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1 Introduction

The concept of fuzzy set was introduced by Zadeh [5] to handle the problem of uncertainty.
As an extension to the fuzzy sets Atanassov [1] introduced intuitionistic fuzzy set. Some five
versions of Cartesian products of two intuitionistic fuzzy sets introduced by Stoyanova [4].
Palanivelrajan, Gunasekaran and Kaliraju [4] defined intuitionistic fuzzy number subgroups.

In this paper, we will discuss all the five versions of Cartesian products over
intuitionistic fuzzy number subgroups and prove the results.

2 Preliminaries

In this section we state some definitions and properties related to intuitionistic fuzzy set,
intuitionistic fuzzy number and intuitionistic fuzzy number subgroups.



Let R be the set of all real numbers and F(R) be the set of all fuzzy subsets defined on R.
We denote F*(R) the set of all fuzzy number and also denote the set of all intuitionistic fuzzy

number /F*(R).
Definition 2.1: An Intuitionistic Fuzzy Set (IFS) 4 assigns to each element x of the universe
X a membership degree u,(x) € [0, 1] and a non-membership degree v A(x)e[O,l] such

that IFS A is mathematically represented as {(x, m,(x),v, (x)|xeX } The value 7,(x) =

1 — u,(x)—v, (x) 1s called the degree of hesitancy or the Intuitionistic index of x to 4.

Definition 2.2: An Intuitionistic fuzzy subset 4 = {(x, H,(x),v,(x)|xe R} of the real line is
called an intuitionistic fuzzy number if:
(@) x,x, € X suchthat u,(x,)=1 and v, (x;) =I.

(b) 4 is if-convex (i.e. its membership function g is fuzzy convex and its non-
membership function v is fuzzy concave).
(c) u,1s upper semi-continuous and v, is lower semi-continuous.

(d) Supp 4 =cl ({x eX|v, (x)}) is bounded.

Remark 2.1: An intuitionistic fuzzy number 4 represented as 4 = {(x, m,(x),v,(x)|xe R}
L, if x<a,

f.(),if ay<x<a,

M, (x)=10, if a,<x<a,

g,(x),if a;<x<aq,

L, if a,<x

0, if x<b
h,(x),if b <x<b,
v, (x)=11, if b,<x<b,
k,(x),if by,<x<bh,
0, if b <x

where ay, dp, Az, dg, b], bz, b3, b4 e R such that b] <aq < bz <a< as < b3 < a4 < b4 and the
function f4, g4, h4, k4 : R—[0,1].

Example 2.1: The following is an example of intuitionistic fuzzy number

1, if x<=2
M’ if —2Sx<_—1
3 2
0, if _—lﬁxﬁl
U (x)= 2 2
4 2
4“1 1 J5
, If —<x<—
4 2 2
1, if §<x



0, if x<-=2
4+2x -1
,  if —2<x<—
3 / 2
1, if ol
v (%)= 2 2
A 2
—4x*+5 1 V5
, i —<x<—
4 2 2
0, if §<x

Definition 2.3: An intuitionistic fuzzy number 4 of /F*(R) is said to be intuitionistic fuzzy
number subgroup if the following conditions are satisfied.

(1) w, () 2min (u, (x), 1, (1))
(i), ()= a2, (x)

(11) v,(xy) <max (v, (x), v,(»))

@iv) v, xh< v,(x), for all x, y € IF*(R).

Definition 2.4. Let E; and E, be two universes and let A= {<x, H,(x),v, (x)) |xeE},
B= {< Vo My (¥),v,( y)> | y € E,} be two intuitionistic fuzzy sets. The five Cartesian products of
two intuitionistic fuzzy sets 4 and B are defined as follows:
(i).The Cartesian product 'x,
Ax, B ={((x, ), 14,(0)-p1, (), (X)v, (1)) | x € E, & y € E,},
(ii).The Cartesian product ",
Axy B={((x, 7). 11,(0) + 15 () = 11, (0).1, (V). v, ()5 (D) | x € E, & y € E, },
(iii).The Cartesian product "x,
Axy B={{(x, ), 1, (0) 115 (02, () +V, (1) =V, () v, (1) | x € E, & y € By},
(iv).The Cartesian product "x,
Ax, B={((x,y),min(1,(x).44,(»)), max(v, (x).v,(y))) | x € E, & y € E,},
(v).The Cartesian product "<,
Axg B={((x,y), max(u,(x).u,(y), min(v ,(x).v; (V) | x € E, & y € E, }.

Jrom 0= p,(xX).pp(¥)+v,(x)vy(¥) < pr,(x)+v,(x)<1.

3 Cartesian product over intuitionistic fuzzy number subgroups

Theorem 3.1. If 4 and B are two intuitionistic fuzzy number subgroups then 4 x; B is also an
intuitionistic fuzzy number subgroup.

Proof: Let A and B are two intuitionistic fuzzy number subgroups in /F*(R). Consider
(x1, ¥1), (x2, ¥2) € A x| B for every x;, x € A and y;, y, € B.



(i)ﬂAx,B((x1:y1)a(xz,yz)) = ﬂAxlB(‘xl‘xZ’y Y1)

1y (x,%5) g (V1 1,)

min (£2,,(x,), 44,(x,)).min (25 (3,), t5(,))
min (£, (%)) (V1) 5 14(%5)- 25 (35))
min(/qu]B('xl’yl)J lqulB(XZ’yZ))
/qu]B((xl’yl)ﬁ(xz,y2)) 2 min(ﬂAxlB(xloyl)a ,qulB(xzayz))-

v

)ty 50q0) = ()20
2 (%) tg (1)
=ty 5(x0)

Lot () 2 (0, 0).

(iif) VAXIB((xl’yl)J(XZ,yZ)): VAXIB(xl'xZ,yly2)
=V, (x,%,).V (1))
< max(v,(x,),v,(x,)).max(vy(y,),v(1,))
= max(v,(x,)v;(¥),v,(x,),V(1,))
= maX(VAxlB(xl’yl)’VAxlB(xLyz))

B VAXIB((xHyl)’(xZ,yZ)) < maX(VAxlB(xlﬁyl)ﬁvAxlB(XZ,yZ))'

@) Vs G = v, ) v (r)
< v, () vy (1)

=V, 5 (X 0)

Vi s SV 506, 0)-

Therefore 4 %; B is an intuitionistic fuzzy number subgroup.

O

Theorem 3.2 If 4 and B are two intuitionistic fuzzy number subgroups then 4 %, B is also

an intuitionistic fuzzy number subgroup.

Proof: Let 4 and B are two intuitionistic fuzzy number subgroups in /F*(R). Consider

(x1, ¥1), (x2, ¥2) € A %, B for every x;, xo € A and yy, y, € B.

0] /quzB((xlﬂyl)ﬂ(XZ’yZ)) = /‘szg(xlxz’ylyz)
= (0, + iy (0 yy) = 1, (X,,)- 45 (1,,)
2 min(g,(x,), 4,(x,)) +min(e, (1)), 43(1,))
—min(u,(x,), p,(x,)). min(ee, (y,), 43(1,))

= min(g,, (x,)+ g (1) — 1, () g (V)5 10, (X)) + 5 (¥) = £0,,(x)) 115 (1,))

= min(:quzB(xpy1)a,u,4x23(xzay2))
ﬂszB((nyl))(xzﬂyz)) 2 min(ﬂszB(xlayl)a/lesz(xzayz))'



(if) Mo s 700 = G 7D+ s (07 = 1, (715 (077
2> Uy (x1)+ Hp (y1) —Hy (x1)-,u3(y1)
= ,UAXZB(xlayl)

/LlezB(xl_lﬂyl_l) 2 yszB(xlﬁyl)'

(D) V 4 (e 205 (%25 02)) =V 4 p (XX, 105)
=V, (x,x,)v;(1,)
< max (v, (x,),v,(x,)).max (v, (y,),v(1,))
=max (v, (x,).vg(»),v,(x,)vp(3,))
=max (v, (X, 01)5V 4, 5(%5532))

Voo s (X501, (x5, ,)) S max (v, (%, ),V 4 5(%5,15))-

(iv) Vs 00 = v, 00w (nh)
< v, (x). vy (7))
= VAXZB(xl’yl)

Vs ) SV (5, 0)-

Therefore A4 X, B is an intuitionistic fuzzy number subgroup. ]

Theorem 3.3: If 4 and B are two intuitionistic fuzzy number subgroups then 4 x; B is also
an intuitionistic fuzzy number subgroup.

Proof: Let A and B be two intuitionistic fuzzy number subgroups in /F*(R). Consider
(x1, 1), (x2,2) € A %3 B for every x1, x, € A and yy, y» € B.

(1) M 5 (X531, (X0, 32)) = Hge 5 (XX, 1115)
=1, (x,,). 15 (1, 3,)
2 min (g, (x,), g (x,)). min (22, (0, 43(¥,))
= min (4, (x;). 15 (V) 1,(%,)-15 (1))
=min (1, (X, V1) Hae 5(X2,15))

ﬂszB((xla y1),(x,,¥,)) 2 min (ﬂAx3B(x19y1)a ,qu33(xza Y2))-

() (700 =, T+ (7)) =, ) s (7
2, (x)+ pg (V) — p,(xy) 1, (1)
= e 5 (X, 01)

E /l’le3B(xl_l7yl_l)2 /l’le3B(xl’y1)'



(iif) VA><3B((x1’yl)ﬂ(x27y2)) = VAXSB(x1x27y1y2)
=V, () + v (1y,) =V, (%) .V, (11),)
< max(v,(x,),v,(x,)) +max(vy(y,),vz(,))
—max(v,(x,),v(x,)).max(v,(»),v5(,))
= max(v, (x,) + vy (1) =V, (x) V(1) V(%) + V(1)) =V, (X,) V()
= max( VAX3B('x19 Y1) VAx3B(x2>y2 )

VAX_;B((xn)ﬁ)a(xzayz) < max( VAX_;B(xlﬂyl)’ VAX_;B(X2>J’2))~

) Vs Oy D) = v, (D) v () v, (D) v ()
< VA(X1)+VB(yl)_VA(xl)'VB(yl)
= VAxlB(xl’yl)

. -1 -1
. VAX3B(x1 Jyl )SVAX3B(X17y1)'

Therefore 4 %3 B is also an intuitionistic fuzzy number subgroup. L]

Theorem 3.4: If 4 and B are two intuitionistic fuzzy number subgroups then 4 x4 B is also
an intuitionistic fuzzy number subgroup.

Proof: Let A and B be two intuitionistic fuzzy number subgroups in /F*(R). Consider
(x1, 1), (x2,¥2) € A x4 B for every x1, x, € A and yy, y» € B.

(D) g, 5 (X 20)5 (X2, 3)) =ty 5 (X255 0135)
= min(u, (x,x,)-t5(1,1,))
2 min(min(z,,(x,), g,,(x,)). min( e, (1), 45(1,)))
= min(min(z,, (x, )45 (»)), min(, (x,).425(,)))
= min(ﬂAx4B(x15yl)’/'le4B(x2,y2))

- ﬂAx4B((x1’yl)3(x2,y2)) 2 min(ﬂAx4B(xl9y1)’ﬂAx4B(x2,y2))‘

(i) te,, (0" = min(u, (7)., (7))
> min(g, (x,).445 (1))
= (X 1)
Sl s L) 2 g 5 (x5 0).

DV 4, 5((X5 ), (6 3,)) = V4 5 (X5, 1115)
= max(v,, (%,%,)-(317,))
< max(max(v,(x,),v ,(x,)).- max(v,(»),v;(1,))
= max(max(v ,(x,).v,(y,)), max(v,,(x,)v;(y,)))
=max(V,, z(X,),V 4, 5(x2,))

B VAX4B((xl7yl)’(x2,y2)) < maX(VAx4B(xl’yl)’VAx4B(x2,y2))'



(v) v, x43(x1_layl_l) = max(v,(x; ), (5 )
< max(v,,(x,).v, ()
= VA><4B(xl’yl)

o
VAX4B(‘x1 » V1 )SVAX4B(x17y1)'

Therefore 4 x4 B is also an intuitionistic fuzzy number subgroup. L]

Theorem 3.5: If 4 and B are two intuitionistic fuzzy number subgroups then 4 x5 B is also
an intuitionistic fuzzy number subgroup.

Proof: Let A and B be two intuitionistic fuzzy number subgroups in /F*(R). Consider
(x1, 1), (x2,¥2) € A x5 B for every x1, x, € A and yy, y, € B.

(i)ﬂAst((xlﬂyl)a(xz,yz)) = ﬂAst(xlxz,:ylyz)

= max(u,(x,x,).5(1),))

2 max(min(, (x;), 4, (x,)).min(y (3,), t5(1,)))
min(max (4, (x,).45 (1)), max(s,(x,). 45 (,)))
min(ll'lAXSB(xl’yl)’lLlAXSB(xz,yZ))

Sl 5 (20, (3, 3,)) 2 min(ae,, 5 (X, )), My (X5 5))-

(i) pg Oy = max(e, (06, (y7)
> max (s, (x,)-45(y)))
=ty (X5 0))
Sty s O ) 2 gy, 5 (0, 0).

@V, 5((x5 3,05 3,)) = V4 5 (X%, 1,9,)
= min(v,,(x,x,).V5 (1, ,))
< min(max(v,, (x,),v ,(x,)).max(v, (y,),v;(,)))
= max(min(v ,(x,).v; (), min(v , (x,).v(1,)))
=max(v,, (X, 1),V . 5(X0,))

E VAXSB((xl’y1)7(x2,y2)) SmaX(VAst(xlﬁyl)’VAx5B(x2,y2))'

) vy sy =min(v, (v, ()
< min(v,, (x))v; (7))

= VAXSB(xl’yl)

. R
SV s (X500 SV (L 0).

Therefore 4 X5 B is an intuitionistic fuzzy number subgroup. L]
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