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Abstract

This paper is a continuation of our previous works on the epteand properties of dis-
tances between the Atanassov intuitionistic fuzzy set$H@s, for short). We remind the
necessity of taking into account all three terms (membprston-membership and hesita-
tion margin) describing A-IFSs while considering the distas that provides a foundation
of our works. Next, we show that the considered three ternimaous Hamming distance
is the counterpart of the discrete Hamming distance, andnstac.
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1 Introduction

The concept of a distance in the context of fuzzy sets (Zad8}),[or some generalization —
intuitionistic fuzzy sets, or A-IFSs for short (Atanass@y, [[2]) — is of utmost importance, for
the theory and applications, notably in similarity relaisslies in pattern recognition, classifi-
cations, group decisions, soft consensus measures, etc.

There are well-known formulas for measuring distances betwfuzzy sets using e.g. the
Minkowskir-metrics (e.g. the Hamming distances ot 1, the Euclidean distances for= 2,
the dominance metric for = o), or the Hausdorff metric.

The situation is quite different for A-IFSs for which themedwo ways of measuring dis-
tances which is a result of two possible lines of reasoningmé&researchers use two terms
only (the memberships and non-memberships) in the fornwiteseas the others use all three
terms (the membership, non-membership and hesitationimyaigaracterizing A-IFSs. Both
methods are correct in thdinkowski r-metrics as all necessary and sufficient conditions are
fulfilled for a distance in spite of the formulas used (withotar with three parameters) - cf.
Szmidt and Kacprzyk [11], [20].



One could say that if both methods follow (in the Minkowskimetrics) all mathematical
assumptions, the problem does not exist — both methods arect@nd can be used inter-
changeably. Though this may be true from a lomited formakyienfortunately, the fact which
method we use does influence the final results as the resultdoniations differ not only in the
values (what is obvious) but also give qualitatively quiitedent answers! See, for instance
Szmidt and Kacprzyk [11], [20], [13], [23], [24].

In his paper we remind briefly why the three term A-IFSs repnéation (for discrete cases)
is appealing from the theoretical point of view. Howevestead of a purely formal analyzes,
we also relate them to intuition which is of a crucial impoxtea for applications. Next, we
discuss a continuous distance, the Hamming distance, vitnink out to be the counterpart of
its discrete form (the distances converge), and clearfilltulhe metric conditions.

2 A brief introduction to A-IFSs

One of the possible generalizations of a fuzzy seXifzadeh [28]), given by
A ={<a,py(r) > |z e X} €y

wherey () € [0, 1] is the membership function of the fuzzy skt is an A-IFS, i.e. Atanassov’s
intuitionistic fuzzy set, (Atanassov [1], [2} given by

A={<z,pa(x),va(z) > |xr € X} 2
where:py : X — [0,1] andvy : X — [0, 1] such that
0<pa(z) + va(z)<1 3)

andu4(z), va(z) € [0,1] denote a degree of membership and a degree of non-membefship
x € A, respectively.
Obviously, each fuzzy set may be represented by the follgwWiiFS

A={< 2y (@), 1 - py(a) > |z € X} (4)
For each A-IFS inX, we will call

ma(r) =1 — pa(x) —va(x) (5)

anintuitionistic fuzzy index (or ahesitation margin) of z € A, and it expresses a lack of knowl-
edge of whether: belongs toA or not (cf. Atanassov [2]). It is obvious thékr4(z)<1, for
eachr € X.

The hesitation margin turns out to be important while coasid) the distances (Szmidt
and Kacprzyk [8], [11], [20], entropy (Szmidt and Kacprzy], [23]), similarity (Szmidt and
Kacprzyk [24]) for the A-IFSs, etc. i.e., the measures thay @ crucial role in virtually all
information processing tasks.
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The use of A-IFSs instead of fuzzy sets implies the introdmodf another degree of free-
dom (non-memberships) into the set description. Such argkregion of fuzzy sets gives us
an additional possibility to represent imperfect knowkeadich leads to describing many real
problems in a more adequate way. Applications of intuistinifuzzy sets to group decision
making, negotiations, voting and other situations aregartesl in Szmidt and Kacprzyk [7], [9],
[10], [12], [14], [15], [16], [16], [22], Szmidt and KukierZ5], [26].

3 Distances between A-IFSs

Distances between A-IFSs are calculated in the literatut&vo ways, using two parameters
only or all three parameters describing elements belonmirtge sets. Both ways are proper
from the point of view of pure mathematical conditions canaay distances (all properties are
fulfilled in both cases). Unfortunately one cannot say tlhhwvays are equal when assessing
the results obtained by the two approaches. Now we will prtes@me arguments why in our
opinion all three parameters should be used in the respdotimulas, and what additional qual-
ities their inclusion can give (cf. Szmidt and Kacprzyk [1PP0], Szmidt and Baldwin [5], [6]).

3.1 Distances between discrete A-IFSs

Employing all three terms (membership, non-membership, lEsitation margin), we can
calculate distances between any two A-IE$and B in X = {z z,...,2,} (Szmidt and
Kacprzyk [11], [20], Szmidt and Baldwin [5], [6]), e.g.

e the normalized Hamming distance:

n

les(A,B) = 5o S (ales) — une)| +
+ loale) = v(ao)] +ma@i) - mo(a) ©)

e the normalized Euclidean distance:

1

errs(A, B) = (% Z(MA(%) — (7)) +

n

N

+ (vala) — vp(i)® + (ma(as) — mp(2:))?) (7)
Both distances are from the interval [0,1].

It is easy to notice in an analytical way why all three parargeshould be used when
calculating distances.

Let us verify if we can discard the valuesfrom the formula (6). Taking into account (5)
we have

[ma(@i) —mp(x)| = [1— pa(zi) —valz:) — 1+ pp(z:) + vp(e)|<
< |ps(xi) — pal@:)| + |lvp(2:) — val(:)| (8)
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Inequality (8) means that the third parameter in (6) showldbe omitted as it was in the
case of fuzzy sets for which taking into account the secomameter would only result in the
multiplication by a constant value. For A-IFSs omitting thed parameter has an influence on
the results.

A similar situation occurs for the Euclidean distance. Leverify the effect of omitting the
third parametefr) in (7). Taking into account (5), we have

(1 — palzs) —va(@) — 1+ ppz;) + vp(a;))? =
= (pala:) — pp(x:)? + (valz:) — ve(:)* +
+ 2(palzi) — pp(:)Walz:) — ve(x;)) 9)

which means that taking into account the third parameterhile calculating the Euclidean
distance for the A-IFSs does have an influence on the finaltreésor a deeper discussion of
the problem of distances, especially on the connectionsdmet geometrical representations of
A-IFSs we refer an interested reader to Szmidt and Kacprigk [20], Tasseva et al. [27],
Atanassov et al. [3].

So far we have considered why the formulas with all threerpatars should be used when
calculating distances for the discrete cases only. Now vlecamsider the continuous counter-
parts of the above discrete cases.

(ma(zi) — mp(2:))?

3.2 Distances between continuous A-IFSs

In our further considerations we will consider the continsi@ounterpart of the normalized
Hamming distance (12) between fuzzy sdis B, in X,, = {ng’), ...z} Szmidt and Bald-
win [5], [6], Szmidt and Kacprzyk [11], [20]:

n

1

lirs(Au Br) = 523 ((nalal™) = (@) + va(al") -
1=1
+ v + [ra@) - 7aa))) (10)
Let
1 & n n n n
lirs(Au Ba) = 52 9@ ) (ma@™) = pa(el™)| + lva(a™) -
i=1

+ vp(a)] + @) - 7a(a™))) (11)

Whereg : X,, — [0,1] and}_ g(z!™) < 1. Wheng(z{") = 1 we havel}g(A,, B,) =

=1
lIFS<ATL7 Bn)
Let

25



1 = n n n n
Brs(An Br) = 5 > 9@ (|na@™) = us(@™)| + ) -
i=1

) (12)

Whereg : X,, — [0,1] . Wheng(z{™) = 1 we havel?,.4(A,, B,) = lips(An, By)
Let

+ vp(a)|+ |ma(el™) - mp(a™)

b
lrs(AB) = g | 0 (uale) = uola)] + a(o) -
+ vp(x)| + |ra(x) — mp(z)|)dx (13)

where0 < g(z) <1

Proposition

Let g(z), ua(xz) andvy(z) are Riemann’s integrable. There exist and B,, for which
lim 17pg(An, Bn) = l,IFS(A> B)
" Proof

Let X = [a, b] For everyn € N \ 0, wherey; = a + %= for eachi € N,, = {1,...,n}, and
1o = a by convention. For convention, let

_b—a

Ay

n
so thaty, = a + iA,.
Let mgn) € [Wi1,Yi—1], Xn = {mgn),i =1..n}and

n 1 . . ) )
o = Zig@’(' ))(‘MA@E ) = s (@) + lva(a”) -

i=1

+ vp(a)] + |ra@) - 7a(a™) A, (14)

S, Is Riemann’s integral sum. From definition Riemann’s inéégre have

fm 5, = / 9(2) (pa() — ()] + [vale) —
T (@) + [malz) — () )de (15)

Having in mind that
Sn = (b= a)lips(A, B)
we obtain

lim Fs(4,.B,) = g [ o@)nae) = g ()] + ale) -

+ vp(@)| + |ra(z) — 7p(x)|)dx (16)
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which means that

lim 7ps(An, Br) = lps(A, B) (17)

n—oo

Now we will show that the continuous counterpart of the diserHamming distance be-
tween A-IFS% is a metric.
Let X = U X; whereX; N X; = 0.

i=1

3

s B) = g S [ala)inate) = unta)] + valo) -
T up(@)] + malx) — p(a)])dm (18)

les)AB) = 5o [ 5@ iate) = nla)] + oa(o) -
T up(@)] + ma(x) — p(a)])dm (19)

Whereg : X — (0, 1]
Proposition
Let E is set from A-IFSs withy , i, v continuous functions .X is union from closed
intervals inR - real line. Integrals above are Riemann. THén(; ) is metric space.
Proof
1) We prove that
l/IFS(A> B) >0

if and only if A ## B. Then it is obviously
l,IFS(Aa B)=0

if and only if A = B.
(<) Let A # B.Then we have: € X wherepu(z) # up(x) orva(z) # ve(z).
From
lips(A, B) = 5(lpa(@) — np ()| + [va(z) — vp(z)| + [ma(z) — 7p(2)])
distance wherX = {z} (v is above) we havel # B if [;p5(A, B) > 0= [;.4(i)(A, B) >

0 = lpg(A,B) =Y %Z}Fs(i)(fl, B) > 0 (These inequalities are results from the Rie-
1

mann integral’s pror;erty ).

WhenA = B then obviously;.4(A, B) = 0.
(=) We haveA # Bor A = B. If A+ B everythingis ok. IfA = B we have;,4(A4, B) = 0.
But it is contradiction. So we have that# B.
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2) From definition; .o (A, B) we have that; (A, B) = [;.4(B, A).
3) From

lips(A, B) = %(IMA(x) — ()] + [va(@) = va()| + [ra(z) — 75(2)])

distance wherX = {z} we have
lirs(A, B) <lips(A,CO) + 1ips(C, B) = § [ g(x)(|palz) — pp(x)| + |valz) —
XL

vp(@)| + |ra(z) — mp(2)|)dm < 5 fg (@)([nalx) = po(@)] + valz) -
ve(@)| + |ra(z) — mo(z))dm + 5 fg 2)(lpo(x) = ps(@)] + [vo(r) -

(
+vp(@)| + |7 (x) — mp(x)])dm = lIFS(A7 B) < l1ps(A,C) + 11ps(C, B),
and the proof is complete.

4 Concluding remarks

We considered the problem of a proper definition of distabedween the A-IFSs. We recalled
the arguments why the three term representation (takirgdontount the membership, non-
membership and hesitation margin) of the A-IFSs seems pnopée calculating distances

between the discrete A-IFSs. Next, we showed that the cereildHamming distance in the
continuous space is the counterpart of the Hamming distartbe discrete space, and it fulfills
the requirements of metric. This is a result that is relef@nboth the theory of the A-IFSs and
their applications.

References

[1] Atanassov K. (1983), Intuitionistic Fuzzy Sets. VII IRKSession. Sofia (Centr. Sci.-Techn. Libr.
of Bulg. Acad. of Sci., 1697/84) (in Bulgarian).

[2] Atanassov K. (1999), Intuitionistic Fuzzy Sets: Theand Applications. Springer-Verlag.

[3] Atanassov K., Taseva V., Szmidt E., Kacprzyk J. (2005),tke Geometrical Interpretations of the
Intuitionistic Fuzzy Sets. In: K. T. Atanassov, J. Kacprzik Krawczak, E. Szmidt (Eds.): Issues
in the Representation and Processing of Uncertain and msgrénformation. Series: Problems of
the Contemporary Science. EXIT, Warszawa 2005, 11-24.

[4] FanJ-L., Ma Y-L. and Xie W-X. (2001), On some propertidsiistance measures. Fuzzy Sets and
Systems, 117, 355-361.

[5] Szmidt E. and Baldwin J. (2003), New Similarity Measuoe lintuitionistic Fuzzy Set Theory and
Mass Assignment Theory. Notes on IFSs, 9(3), 60-76.

[6] Szmidt E. and Baldwin J. (2004), Entropy for IntuitioticsFuzzy Set Theory and Mass Assignment
Theory. Notes on IFSs, 10(3), 15-28.

28



[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Szmidt E. and Kacprzyk J. (1996¢) Remarks on some agpits of intuitionistic fuzzy sets in
decision making, Notes on IFS, 2(3), 22-31.

Szmidt E. and Kacprzyk J. (1997) On measuring distanedsden intuitionistic fuzzy sets, Notes
on IFS, 3(4), 1-13.

Szmidt E. and Kacprzyk J. (1998a) Group Decision Makinger Intuitionistic Fuzzy Preference
Relations. IPMU’98, 172-178.

Szmidt E. and Kacprzyk J. (1998b) Applications of Ititistic Fuzzy Sets in Decision Making.
EUSFLAT’99, 150-158.

Szmidt E. and Kacprzyk J. (2000), Distances betweenitiohistic fuzzy sets, Fuzzy Sets and
Systems, 114(3), 505-518.

Szmidt E. and Kacprzyk J. (2000) On Measures on Consebser Intuitionistic Fuzzy Rela-
tions. IPMU 2000, 1454-1461.

Szmidt E. and Kacprzyk J. (2001), Entropy for intuitistic fuzzy sets. Fuzzy Sets and Systems,
118(3), 467-477.

Szmidt E. and Kacprzyk J. (2001) Analysis of Consensudeu Intuitionistic Fuzzy Preferences.
Proc. Int. Conf. in Fuzzy Logic and Technology. Leiceste, 39-82.

Szmidt E. and Kacprzyk J. (2002) Analysis of AgreemeantiGroup of Experts via Distances
Between Intuitionistic Fuzzy Preferences. IPMU 2002, Aoya&rance, 1859-1865.

Szmidt E. and J. Kacprzyk J. (2002b) An IntuitionistioZzy Set Based Approach to Intelligent
Data Analysis (an application to medical diagnosis). In Argham, L. Jain, J. Kacprzyk (Eds.):
Recent Advances in Intelligent Paradigms and Applicati@msinger-Verlag, 57-70.

Szmidt E. and Kacprzyk J. (2004), Similarity of intwitiistic fuzzy sets and the Jaccard coefficient.
IPMU 2004, 1405-1412.

Szmidt E., Kacprzyk J. (2004), A Concept of Similarityr fintuitionistic Fuzzy Sets and its use in
Group Decision Making. 2004 IEEE Conf. on Fuzzy Systems,dpadt, 1129-1134.

Szmidt E. and Kacprzyk J. (2005), A New Concept of a Samity Measure for Intuitionistic Fuzzy
Sets and its Use in Group Decision Making. In V. Torra, Y. N@amwa, S. Miyamoto (Eds.): Mod-
elling Decisions for Al. LNAI 3558, Springer 2005, 272-282.

Szmidt E. and Kacprzyk J. (2006) Distances Betweenitintustic Fuzzy Sets: Straightforward
Approaches may not work. 3rd Int. IEEE Conf. Intelligent f&yss I1S06, London, 716-721.

Szmidt E. and Kacprzyk J. (2006), Entropy and simijaat intuitionistic fuzzy sets. IPMU 2006,
2375-2382.

Szmidt E. and Kacprzyk J. (2006) An Application of Irttanistic Fuzzy Set Similarity Measures
to a Multi-criteria Decision Making Problem. ICAISC 2006NRI 4029, Springer-Verlag, 314—
323.

29



[23]

[24]

[25]

[26]

[27]

[28]

Szmidt E. and Kacprzyk J. (2007). Some problems witlhogyt measures for the Atanassov intu-
itionistic fuzzy sets. Applications of Fuzzy Sets Theorgcture Notes on Atrtificial Intelligence,
4578, 291-297. Springer-Verlag.

Szmidt E. and Kacprzyk J. (2007a). A New Similarity Meses for Intuitionistic Fuzzy Sets:
Straightforward Approaches may not work. 2007 IEEE Comfeeeon Fuzzy Systems, 481-486.

Szmidt E. and Kukier M. (2006). Classification of Imhatad and Overlapping Classes using
Intuitionistic Fuzzy Sets. 3rd International IEEE Confare on Intelligent Systems 1S’06, London,
2006, 722-727.

Szmidt E. and Kukier M. (2008) A New Approach to Classifion of Imbalanced Classes via
Atanassov’s Intuitionistic Fuzzy Sets. In: "Intelligenafa Analysis: Developing New Methodolo-
gies Through Pattern Discovery and Recovery. (Ed. HsiaoWang),|GI Global, 85-101.

Tasseva V., Szmidt E. and Kacprzyk J. (2005), On one efgikometrical interpretations of the
intuitionistic fuzzy sets. Notes on IFSs, 11(3), 21-27.

Zadeh L.A. (1965), Fuzzy sets. Information and Contgpl338—353.

30



