], IF1> and define a mapping P : Cr — Cr by

1 t q-1 —3s)f(s,x(s))ds
—)/Ou—s) T(t - 5)f(s,2(s))d

Pz(t) =T(t)xo ® T

Step 1.
For z € Cr;t € [0,T] and h very small

do (Pz(t 4+ h), Px(t))
h+t
—d. ( T o[ e T = (sl
xo@rq /0 (t —s)1MT(t — s5) f(s, x(s))ds)
:doo<T(h)T( )xo@r(q) /0 (t+h— $)TT(t + b — 8)f(s, 2(s))ds®
1 o q-1 —3s)f(s,xz(s))ds
@/ (t+h— )1 T(t — ) f(s, 2(s))ds,
T(t)xo@ﬁ/o (t—s)q_lT(t—s)f(s,x(s))ds)
<d. (T<h>T<t>xo, T(t)xo)
+dm(i/o (t+ h = $Y T+ h— 5) (s, a(s))ds, 010))

['(q)

+ dw (% (t+h—38)"T(t+h—s)f(s,z(s))ds,

(¢

87



< ds <T(h)T(t)x0, T(t)xo) + ds <ﬁ /0 (t+h—8) 1 T (t — 5)f(s,z(s))ds, 0(1,0))
1 t a1 —3)f(s (s —s)f(s,z(s S
b [ = (T = (s bl 4 ). T = 911 (s,0(6) )

<d, (m)T(t)xO, T(t)xo) d., (ﬁ / (b T — 5)f s, (), O(LO))

b [ e (s st ). () ) s

It is clear that
Aoo (T(h)T(t)xO, T(t)x[)) —0

d. (ﬁ /Oh (t+h— $)TIT(t — 8) £ (5, 2(s))ds, 0(1,0)> 0

And by the dominated convergence theorem:

i [ =9 (st bl = ). S.5(5))) 0

Step 2. Let x,y € Cr, we have

do <P:p(t), Py(t)) —d.. <T(t)x0 @ ﬁ /O t (t — $)I7T(t — 5) f(s, 2(s))ds,

T()ro ® —— [ (t— )"\ T(t — ) (s, y(s))ds
F(Q) 0
M

< o [Ca— e, (7652t y<s>>)ds

MK/ MK
< — t— )T e ds| |z — ylloo < ——— / s tedds||z — Yl oo
f e =il < 7, e~y

The space (IFl, doo> is a complete metric space, by the point fixe theorem of Banach, P have a
unique fixed point wich a mild solution of (7). O

References

[1] Allahviranloo, T. & M. B. Ahmadi (2010) Fuzzy Laplace transforms, Soft Computing, 14,
235-243.

[2] Bede, B. & S. G. Gal (2005) Generalizations of the differentiability of fuzzy-number-valued
functions with applications to fuzzy differential equations, Fuzzy Sets and Systems, 151,
581-599.

[3] Diamond, P. & P. E. Kloeden (1994) Metric Spaces of Fuzzy Sets, World Scientific, Singa-
pore.

88



[4] Gal, C.G. &S. G. Gal (2013) Semigroups of Operators on Spaces of Fuzzy-Number-Valued
Functions with Applications to Fuzzy Differential Equations, arXiv:1306.3928v1, 17
June 2013.

[5] Gelfand, I. M. & G. E. Shilvoe (1958) Generalized Functions, Vol. 1, Moscow.
[6] O. Kaleva (2006) A note on fuzzy differential equations. Nonlinear Analysis, 64, 895-900.

[7] Kilbas, A. A., H. M. Srivastava & J. J. Trujillo (2006) Theory and Applications of Fractional
Differential Equations, Elsevier Science B.V, Amsterdam.

[8] Klement, E. P., M. L. Puri & D. A. Ralescu (1986) Limit Theorems for Fuzzy Random
Variables, Proc. R. Soc. Lond. A, 407, 171-182.

[9] Lakshmikantham, V. & R. N. Mohapatra (2003) Theory of Fuzzy Differential Equations and
Applications, Taylor and Francis, London.

[10] Lakshmikantham, V. & A. S. Vatsala (2008) Basic theory of fractional differential equations,
Nonlinear Anal., 69, 2677-2682.

[11] Laksmikantham, V. & S. Leela (2009) Nagumo-type uniqueness result for fractional differ-
ential equations, Nonlinear Anal., 8, 2886—2889.

[12] Melliani, S., M. Elomari, L. S. Chadli & R. Ettoussi (2015) Intuitionistic fuzzy metric space,
Notes on Intuitionistic Fuzzy Sets, 21(1), 43-53.

[13] Melliani, S., M. Elomari, L. S. Chadli & R. Ettoussi (2015) Intuitionistic fuzzy semigroup,
Notes on Intuitionistic Fuzzy Sets, 21(2), 43-50.

[14] Oldham, K. B. & J. Spanier (1974) The Fractional Calculus, Academic Press, New York.

[15] Samko, S. G., A. A. Kilbas & O. I. Marichev (1993) Fractional Integrals and Derivatives,
Theory and Applications, Gordon and Breach Sci. Publishers, London-New York.

[16] Shilove, G. E. (1968) Generalized functions and partial differential equations, Mathematics
and Its Applications, Science publishers, Inc..

[17] Shugqin, Z. (2009) Monotone iterative method for initial value problem involving Riemann-
Liouville fractional derivatives, Nonlinear Anal., 71, 2087-2093.

89



