Eleventh Int. Conf. on IFSs, Sofia, 28-30 April 2007
NIFS 13 (2007), 2, 30-35

Laws of large numbers for M-observables

Petra Mazurekova
Faculty of Natural Sciences
Matej Bel University
Tajovského 40
SK-974 01 Bansk4 Bystrica, Slovakia

e-mail: korcova@ fpv.umb.sk,

Abstract

In the paper M-observables are considered, their independence and law of large
numbers. The proof is based on a representation of a sequence of M-observables by
random variables. This method has been presented in [2].
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1 Introduction

Let us consider a measurable space ({2, S), where S is a o - algebra of subset of (2,
F={A= (pa,va);ppa,va: Q2 —>[0,1]; 4, va are S- measurable; p1q +v4 < 1}.
The ordering on F is defined

A< B <= ps<pup, va > VB
We shall use the following max-min connectives for A, B € F :
AV B = (uaV pup, vaA\vp)
ANB = (aNpup, vaVug).

Definition 1.1 An M-state is a mapping m : F — [0, 1] satisfying the following condi-
tions:

(7;) m((lﬂaoﬂ)) =1, m’((OQ’ 19)) =0;

(ii) m(A) +m(B) = m(AV B) +m(A A B) for any A,B € F;

(iii) A, /" A, B, \, B= m(A4,) /" m(A), n(B,) \, m(B).

Definition 1.2 A mapping x : B(R) — F is called M-observable if the following prop-
erties are satisfied:

(i) 2(R) = (1o, 0a), 2(0) = (Og, 1a);

(ii) (AU B) = z(A) V 2(B), z(AN B) = z(A) A z(B);

(iii) A, / A, B, \, B= z(4,) / z(A),z(B,) \\ z(B).
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Proposition 1.3 If z : B(R) — F is an M-observable and m : F — [0,1] is an
M-state, then m o x : B(R) — [0,1] is a probability measure.

Proof.
See [2] Proposition 1.4.

Definition 1.4 Let z1, %, ..., 2, : B(R) — F be M-observables. The joint M-observable
of x1, %y, ...x, 18 a mapping h : B(R") — F satisfying the following conditions:

(Z) /ZV(R") = (1Q,OQ), h(@) — (OQ, 19);

(ii) h(A; N Ay N ..M Ay) = h(Ar) Ah(AZ) Ao A R(Ay),

h(AjUAsU . UA,) =h(A1)Vh(A2) V...V h(A,)

for any Ay, As, ..., A, € B(R™);

(7;7;2') if A, B € B(Rn), (k = 1. 2, ) and Ay /A, B, \, B

= h(Ax) /" h(A), h(By) \\ h(B);

(iv) for any C4,...,Cp € B(R), h(C1 x Cy X ... x Cy) = z1(C1) A 22(C2) A ... A2 (Cr).

Proposition 1.5 For any M-observables there exists their joint M-observable.

Proof.
See [3] Theorem 2.2.2.

Proposition 1.6 Let 1, %, ..., x, : B(R) — F be M-observables. There erists eractly
one n-dimensional M-observable h : B(R") — F, for which

h(Cl X ... X Cn) = .’El(Cl)..’L‘z(Cz) ..... .’En(Cn),
for any C4, ...,C, € B(R)

Proof.
Let us assume, that there exists two n-dimensional M-observables
g,h: B(R") — F, for which

}L(Cl XK aws % Cn) = 1}1(01)..’172(02) ..... :I?n(cn)a

g(Cl X s X Cn) = iL'l(Cl).LCQ(Cg) ..... ln(Cn),

Let M = {A; A€ B(R"); h(A) =g(A)}

and

D= {01 X .. X Cp; C; € B(R)}

Evidently M D D. Let R(D) be the ring generated by D.

Then R(D) ={ E;; E; € D;n =1,2,...},
i=1

n n

(B =\ h(E) =\ 9(B) = g J(ED).
i=1 i=1 i=1 i=1

M is a monotone family, hence M D M(R") = o(R") = B(R").
Therefore h(A) = g(A) for any A € B(R").
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Definition 1.7 Let m : F — [0,1] be an M-state and z : B(R) — F be an M-
observable. Then =z is said integrable if the expectation (mean value)

Elm) = /Rt dmg(t)

exists.

We say that © is square integrable if the dispersion (variance)

o2(z) = /R (t — E(z))2dma(t) = /R Pdmg(t) — E(x)?

exists.

2 Independence of M-observables

Definition 2.1 Let x1, s, ..., 2, : B(R) — F be M-observables and m : F — [0,1] be
an M-state. We say that the M-observables x1,x, ...z, are independent if there exists an
n-dimensional M-observable h : B(R") — F such that

m(h(Cy X ... x Cp)) = m(x1(C1))....m(xn(Cr)) = Ma, (C1)-.... Mz, (Cr)
for all Cy,Cy, ...,Cy, € B(R).

Theorem 2.2 Let 1,1, ..., T, : B(R) — F be M-observables and
m: F — [0,1] be an M-state. Then x1,x2,..., 2, are independent if and only if

m(z1(C1) A 22(Ca) A ... Az (Cr)) = Mgy (Ch)..... Mg, (C)

Proof.
The proof is an immediate consequence of Definition 2.1, together with Propositions 1.5
and 1.6.

3 Convergence of M-observables

Definition 3.1 Let yi, v, ... be a sequence of M-observables, y, : B(R) — F,
forn=12 .. and m:F — [0,1] be an M-state.

1. The sequence is said to converge in distribution to a function F': R — [0, 1] if for
eacht € R
lim m(y,((—o0,t))) = F(t).

n—:oo
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2. The sequence is said to converge in measure to (Oq, 1lg) if for each € > 0

Jim (. (—e,9)) = 1

3. The sequence converges to (0q, la) almost everywhere, if

keti 11
lim lim lim m(/\ Ull—=, 5))) =1
n=k

p—00 k—00 1—00 P

Definition 3.2 Let x1, %2, ...,2, : B(R) — F be M-observables, hy, : B(R") — F be
their joint M-observable, g, : R* — R be a Borel function (i.e.A € B(R) = g, '(A) €
B(R"™)). Then we define y, = gn(x1, 22, ..., Tn) by the formula

Yn = gn(T1, T2, .., Tp) = hp o g, .
Remark 3.3 It is easy to see that the mapping y, : B(R) — F is an M-observable.

Theorem 3.4 Let x1,%s,... be a sequence of M-observable, z, : B(R) — F, hy :
B(R") — F be the joint M-observable of xi,xs,...,x, and g, : R* — R be a Borel
function, y, = gn(1, T2, ..., 2n), forn=1,2, ...

Then there exists a probability space (X,S,P) and a sequence (§,) of random variables,
&, 0 X — R such that if N, = gn(&1, ., &n), (n=1,2,...), then

1. the sequence yi,ysa, ... converges in distribution to a function F if and only if so does
the sequence 11,1ms, ... ;

2. the sequence yi,Ys, ... converges to (Og,lq) in measure m if and only if ni,7ms, ...
converges to 0 in measure P;

3. if 1,12, ... converges P-almost everywhere to 0, then yi,ys,... converges m-almost
everywhere to (Og, 1g).

Proof.
See [2] Theorem 2.3.

4 Laws of large numbers for M-observable

Theorem 4.1 (Weak law of large numbers)

Let x1, 29, ... be an independent sequence of integrable M-observables having the same
probability distribution mg, = mg, = ... . Let a = E(x1) = E(x2) = ... . Then the
sequence of M-observables

1+ 2o+ ...+,
n

—a (n=1,2,..)

converges in measure to (0g, 1g).
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Proof.
Let h, : B(R") — F be the joint M-observable of z1, s, ..., Zn, (n = 1,2, ...),
gn : R" — R be a Borel function given by

w1 + wg + ... + Wy
(W, .oy wy) = " —a

and y, : B(R) — F; y = gal®1, 22, .0, Tn) = Bpogrl,n=1,2,....

Consider the probability space (X,S,P) and the sequence (§,) of random variables
€, : X — R by Theorem 3.4. Put n, = ¢,(&1, ..., &n) = gn © Tn, where T,, = (&1, ..., &n)-

We have the identities

Pof,;l:PE” =My, = MO I,

—1 . .
PoTl.~ =mg % .. X Mg, = mohy

Then the mean value of &, is:

E(&) = /fndP = /t dP;, (t) = /t dmg, (t) = E(z,) = a.

R R

Since the M-observables x1, 2, ... are independent, then the random variables &;, &, ...
are independent, too. For simplicity assume n=2, T = (£,&;),C = A x B. Then

PETN(A) NG (B) =PoTy (C) =
=mo hy(C) = mo hy(A X B) = my, (A).ma,(B) =

= P&l(A)'sz(B)‘
Hence for any € > 0

n—-00 n

—al<e})=1

lim P(;(~€,€))) = lim_ P({w € RY; () — 0] < e}) =

n——oo

- ,,,li_n,l P({w € R"; ’M(w) —a|<e})=1.

o)

Theorem 4.2 (Strong law of large number)
Let xy, x4, ... be an independent sequence of square integrable M-observables such that
[ee]

S 0%(w,)/n? < 0o. Then the sequence of observables
n=1

w1 — E(x1) + 23— E(22) + ... + @y — E(2y)
n

converges m-almost everywhere to (Og, 1q).

(= 1,25 )
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Proof.
Let h, : B(R") — F be the joint M-observable of =1, zs,...,z,, (n =1,2,...),
gn : R — R be the Borel function given by

u — Ao — E(z n — E(x,
g'n('wl,...,'wn) = Wi (l’l) + wo (J2) + +w (L )

n

and y, : B(R) — F; yn = gu(Z1, T2, .., Tn) = hnogrt,n=1,2,....
We can use similar methods as in Theorem 4.1.

Consider the probability space (X,S,P) and the sequence (&,) of random variables
&t X — R and put 1, = ¢,(&1, -, &n)-

It holds E(&,) = E(z,), &1, &, ... are independent random variables and the dispersion
of £, is :

o*(&n) = /R(t—E('Sn))Qdmgn(t) - L(t—E(wn))QdTI‘LG(t) = 0*().

Therefore the classical law of large numbers can be applied and the sequence

n

(>-(&—E(&;))/n) converges P-almost everywhere to 0. Hence 1, 72, ... converges P-almost
i=1

everywhere to 0 and the sequence yi, 3, ... converges m-almost everywhere to (0q, 1q).

Acknowledgements: This paper was supported by Grant VEGA 1/2002/05.

References

[1] Krachounov, M.: Intuitionistic probability and intuitionistic fuzzy sets. In: First In-
ternational Workshop on Intuitionistic Fuzzy Sets, Generalized Nets and Knowledge
Engeneering (E. El-Darzi. R. Atanassov, P. Chountas eds.) Univ. of Westminister,
London 2006, 18-24.

[2] Riecan, B.: M-probability theory on IF events. Submitted to EUSFLAT 2007.

[3] Riecan, B.: Probability theory on IF events.In: A volume in honour of Daniele
Mundici’s 60th birthday Lecture Notes in Computer Science, Sringer, Berlin 2007.

[4] Riecan, B., Mundici, D.: Probability on MV-algebras. In:-Handbook of Measure The-
ory (E. Pap ed) Elsevier, Amsterdam 2002, 869-909.

[5] Shilkret, N.: Maxitive measure and integration. Indag.Math. 33 (1971), 109-116.

35



	NIFS-13-2-030
	NIFS-13-2-031
	NIFS-13-2-032
	NIFS-13-2-033
	NIFS-13-2-034
	NIFS-13-2-035

