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ABSTRACT.

In this paper, we made an attempt to study the algebraic nature of intuitionistic fuzzy
subgroups and intuitionistic fuzzy normal subgroups under homomorphism and anti-homomor-
phism.
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Introduction

After the introdution of fuzzy sets by L. A. Zadeh , several researchers explored on the
generalization of the notion of fuzzy set.The concept of IFS was introduced by K.T.Atanassov
[1], as a generalization of the notion of fuzzy set. F.P. Choudhury. and A.B. Chakraborty. and S.S.
Khare. [2] defined a fuzzy subgroups and fuzzy homomorphism. N. IMTalovianrmov and P.
Mvutnupae [3] defined the homomorphism and anti- homomorphism of fuzzy and anti-fuzzy
subgroups. We introduce the concept of homomorphism and anti-homomorphism in
intuitionistic fuzzy subgroups and intuitionistic fuzzy normal subgroups and established some
results.

1. Preliminaries

1.1 Definition : Let X be a non—empty set. A fuzzy subset A of X is a function A:X—[0,1].
1.2 Definition : An intuitionistic fuzzy set ( IFS ) A in X is defined as an object of the form
A={ <X, pa(x), va(x) >/ xeX }, where ps : X = [0,1] and v : X — [0,1] define the degree of
membership and the degree of non-membership of the element xeX respectively and for every
xeX satisfying 0 < pa(x) + va(x) < 1.
1.3 Definition : Let G be a group. An intuitionistic fuzzy subset A of G is said to be an
intuitionistic fuzzy subgroup of G (IFSG) if

(1) palxy) 2 min{pa(x), pa(y)}-

() pax )= pa).

(i)  va(xy) £max{va(x), va(y)}.

(iv)  va(x')<va(x) forallx,yeG.
1.4 Definition : Let G be a group. An intuitionistic fuzzy subset A of G is said to be an
intuitionistic fuzzy normal subgroup of G (IFNSG) if

D paxy) = pa(yx).

(i)  va(xy) =va(yx) forall x ,yeG.
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1.5 Definition : Let G and G' be any two groups, then the function f: G — G' is said to be a
homomorphism if f(xy) = f(x)f(y) for all x,y € G.
1.6 Definition : Let G and G' be any two groups, then the function f: G — G' is said to be an
anti-homomorphism if f(xy) = f(y)f(x) forall x,y € G.
1.7 Definition : Let X and X' be any two sets. Let f:X— X' be any function and let A be an
IFS in X,V be an IFS in f(X)= X', defined by pv(y) = sup pa(x) and vy (y ) = inf va(x ) for all
x € Xandy € X'. Aiscalled apreimage of V under f and is denoted by £ (V).
1.1 Theorem .Letf: G —> G' be a homomorphism .Then

(i)  f(e) =¢' where ¢ and ¢' are the identities of G and G' respectively .

(i) fa’)=[f(a)]” forall ain G.

Proof : It is trivial.
1.2 Theorem.Letf: G —> G' bean anti- homomorphism .Then

(i)  f(e) =e' where ¢ and ¢' are the identities of G and G' respectively .

(i) fa") =[f(a)]" forallain G.

Proof : It is trivial.

2. IFSG of G under homomor phism

2.1 Theorem. The homomorphic image of an IFSG of G is an IFSG.
Proof: Letf: G —> G' beahomomorphism. Thatis f(xy)=f(x)f(y) forall x,y € G.
Let V =1f(A) where A is an IFSG of G. We have to prove that V is an IFSG of G'. Now , for
x), f(y) in G',
pv(f(x)f(y)) = uv(f(xy)) as fis a homomorphism.
= pa(xy) , since pa(x) = py(f(x)).
>min{ pa(x), pa(y) } as Aisan IFSG of G.
= min{ py(f(x)), uv(f(y)) }
which implies that py(f(x)f(y)) > min{ py(f(x)), uv(f(y)) }.
For f(x) in G',
uyv([fx)]™) =pv(f(x™)) as f is a homomorphism .
=pax) . since pa(x) = pv(f(x)).
> pa(x) as AisanIFSGof G.
= uv(f(x))
which implies that uy([f(x)]) = pv(f(x)).
w(t(x)f(y)) = vv(f(xy)) as fis a homomorphism.
= va(xy), since va(x) = vy(f(x)).
<max{ va(x), va(y) } as AisanIFSG of G.
= max{ vy(f(x), vw(f(y) }
which implies that vv(f(x)f(y)) < max{ vy(f(x)), vw(f(y)) }.
v([f(x)]") = vw(f(x™")) as fis a homomorphism.
= va(x"), since va(x) = v(f(x)).
<va(x) as AisanIFSG of G.
= vv(f(x))
which implies that vy([f(x)]") < vwi(f(x)).
Hence V is an IFSG of G' .

2.2 Theorem . The homomorphic pre image of an IFSG of G' is an IFSG.
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Proof: Letf: G—> G' be a homomorphism.
That is f(xy) = f(x)f(y) forall x,y € G.
Let V = f(A) where V is an IFSG of G' .
We have to prove that A is an IFSG of G.
Letx,y€G,
Ha(xy) = py(fixy)) , since pa(x) = py(f(x)).
=uyv(f(x)f(y)) as fis a homomorphism.
> min{ py(f(x)) , pv(fy)) } as Vis an IFSG of G'.
= min{ pa(x), pa(y)}
which implies that pa(xy) > min{ pa(x), pa(y) }.
pa(x ) = py(fx ), since pa(x) = pv(f(x)).
=uv([f)])
> uy(f(x)) as Vis an IFSG of G'.
= Ha(x)
which implies that pa(x™") > pa(x).
va(xy) = vw(f(xy)) , since va(x) = vy(f(x)).
=vy(f(x)f(y)) as fis a homomorphism.
< max{ w(f(x)) , vw(f(y)) } as V isan IFSG of G.
= max{ va(x), va(y)}
which implies that va(xy) < max{ va(x), va(y) }.
vax) = vy(f(x™), since va(x) = vv(f(x)).
=w([fx)]")
<wy(f(x)) as VisanIFSGof G'.
= va(x)
which implies that va(x™") < va(x).
Hence A is an IFSG of G.

3. IFSG of G under anti-homomor phism

3.1 Theorem . The anti- homomorphic image of an IFSG of G is an IFSG .
Proof: Letf:G —> G' be an anti-homomorphism.
That is f(xy) = f(y)f(x) forall x,y € G.
Let V=1(A) where A is an IFSG of G.
We have to prove that V is an IFSG of G' .
Now , let f(x), f(y) € G',
uv(f(x)f(y)) = uv(f(yx)) as fis an anti-homomorphism.
= pa(yx) , since pa(x) = pv(f(x)).
>min{ pa(x), pa(y) } as Aisan IFSG of G.
= min{ py(f(x)), pv(f(y)) }
which implies that py(f(x)f(y)) > min{ pv(f(x)), pv(f(y)) }.
Forxin G,
uv([fx)]™) = pv(f(x™)) as fis an anti-homomorphism .
=pa(x) , since pa(x) = p(f(x)).
> pa(x) as AisanIFSGof G.
= uv(f(x))
which implies that py([f(x)]") > pv(f(x)).
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w(f(x)f(y)) = vv(f(yx)) as f'is an anti-homomorphism.
= va(yx), since va(x) = vy(f(x)).
< max{ va(x), va(y) } as Aisan IFSG of G.
= max{ v(f(x)), vv(f(y)) }
which implies that vy(f(x)f(y)) < max{ vv(f(x)), vw(f(y)) }.
v([f(x)]™") =vy(f(x ")) as fis an anti-homomorphism .
=vax") , since va(x) = vy(f(x)).
<va(x) as AisanIFSGofG.
= vv(f(x))
which implies that vy([f(x)]") < vv(f(x)).
Hence V is an IFSG of G' .

3.2 Theorem . The anti-homomorphic pre image of an IFSG of G' is an IFSG.
Proof: Letf:G—> G' be an anti-homomorphism.
That is f(xy) =f(y)f(x) forall x,y € G.
Let V = f(A) where V is an IFSG of G' .
We have to prove that A is an [FSG of G.
Letx,y€G,
Ha(Xy) = pv(f(xy)) , since pa(x) = pv(f(x)).
=uv(f(y)f(x)) as fis an anti-homomorphism.
> min{ uy(f(x)), pv(f(y)) } as Visan IFSG of G'.
=min{ pa(x), Ha(y) }
which implies that pa(xy) > min{ pa(x), pa(y) }-
A = py(fx ), since pa(x) = pv(fx).
=ny([f(x)]™") as f is an anti-homomorphism .
> ny(f(x)) as Vis an IFSG of G'.
= Ha(x)
which implies that pA(x'l) > pa(x).
va(xy) = vw(f(xy)) , since va(x) = vy(f(x)).
=vy(f(y)f(x)) as fis an anti-homomorphism.
< max{ vw(f(x)), vw(f(y)) } as V isanIFSG of G'.
= max{ va(x), va(y) }
which implies that va(xy) < max{ va(x), va(y) }.
vax) = vy(f(x™), since va(x) = vy(f(x)).
=vy([f(x)]") as fis an anti homomorphism .
< vy(f(x)) as Visan IFSG of G".
= va(x)
which implies that va(x™") < va(x).
Hence A is an IFSG of G.

4. IFNSG of G under homomor phism

4.1 Theorem . The homomorphic image of an IFNSG of G is an IFNSG.
Proof: Letf:G —> G' be a homomorphism.

That is f(xy) =f(x)f(y) forall x,y € G.
Let V=1f(A) where A is an IFNSG of G.
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We have to prove that V is an IFNSG of G' .
Now , for f(x), f(y) € G,
pv(f(x)f(y)) = uv(f(xy)) as fis a homomorphism.
= pa(xy), since pa(x) = pv(f(x)).
pa(yx) as Aisan IFNSG of G.
=pv(f(yx)) , since pa(x) = pv(f(x)).
=uv(f(y)f(x)) as fis a homomorphism
which implies that py(f(x)f(y))= pv(f(y)f(x)).
w(f(x)f(y)) = vv(f(xy)) as fis a homomorphism.
= va(xy), since va(x) = vy(f(x)).
=va(yx) as Aisan IFNSG of G.
= wy(f(yx)), since va(x) = vy(f(x)).
= vwy(f(y)f(x) } as fis a homomorphism
which implies that vv(f(x)f(y)) = vv(f(y)f(x)) .
Hence V is an IFNSG of G' .
4.2 Theorem . The homomorphic pre image of an IFNSG of G' is an IFNSG.
Proof: Letf:G—> G' be a homomorphism.
That is f(xy) = f(x)f(y) forall x,y € G.
Let V = f(A) where V is an IFNSG of G' .
We have to prove that A is an IFNSG of G.
Letx,y € G,
HaCxy) = py(f(xy) , since pa(x) = py(f(x).
=uy(f(x)f(y)) as fis a homomorphism.
= uy(f(y)f(x)) as V isan IFNSG of G'.
= uv(f(yx)) asf is a homomorphism.
= pa(yx)} , since pa(x) = pv(f(x))
which implies that pa(xy) = pa(yx).
va(xy) = vw(f(xy)) , since va (X) = vy (f(x)).
=vy(f(x)f(y)) as fis a homomorphism.
= wi(f(y)f(x)) as VisanIFNSG of G'.
= vy(f(yx)) as fis a homomorphism.
=va(yx) ,since va (X) = vy (f(x))
which implies that va(Xy) = va(yx).
Hence A is an IFNSG of G.

5. IFNSG of G under anti-homomaor phism

5.1 Theorem . The anti-homomorphic image of an IFNSG of G is an IFNSG.
Proof: Letf: G —> G' be an anti-homomorphism.
That is f(xy) = f(y)f(x) forall x,y € G.
Let V=1(A) where A is an IFNSG of G.
We have to prove that V is an IFNSG of G' .
Now , for f(x), f(y) € G,
uv(f(x)f(y)) = uv(f(yx)) as fis an anti-homomorphism.
= pa(yx) , since pa(x) = pv(f(x)).
= una(xy) as Aisan IFNSG of G.
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—uv(f(xy)) , since pa(x) = py(f(x)).
=uyv(f(y)f(x)) as fis an anti-homomorphism
which implies that py(f(x)f(y))= pv(f(y)f(x)).
w(f(xX)f(y)) = vv(f(yx)) as fis an anti-homomorphism.
= va(yx) , since va(x) = vy(f(x)).
=va(xy) as Aisan IFNSG of G.
= vy(f(xy)) , since va(x) = vy(f(x)).
= w(f(y)f(x)) asfisananti homomorphism
which implies that vv(f(xX)f(y)) = vw(f(y)f(x)) .
Hence V is an IFNSG of G' .
5.2 Theorem . The anti-homomorphic pre image of an IFNSG of G' is an IFNSG.
Proof: Letf: G—> G' be anti-homomorphism.
That is f(xy) =f(y)f(x) forall x,y € G.
Let V = f(A) where V is an IFNSG of G' .
We have to prove that A is an IFNSG of G.
Letx,y€G,
Ha(xy) = py(fixy)) , since pa(x) = pv(f(x)).
=uv(f(y)f(x)) as fis an anti homomorphism.
= uy(f(x)f(y)) as Visan IFNSG of G'.
= uy(f(yx)) as f is an anti homomorphism.
= pa(yX)} » since pa(x) = py(f(x))
which implies that pa(xy) = pa(yx) .
va(xy) = vw(f(xy)), since va(x) = vy(f(x)).
=vy(f(y)f(x)) as fis an anti homomorphism.
= wi(f(x)f(y)) as V isan IFNSG of G'.
= vy(f(yx)) as fis an anti homomorphism.
=va(yx) , since va(x) = vy(f(x))
which implies that va(xy) = va(yx).
Hence A is an IFNSG of G.
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