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Abstract: In this paper, a new operation, concatenation, denoted by @, is introduced over
extended intuitionistic fuzzy index matrices and over intuitionistic fuzzy index matrices. Some
of its properties are discussed.
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1 Introduction

Here, as a continuation of [1, 3, 4, 5, 6, 7], we discuss the concepts of an Extended Intuitionistic
Fuzzy Index Matrix (EIFIM), that generalizes the concept of an Intuitionistic Fuzzy Index Matrix
(IFIM). These concepts are described in detail in [7].
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In [8], a new operation was introduced over standard IM.
Here, we introduce it for the case of EIFIMs and in particular case — to IFIMs.

2 Basic definition

Firstly, we give some remarks on Intuitionistic Fuzzy Sets (IFSs, see, e.g., [2, 5]) and especially,
of their partial case, Intuitionistic Fuzzy Pairs (IFPs; see [9]). The IFP is an object in the form
(a,b), where a,b € [0,1] and a + b < 1, that is used as an evaluation of some object or process
and which conponents (a and b) are interpreted as degrees of membership and non-membership,
or degrees of validity and non-validity, or degree of correctness and non-correctness, etc.

Let us have two IFPs x = (a,b) and y = (¢, d).

First, we define two examples for definitions of operations “conjunction” and ‘““disjunction”:

x V1 y = (max(a, c)), min(b, d)),
x A1y = (min(a, ¢), max(b, d)),
xVoy = {a+c—a.cb.d),

T Ny = (a.c,b+d — b.d).

Second, following [7], the definition of an Extended IM is proposed.
Let Z be again a fixed set of indices,

I" = {(i1, 02, ..., in)|(Vj : 1 < 3 <n)(i; € )}
and

I = (G AL

1<n<oco

Let everywhere below X be a fixed set of some objects. In particular cases, they can be either
real numbers, or only the numbers O or 1, or logical variables, propositions or predicates, etc.

Let operations o, x : X x X — X be given.

We call the object [K, L, {a,,, }] with index sets K and L (K, L C Z*) and elements from
set X, “Extended IM” (EIM) if it is defined in the form (see, [7]):

U P
kl Ay 1y ce akl,lj ce Ay 1,

[K’ L’ {ak’i,lj }] = k )
i Ak; 1 . aki,lj . AL, 1,
k‘m Al by -+ - akaj Ce Ak L

where K = {ki, kg, ... kpn}, L ={l1,ls,....0}, for1 <i <m,and 1 < j <n:apy € X.
When elements ay, ;. are some variables, propositions or formulas, we obtain an EIM with

elements from the respective type. Then, we can define the evaluation function V' that juxtaposes

to this IM a new one with elements — Intuitionistic Fuzzy pairs (IFPs) (u,v), where u, v, u +
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v € [0,1]. The new IM, called Intuitionistic Fuzzy IM (IFIM), contains the evaluations of the
variables, propositions, etc., i.e., it has the form

V([K, L, {akiJj }]) = [K7 L7 {V<aki,lj)}] = [K7 L> {</"Lk3ial]" Vki7lj>}]

L . l . I
kil (ko Vkitn) o (ki Vendy) oo (Bt Vi)
ki | (e V) o ety Veiy) e kot Vkida)
B | (Mo i Vi) o iy Vemly) o (Hmidns Vel )

where for every 1 <i < m,1 < j < n: V(ag,) = (ki Veoty) a0d 0 < pirg 1, Vi Pt =+
Vg, < L

3 Main results

The Extended IFIM (EIFIM) is defined by:

[K*, L*, {(Nki,lja qu',,lj>}]

l1a<0‘11’/8§> lja<a§‘75]l‘> lnv<aiwﬁfz>
ka, <0/fa 5f> <Mk1,117 Vkl,h) S <Mk1,lj, Vkl,lj> ce (Mkl,lm Vkl,ln>
B k’i? <Oéi€, /sz> </’Lk1;,l17 Vki,ll> s <:uki,lj7 Vk:i,lj> ce </’Lki,ln7 qu;,ln> ’
Koy (08 BE) | (lbts Vo) -+ (o> Vil -+ (oot > Vi)

where forevery 1 <:<m,1 <j < n:
0 < ity Vil s Moty + Vi, € (0,10,
of, B, o + Bf € 10,1,
aé,ﬁé,aé- + B;- € [0,1],
and here and below
K" = {{ki, o1, )|k € K} = {{ki, o, B)[1 < i < m},

L = {{l, a5, Bty € L} = {{lj, 05, B)[1 < j < m}.
Let us have, as above, the two IMs A = (K, L, {ax,;}] and B = [P,Q,{bp, .}]. Then,
following [8] we define the operation “concatenation” over two IMs:

A®B - [K U PaL U Q7 {Ctu,vw}]a
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where
(an,;, L), ift,=k e€Kandv, =1, € L—-Q
ort, =k € K—Pandv, =1[; € L;

(L,by, 4.0, ift,=p, € Pandv, =¢q, € Q — L
ort,=p.-€ P—Kandv, =qs € Q;

Ctuﬂ)w =

<aki7lj’ bpmqs>> ift,=ki=p.€¢ KNP
andv, =1, =¢, € LNQ

| (L L), otherwise

Now, this definition will be transformed for the case of EIFIMs.

Let (o, *) € {(max, min), (min, max), ... }.

Now, for the EIFIMs A = [K*, L*, {{itr,1,, vk, 1;)}] and B = [P*, Q" {{pp, .0+ Tp,.a:) })>
where K* and L* are as above, we define the operation “concatenation”, or @, but now, in
the form @ (o, +;);(09,%2)» DY:

A@(O,*)B = [T*7 V*u {<Ctu,’Uw7 dtu,vw>}]7

where
T = K*UP* = {{t,, o', ) |t, € KU P},
V*=L"UQ" = {{vy,ap, Bu)|vw € LUQY,
( <a§75£€>7 lftu:kleK—P
(o, Bu) = (a?, 7)), ift,=p, e P—K |
\ <O(C¥§,Oé$)7*( faﬁf» lftu:k’b :pT 6 KOP
( <Oéé'>5]l'>> if’Uw:lj eL—Q
<afuvﬂfv> - <04375§>7 ifvw:% GQ_L >
L (o(a], a?),%(8),89)), ifvy=1=¢€LNQ
and

( <</"Lk§i7lj’ Vki,l]‘>7 J_>, ift, =k; € Kand v, = lj elL—-Q
ort, =k € K—Pandv, =1[; € L;

<J_7 </’Lphqs7ypra%>>7 lftu :p'l‘ € P and Uy = QS S Q - L

ort,=p. € P— Kandv, =q, € Q;
<Ctu;Uw7dtu7vw> = q Q

<<I’Lki7lj7ll"tpr7QS>7 1ftu = kz =pr € KNP
<Vki,lj7ypr7qs>>> ande:lj = (s ELmQ
(L,1), otherwise

\
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In the partial case, when A and B are IFIM, A® B = [T,V,{{ct, v, dt,v,)}], Where
T=KUP,V=LUQ,and

<<,U/ki,lj7yki,lj>7j—>7 lftu = ]{31 € K and Uy = lj eL— Q
ort,=k € K—Pandv, =1[; € L;

<J—7 <ﬂpr7qS7 I/pr,qS>>7 lftu = pr S P and Uy = QS € Q - L

ort,=p, € P—Kandv, =¢q, € Q;
<ctuvvw7 dtuy”u}) =

<<Il1’kiylj7upr7QS>7 ift, = kz =pr € KNP
<Vk‘1:,lj7ypmqs>>7 ande:lj = (s GLQQ
<J—a J—>a otherwise

\

For brevity, we can writt A®Q B = AQ® ()B
Now, we can check that operation @ over EIFIMs is not idempotent and commutative, but
we can prove the following theorem.

Theorem 1. Operation “concatenation” (@) over EIFIMs is associative.

Let M be the set of all EIFIMs. Let
I@ - |:®7 ®7 J‘:I?

where symbol “_L” here denotes the lack of IM-elements.
Let for every natural number n > 2 and for every n EIFIMs A;, ..., A, so that for s (1 < s <

n):
317< slaﬁ > lS7ns7< sn5758n5>
kSJ? <a’;,1> f,l) <Iuk5,17 ls,19 ks,1,ls,1> s </’Lks,17ls,ns7 ks,l,ls,ns>
A = : :
T ke (aky, BE) (hoions Vhoiton) oo (Bhaidonys Vhaidons)
ksyms’ < s,mg) /BS m5> </’Lks,msyls,l7 yks,msyls,l> A <Mks,msyls,ns7 l/ks,ms 7ls,ns>
it is valid
2
@ A Al ®A27
n
O A @ Ai | DA,.
=1

Finally, we mention that from the above definitions it follows the validity of the following
theorem.

Theorem 2. (M, @®, Iy) is a monoid.
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4

Conclusion

The EIFEM constructed in this manner can also be used in graph theory, e.g., for representation

of intuitionistic fuzzy graphs, introduced by two of the authors in [10] with weighted vertices

and arc, in multi-criteria multi-person decision making procedures, in which the experts (persons)

have provided their own scores as estimates, in intercriteria analysis, in which the different criteria

have intuitionistic fuzzy weights, and in other applications.
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