Notes on Intuitionistic Fuzzy Sets

Print ISSN 1310-4926, Online ISSN 2367-8283
Vol. 24, 2018, No. 2, 33-51

DOI: 10.7546/nifs.2018.24.2.33-51

IF topological vector spaces

Moumita Chiney and S. K. Samanta

Department of Mathematics, Visva-Bharati
Santiniketan 731235, West Bengal, India
e-mails: moumi .chiney@gmail.com,

syamal_123@yahoo.co.in

Received: 8 April 2018 Accepted: 20 April 2018

Abstract: In the present paper a notion of intuitionistic fuzzy topology on an intuitionistic fuzzy
set has been developed. Also the concept of IF topological vector space has been introduced
which is a combined structure of intuitionistic fuzzy vector space and intuitionistic fuzzy topol-
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fuzzy action. We obtained some basic results.

Keywords: Intuitionistic fuzzy sets, Intuitionistic fuzzy vector space, Intuitionistic fuzzy topol-
ogy on intuitionistic fuzzy set, IF topological vector space.

2010 Mathematics Subject Classification: 03E72, 15A03, 54A05.

1 Introduction

Allowing some kind of independence in the falsity value from the truth value, K. T. Atanassov
[1-4] proposed the notion of intuitionistic fuzzy set (IFS) which is a generalization of Zadeh’s
fuzzy set [24]. IFS theory have successfully been applied in knowledge engineering, medical
diagnosis, decision making, career determination etc. [13, 14,23]. Much work have been done
in developing various mathematical structures such as groups, rings, topological spaces, metric
spaces, topological vector spaces etc. in IFS [6, 12, 15, 18-21]. We have introduced a notion
of intuitionistic fuzzy vector space, intuitionistic fuzzy basis and intuitionistic fuzzy dimension
in [10,11].

In this paper, by synthesizing the definition of fuzzy topologies of Chakraborty and Ahsan-
ullah [8] and of Lowen [17], we extend it to IF setting to introduce a definition of intuitionistic
fuzzy topology on intuitionistic fuzzy set. Also we introduce a notion of IF topological vector
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space associated with an intuitionistic fuzzy vector space [10] and intuitionistic fuzzy topology
defined on this intuitionistic fuzzy vector space. Some fundamental properties of IF topological
vector spaces have been investigated.

2 Preliminaries

Definition 2.1 ([1]). Let X be a non-empty set. An intuitionistic fuzzy set (IFS for short) of
X is defined as an object having the form A = {{x,pua(x),va(x)) | © € X}, where ja :
X — [0,1] and vy : X — [0,1] denote the degree of membership (namely p4(x)) and the
degree of non-membership (namely v4(x)) of each element x € X to the set A, respectively, and
0 <pa(z) + va(zx) < 1 for each x € X. For the sake of simplicity we shall use the symbol
A = (pa,va) for the intuitionistic fuzzy set A = {{x, ua(z),va(z)) | x € X}.

Definition 2.2 ([1]). Let A = (pua,va) and B = (up, vp) be intuitionistic fuzzy sets of a set X.
Then

(1) AC Biff ua(z) < pup(@) and va(z) > vp(x) forall z € X.
(2) A=Biff AC Band B C A.

(3) A° = {{2,val2), pa(a)) | 2 € X}

(4) AN B = {{w.ja(w) A (), va(x) V vp(a)) | 7 € X},

() AUB = {{z, ja(2) V (), va(x) Avp(a)) | = € X},

(6) O A= {{z, pa@), 1 — pa(@)) | € X}, 0 A= {{£,1 = va(e),vala)) | 2 € X}

Definition 2.3 ([4]). Let A be an IFS in a set X. Then for \,& € [0,1] with A + £ < 1, the set
AN =Lz € X 2 pa(z) > N and va(z) < €} is called (N, €)-level subset of A.

Proposition 2.4 ([4]). Let A be an IFS in a set X and (M, &), (A2, &2) € Im(A). If Ay < Xg and
& > &, then A&l D Alra:€a]

Definition 2.5 ([5, 18]). Let X be a vector space over the field K, the field of real and complex
numbers, « € K, A = (ua,va) and B = (up, vg) be two intuitionistic fuzzy sets of X.Then

(1) the sum of A and B is defined to be the intuitionistic fuzzy set A+ B = (ia + jip, Va+VB)

of X given by
sup {aa) Aus(®)} if w=a+b
payp(r) = q o=otb
0 otherwise,
inf {va(a) Vvp(b)} ifr=a+b
VA-{—B(CC) = { z=a+b
1 otherwise.
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(2) oA is defined to be the IFS aA = (liga, Van) of X, where
(Ja(a™'e) if a#0
,uoaA(x) = SU)}() MA(y) Zf a=0,xr= 2]

yE
0 if a=0,z#0,
(yA(oflm) if a#0

Vaa(r) = ;Z)Jg valy) ifa=0,2=140

1 if a=0,x#80.

\

Definition 2.6 ([10]). An IFSV = (uy,vy) of a vector space X over the field K is said to be

intuitionistic fuzzy vector space over X if
(i) V+VCV
(ii) oV C V., for every scalar c.
We denote the set of all intuitionistic fuzzy vector spaces over a vector space X by IFV S(X).

Lemma 2.7 ([10]). Let V' be an intuitionistic fuzzy set in a vector space X. Then, the following

are equivalent:
(1) V is an intuitionistic fuzzy vector space over X.
(2) For all scalars o, 5, we have oV + gV C V.

(3) For all scalars o, 5 and for all x,y € X, we have
pv(ax + By) > pv(x) A py(y)} and vy (ax + By) < vv(z) Vv (y).

Remark 2.8 ([10]). Our definition of intuitionistic fuzzy vector space is equivalent to the defini-
tion of intuitionistic fuzzy subspace of [21] and [9].

Proposition 2.9 ([10]). Let V € [FV S(X). Then py(0) > py(x) and vy (0) < vy(x), Vo € X.

Definition 2.10 ([10]). For any (a,b), (c,d) € [0,1] x [0,1] witha+b < 1, c+d < 1, we say
that:

(1) (a,b) > (c,d)ifa>bandc < d.
(2) (a,b) < (c,d)ifa<bandc>d.
(3) (a,b) > (¢,d) ifa>bandc < dorifa>bandc < d.
(4) (a,b) < (¢,d)ifa <bandc>dorifa <bandc > d.
(5) (a,b) = (¢,d) ifa="band c = d.

Unless otherwise stated in the rest of the paper the collection of all intuitionistic fuzzy subsets
of X is denoted by n*, where n = {(k,m) € [0,1] x [0,1] : k +m < 1}.
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Definition 2.11. [12] An intuitionistic fuzzy topology on a non-empty set X is a family T of
intuitionistic fuzzy sets in X which satisfies the following conditions:

(i) O, 1. € T;
(ii) If A,B € T, then AN B € T;
(iii) If A; € 1, for each i € I, then iLeJI ET.
In this case (X, T) is called an intuitionistic fuzzy topological space. The members of T are called

the intuitionistic fuzzy open sets and the complement AC of an intuitionistic fuzzy open set in an
intuitionistic fuzzy topological space (X, T) is called an intuitionistic fuzzy closed set.

Definition 2.12 ([12]). Let (X, 7) and (Y, 0) be two intuitionistic fuzzy topological spaces and let
f X — Y be a function. Then f is said to be an intuitionistic fuzzy continuous if the pre-image
of each intuitionistic fuzzy set of 0 is an intuitionistic fuzzy set in .

Definition 2.13 ([22]). Let (1, s), (p, q) € 1. Define
(i) (r.s)U(p.q) = (rVp,sAq),
(ii) (r,s) M (p,q) = (r Ap,sVq),
where \V and N\ are usual maximum and minimum inthe ordered set of real numbers.

Definition 2.14 ([22]). Let X and Y be two non-empty sets and let A € n* and B € n¥. An
intuitionistic fuzzy subset F' of X X Y is said to be an intuitionistic fuzzy proper function from the
intuitionistic fuzzy set A to the intuitionistic fuzzy set B if

(i) F(z,y) < A(x) 1 B(y), for each (x,y) € X x Y.

(ii) for each x € X, there exists a unique yy € Y such that F'(z,yy) = A(x) and F(z,y) =
(07 1)7 lfy 7é Yo-

Henceforth F' : A — B implies F is an intuitionistic fuzzy proper function from A € n* into
Ben'.

Definition 2.15 ([22]). Let F : A — B. IfU C AandV C B, then F7(V) C A and
F(U) C B are defined by

(i) F71(V)(z) = Sle_ly{F(x,s) nVi(s)}, Vo e X.
(i) FU)) = AP ) U0}, Wy € ¥

Lemma 2.16 ([22]). Let F' : A — B be an intuitionistic fuzzy proper function. If V. C B, then
F~Y(V)(z) = A(z) NV (y), where y € Y is unique such that F(z,y) = A(z).

Lemma 2.17 ([22]). Let F' : A — B be an intuitionistic fuzzy proper function and U C A,
V C B. Then F(F~Y(V)) C Vand U C F~Y(F(U)).
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Definition 2.18 ([22]). A x B : X x Y — n is defined by A x B(x,y) = A(z) N B(y),
V(z,y) € X x Y.

Definition 2.19 ([22]). The intuitionistic fuzzy proper function p, : A X B — A defined by
pa((z,y),z) = (A x B)(x,y) or (0,1) accordingly as z = x or z # x

Ve,z € X and Yy € Y is said to be the intuitionistic fuzzy projection map of A X B into A.
Similarly, the intuitionistic fuzzy projection map pp : A X B — B is defined.

Lemma 2.20 ([22]). Let U C A,V C B. Thenp,*(U) = U x B, pz'(V) = Ax V.

3 Intuitionistic fuzzy topology on intuitionistic fuzzy set

Definition 3.1. An intuitionistic fuzzy set A of X is said to be constant which will be denoted by
(k,m)~ and defined by jis(x) = k and va(x) = m, (k,m) € n,Vx € X.

Definition 3.2. Let A be a intuinistic fuzzy subset of X. A collection T of intuitionistic fuzzy
subsets of A satisfying

(i) (k,m).NAeT,V(km)en;
(ii) If A, B € 7, then AN B € T,
(iii) If A; € T, for eachi € I, then igf €T
is called an intuitionistic fuzzy topology or IF topology on the intuitionistic fuzzy set A. The pair

(A, 7) is called an intuitionistic fuzzy topological space. Members of T will be called intuitionistic

fuzzy open sets.

Unless otherwise mentioned by an intuitionistic fuzzy topological space we shall mean it in
the sense of Definition 3.2 and (A, 7) will denote an intuitionistic fuzzy topological space.

Proposition 3.3. If B be a given collection of intuitionistic fuzzy subsets of an intuitionistic fuzzy
set A and the family {(k,m). N A € 1,(k,m) € n}, then the family of all possible unions and

finite intersections of the members of B is an intuitionistic fuzzy topology on A and it will be
denoted by T(B).

Definition 3.4. B C 7 is called an open base of T if every member of T can be expressed as a
union of some members of B.

Definition 3.5. An intuitionistic fuzzy proper function F' : A — B is said to be

(i) injective if F'(x1,y) = A(z1)(# (0,1)), F(z2,y) = A(22)(# (0,1)) = 1 = 22, Va1, 22 €
X, yeyY;

(ii) surjective if Vy € Y with B(y) # (0,1), 3z € X such that F(z,y) = A(x) = B(y);

(iii) bijective if F' is both injective and surjective.
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Proposition 3.6. If F' : A — B is injective, then forall V C A, F~}(F(V)) =V.

Proof. Let x € X and y be unique such that F'(z,y) = A(z).
Then [~ (F(V))|(z) = sel_ly{F(x, s)ME(V)(s)}
z,y) NE(V)(y)
)N UAF®y) NV(y)}
x) M A( )V (x) [Since F' is injective]
) O

Proposition 3.7. If F : A — B is surjective, then F'(V) = W and forall W C B, F(F~Y(W)) =
W.

Proof. For any y € Y with B(y) = (0,1) implies F'(A)(y) = (0,1). Hence for those y € Y,
F(A)(y) = B(y)-

For any y € Y with B(y) # (0, 1),

F(A)(y) = U {F(t.y)N AW}

= U{A(x) : x € X with F(z,y) = A(z) = B(y)} [Since F is surjective]

= B(y).

Hence F'(A) = B.

Forany W C B, F(F~Y(W))(y) = L AF(zy) TE” W) (@)}

=U{A(x) N F*(W)(z): z € X, F(x y) = A(x) = B(y)}, [since F is surjective]
=W{F(W)(2) 12 € X, F(x,y) = A(x) = B(y)}

L{A(z) M W(y) : z € X, F(x,y) = A(z) = B(y)}, [By Proposition 2.16]

U{B(y) MW(y) : z € X, F(z,y) = A(z) = B(y)}

= W(y).

Hence F(F~Y(W)) = W. O

Proposition 3.8. Let F' : A — B be an intuitionistic fuzzy proper function. If V,W C A, then
(i) VCW = F(V)C FW).
(ii) F(VUW)=F{V)UFW).
(iii) F(VNW)C F(V)nFW).
(iv) F(VNW)=F\V)nFW),if F is injective.

Proof. (i) is obvious.

(i1) Forany y € Y,

F(VUW)(y) = UAF(x,y) N (VUW)(2)}

= {A(z)(V U W)( ):x € X suchthat F(z,y) = A(x)}

={[A(z) NV (z)]U[A(x) M W(x)] : x € X such that F(x,y) = A(z)}

= [W{[A(z) N V(z)] : = € X such that F(x,y) = A(z)}] U [W{[A(z) N W(x)] : = €
X such that F(z,y) = A(x)}]
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= [F(V)U F(W)](y).
Therefore, F(VUW) = F(V)U F(W).

(i4i) Forany y € Y,

[F(V)N FW)|(y) = [W{[A(x) NV (z)] : € X such that F(z,y) = A(z)}] 1 [L{[A(z) N
W(x)] : x € X such that F(z,y) = A(x)}]

(L{V(z) : x € X suchthat F(z,y) = A(x)}]N[W{W (z) : © € X such that F(x,y) = A(z)}]
> V()N W(x): z € X such that F(z,y) = A(x)}

= {A(x) N [V(z) N W(x)] : © € X such that F(z,y) = A(x)}

— PV AT (y).

Therefore, F(V NW) C F(V)N F(W).

(1) If F is injective, for any y € Y/,

[F(V)N F(W)](y) = V(x) MW (x), for z € X unique such that F'(z,y) = A(x)

= F(VnW)(y).

Hence F(VNW)=FV)NnEFW). O

Proposition 3.9. Let F' : A — B be an intuitionistic fuzzy proper function. If V.W C B, then
(i) VCW = FYV)C F Y (W)
(i) FFY(VUW)=FYV)uF1(W).
(iii) FX(VNW)=FY(V)nF Y (W).
Proof. (i) is obvious.
(77) For any = € X,
FRVUW)(@) = U {F@y)n(VuW)(y)}
= A(z) (VU W)(y), for y € Y unique such that F'(z,y) = A(x);
= [A(x) NV (y)] U [A(z) N W (y)], for y € Y unique such that F'(z,y) = A(x);

= [F7' (V) U P~ (W)](x).
Therefore, F~Y(VUW) = F-Y(V)U F~1(W).

—

i7i) For any x € X,

VAW = U (F ) 0V AW )

A(x) (VN W)(y), for y € Y unique such that F'(z,y) = A(z);

[A(z) NV (y)] M [A(z) MW (y)], for y € Y unique such that F'(x,y) = A(zx);
= [ (V) n FH V)] (2).
Therefore, F~1(VNW) = FY(V)n F~Y(W). O

T

Definition 3.10. The intuitionistic fuzzy proper function 14 : A — A defined by I4(x,y) = A(z)
or (0,1) according as y = x or y # x is said to be the identity proper function on A.
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Definition 3.11. If ' : A — Band G : B — C(C € n?) are intuitionistic fuzzy proper
functions, then the intuitionistic fuzzy proper function Go F' : A — C'is defined by Go F(x, z) =

A(x), if 3y suchthat F(z,y) = A(z), G(y, z) = B(y)
(0,1), otherwise.

Definition 3.12. An intuitionistic fuzzy proper function G : B — A is called an inverse of a
bijective proper function F' : A — Bif Go F =14and F o G = Ip.

Therefore for a bijective intuitionistic fuzzy proper function F' : A — B defined as in 2.14, its
inverse G : B — A is defined by

(i) G(y,z) < B(y) N A(z);

(ii) for eachy €Y, there is unique x € X such that G(y,x) = B(y) for F(x,y) = A(x) and
G(y,z) = (0,1) otherwise.

Definition 3.13. An intuitionistic fuzzy proper function F : (A, 1) — (B, 1) is said to be
(i) intuitionistic fuzzy continuous if F~1(V) € 7,VV € 7,
(ii) intuitionistic fuzzy open if F(U) € 1, VU € T,

(iii) intuitionistic fuzzy homeomorphism if F' is bijective, intuitionistic fuzzy continuous and
inverse of F' is also intuitionistic fuzzy continuous.

Proposition 3.14. Let Ac n*, BenY and C € n?. If F : (A,7) = (B,7) and G : (B, 71) —
(C, o) are intuitionistic fuzzy continuous proper functions, then the intuitionistic fuzzy proper
function Go F : (A, 1) — (C, 1) as defined in 3.11 is also intuitionistic fuzzy continuous.

Proof. Let C; C C. Now, [(G o F)7Y(C))](x) = sle_lz[(G o F)(x,s) M Cy(s)]

A(x) M Cy(s1), if Jdy€Y,s € Z suchthat F(z,y) = A(x) and G(y, s1) = B(y)
(0,1), otherwise.

Again [G7(C))(5) = L [G(y.5) 11 C4(5)

= B(y) N Cy(sy), where s, € Y unique such that G(y, s,) = B(y).

Thus [F~HGH(C)](w) = U [F(z, 8) NGTHC)(2)]

= 1tel_ly[F(:Jc, t) M B(t) NG1(Cy)(s;)], where s; € Y unique such that G(t, s;) = B(t).

A(x) N Cy(sy), if It €Y, sy € Z such that F(z,t') = A(z) and G(t', sy) = B(t')
(0,1), otherwise.
Hence (G o F)7!(Cy) = F7Y(G7'(C})). Since G and F are intuitionistic fuzzy continuous, for
any C; € 7, G7}(Cy) € 7, and F~'(G7!(C})) € 7. Hence G o F is intuitionistic fuzzy
continuous. [l

Definition 3.15. An element a € X is called a normal element of A with respect to B if A(a) >
B(y),Yy €Y.
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Lemma 3.16. If (A, 7) and (B, 1) are intuitionistic fuzzy topological spaces and'a’ be a normal
element of B with respect to A, then the intuitionistic fuzzy proper function F : (A, 1) — (B, 1)

Alx) ify=a
0,1) ify#a

is intuitionistic fuzzy continuous.

defined by F(z,y) =

Proof. LetV € 71. ThenVz € X, F1(V)(x) = EI_IY{F(m,y) NV(y)} = A(x) MV (a), [By
y

definition].

Therefore F~1(V) = AN (k,m). € 7, where (k, m) = V(a). Hence proved. O

Lemma3.17. U C A€ n*, V C B € n'. Thenpa(U x V) = U N (k,m)~, where (k,m) =
sup{V(y) :y € Y} and pg(U x V) =V N (ky,my)~, where (ky,my) = sup{U(z) : z € X }.

Proof. Forany z € X,
pa(U xV)(2)
= U Apal(z,y),2) (U x V)(z,y)}

(z,y)EX XY
— yeuy{(A X B)(z,y) N (U x V)(z,9)}
)}

= LU xV)(zy
yey

= U(5)N U V)

Hence pa(U x V) = U N (k,m)., where (k,m) = sup{V (y) : y € Y}.

Similarly it can be proved that ps(U x V) =V N (ky, my)~, where (k1,m1) = sup{U(z) : z €

X} O

Remark 3.18. p4(A X B) (or pg(A x B)) may not be equal to A (or B). However, if there exists a
normal element of B (or A) with respect to A (or B), then pa(A x B) = A (or pg(A x B) = B).

Proposition 3.19. The collection B = {U x V : U € 7,V € 71} forms an open base of an
intuitionistic fuzzy topology on A x B.

Proof. For (k,1) € n, (k,)~ N (A x B) = ((k,))~ N A) x ((k,1)~ N B) € 7 x 1. Hence
(k,1)~ N (A x B) € B, forall (k1) € n.

LetU; x Vi,Uy x Vo € B. Then Uy,Uy € 7, V1, V5 € 17.

Now (U; x V1) N (U x Vo) = (U NUR) x (Vi NV,) € B.

Therefore I3 forms an open base for an intutionistic fuzzy topology on A x B. ]

Definition 3.20. The intutionistic fuzzy topology in A X B inducedby B={U xV :U € 1,V €
71} is called the product intuitionistic fuzzy topology of T and T and is denoted by T x T1. The
intuitionistic fuzzy topological space (A x B,T X 1) is called the product of the intuitionistic
fuzzy topological spaces (A, 7) and (B, 1y).

Theorem 3.21. py : (A X B,7 x 1) — (A,7)and pg : (A x B,7 x 1) — (B,1) are
intuitionistic fuzzy continuous and intuitionistic fuzzy open. T X Ty is the smallest intuitionistic
fuzzy topology in A X B with respect to which p 5 and pg are intuitionistic fuzzy continuous.
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Proof. The p4 and pp are intuitionistic fuzzy continuous and open follows from Lemma 2.20 and
3.17. That 7 x 7y is the smallest intuitionistic fuzzy topology in A x B with respect to which
pa and pp are intuitionistic fuzzy continuous follows from the fact that if U € 7, V' € 7, then
UxV=p;'(U)Np5'(V). -

Lemma 3.22. If 'a’ be a normal element of B with respect to A, then the intuitionistic fuzzy
proper function F, : (A, 7) — (A x B, T X 1) defined by

A(x) if (v1,11) = (2, 0)

(07 1) Zf (xla yl) 7é (xa a)

is intuitionistic fuzzy continuous.

Fo(z,(z1,11)) =

Proof. LetV x V' € 7 x 11 and x € X. Then
FAV V()= U AFu(2, (v1,5) NV < V')(21,0)}

(z1,41)EXXY
=A(z)(V x V')(x,a)
= A(z) N (k,m) NV (x), [where V'(a) = (k, m)].

Therefore F, ' (V x V') = AN (k,m)~NV € 7. Hence F, is intuitionistic fuzzy continuous. [
Similarly we have,

Lemma 3.23. If 'a’ be a normal element of B with respect to A, then the intuitionistic fuzzy

proper function F, : (A, 7) — (B x A, 71 X 7) defined by

Ax) if (y1,21) = (a, @)

(07 1) Zf (ylvxl) 7é (CL,JZ)

is intuitionistic fuzzy continuous.

Fo(z, (y1,21)) =

Theorem 3.24. Let (A;, 7;) and (B;,0;), @ = 1,2 be intuitionistic fuzzy topological spaces and
F;: (A, 1) — (Bi,04), i = 1,2 be intuitionistic fuzzy continuous proper functions, where A; €
n~i, B; € nYi. Then for eachi = 1,2, x; € X;, 3 unique y;, € Y; such that Fy(x;,y;,) = A;(z;)
and F;(x;,y;) = (0,1) if y; # yi,- Now if we define the proper function F = Fy x Fy : Ay X Ay —
By x By by

(Ar x Ag)(w1,22)  if (Y1,2) = (Y105 Y20)

(07 1) Zf (3/1, y?) 7& (ylm y20)
is also intuitionistic fuzzy continuous.

F((xlu £2), (y1, y2)> =

Proof. LetU XV € 01 X 0q. Then V(z1,x2) € X7 X Xo,
(Fl X FQ)_l(U X V)(ZEI,IQ)
= U AF((x1,22), (Y1,52)) (U x V)((y1,92))}

(y1,92)€Y1 X Y2

= [(A1 x Ag) (21, )] T[(U X V) (510, 42,)]

= (Ai(21) MU (1)) % (Az(2) MV (312))-

Now, (F; 1 (U) x Fy Y(V) (21, 72)

= yllélyl{Fl(xl’ y1) MU (y1)} 10 m'glyz{F2(I2’ y2) MV (y2)}

= (Ax(z1) MU (y1,)) ¥ (Az(z2) TV (y2,))-

Therefore (F} x Fy)~(U x V) = FyH(U) x Fy*(V). Since F, and F; are intuitionistic fuzzy
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continuous, F; H(U) x F, ' (V) is intuitionistic fuzzy open setin 7; X 7. Hence F' = Fy x Fy is
intuitionistic fuzzy continuous. [

Theorem 3.25. Let (A;,7;) and (B;,0;), 1 = 1,2 be intuitionistic fuzzy topological spaces and
F; : (A;, 1) = (Bi,0:), i = 1,2 be injective intuitionistic fuzzy open proper functions, where
A; € % B; € n¥i. Then for eachi = 1,2, x; € X;, 3 unique y;, € Y; such that Fy(z;,y;,) =
Ai(x;) and Fy(z;,y;) = (0,1) if y; # yi,- Now if we define the proper function F' = Fy X F :
Ay X Ay — By X By by

(A1 x Ag)(z1,22)  if (Y1,92) = (Y10, Y2, )
(07 1) Zf (y1,y2) 7é (ylmy%)

is also intuitionistic fuzzy open.

F((z1,22), (y1,2)) =

Proof. LetU XV € 11 X 19. Then ¥(yy,y2) € Y1 X Ya,

(F1 x E2)(U X V)(y1, 92)

= (m,m)eL(lXIXxQ){F(($1>332); (y1,92)) T (U X V)(@1, 32) }

= (A} X Ag)(x1,29) (U X V)(x1,x2), for (x1,25) € X7 X X, such that

F((z1,22), (y1,92)) = (A1 x Az)(@1, 22)

= (U x V) (21, x2), for (z1,29) € X1 X Xg such that F'((z1,x2), (y1,92)) = (A1 X Ag) (21, x2).
Again, [F1(U) x F3(V)](y1, y2)

=1 U AR@Ly) NU@) N[ U {Fa(22,92) NV (22)}]

= [Ay(x1) MU (z1)] M [Az(xe) MV (22)], for 1 € X such that Fy(z1,y1) = Ai(z1) and 25 € X5
such that Fy (o, y2) = As(x2)

= U(x1)MV (), for 21 € X; suchthat F(x1,y1) = Ai(z1) and 25 € X, such that Fy(xq, y2) =
Ay(z2)

= (U x V) (1, x9), for (z1, 1) € X1 X X such that F'((z1, 22), (y1,92)) = (A1 X As)(x1, 22).
Therefore (7 x F3)(U x V) = Fi(U) x F5(V) € 01 X 09.

Hence F' = F} x Fj is intuitionistic fuzzy open. [

4 IF topological vector space

Definition 4.1 ([17]). Given a topological space (X, T), the collection w(T), of all fuzzy sets in
X which are lower semi-continuous, as functions from X to the unit interval equipped with the
usual topology, is a fuzzy topology on X. This fuzzy topology w(T) is said to be the fuzzy topology
generated by the topology T.

Definition 4.2 ([16]). Let K be the field of real or complex numbers. Then the fuzzy usual topology
on K is the fuzzy topology generated by the usual topology on K.

Throughout the section we consider V' as an intuitionistic fuzzy vector space associated with
a vector space X and the ground field K. We consider K to be equipped with the fuzzy usual
topology v as defined in Definition 4.2.
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Definition 4.3. Let X be a vector space over the field K with 0 as the null vector. Let V be
an intuitionistic fuzzy vector space over X, a € X and ky € K be fixed. Let us define the
intuitionistic fuzzy proper functions
(VxV)(z,y) ifrt+y==
(0,1) if x+y# 2,
Vizg) ify=a+x
(0,1) ifyta+z

KxV(kzx) ifkv=yk#0
FO:(KxV)—=VbyFO(k,z),y)={supV(r) ifkr=yk=0;

zeX
(0,1) if kr £y
V(x) if y=kox,ko #0

Fko oV — V by F*o(x,y) = SU)Z?V(ZU) if kox =y, ko =0,
S

(0,1) if y # kox

Fo:V xV - Vby F((z,y),2) =

Fo:V —-VbyFi(z,y) =

FYem v x V= V by

'(VXV)(x,y) if kv +my=2z2k#0,m=#0

V(z) if z=kx,k#20,m=0
F‘f(’“’m)((x,y),z) =< V() if z=my,k=0,m#0

sup V(s) ifkr+my=z2k=0m=0

seX

((0,1) if kx +my # z,

forall x,y,z € X, k,m € K.

Definition 4.4. An intuitionistic fuzzy topology T on V is called an IF vector topology if the
intuitionistic fuzzy proper functions F® : (V. x V.7 x 1) = (V,7)and F® : (K x V,7 x v) —
(V,T) are intuitionistic fuzzy continuous. The pair (V,T) is said to be an IF topological vector

space if T is an IF vector topology on V.

Remark 4.5. Here we use the term IF topological vector space as there is a notion of intuitionistic
fuzzy topological vector space in [18] where the intuitionistic fuzzy topology is in the sense of
Coker and the underlying vector space is crisp vector space.

Proposition 4.6. An intuitionistic fuzzy topology T on V' is an IF vector topology if and only if
. ce e . Lt.m .. ce e

the intuitionistic fuzzy proper function F,;*™ : (V x V.7 x 7) — (V,T) is intuitionistic fuzzy

continuous.

Proof. Let 7 be an IF vector topology on V' and k£, m € K. Since £ € K is normal element
of K with respect to V, by Lemma 3.23, the intuitionistic fuzzy proper function Fy, : (V,7) —

V(x), if (k1,z1) = (k,x)

(K x V,v x 7) defined by F(z, (k1,z1)) = (0,1), if (ki,21) # (k,x)

is intuitionistic fuzzy continuous.

44



Also, by definition of IF vector topology, F© : (K x Vv x 7) — (V,7) is intuitionistic fuzzy
continuous.
Hence by Proposition 3.14, F'® o Fy, : (V,7) — (V, 7) defined by

V(x) ify=rkx,k#0

FOo Fy(x,y) = supV(s) ify=kax, k=0
seX
(0,1) otherwise

is intuitionistic fuzzy continuous.

Similarly, F'® o F},, : (V,7) — (V, 7) defined by

V(2) ift=mx,m+#0
FOo Fy(z,t) = supV(s) ift=mz,m=0

seX

(0,1) otherwise

is intuitionistic fuzzy continuous.
Thus by Theorem 3.24, (F® o Fy,) X (F® o F,,,) : (V XV, 7 x 7) = (V x V, 7 x 7) defined by

(VxV)(z,2) if (z,2) = (y,1)
(0,1) if (z,2) # (y,1)

is intuitionistic fuzzy continuous. Therefore by Proposition 3.14, F® o [(F® o F},) x (F®o F,,,)] =

(F® o F) x (F® o F)((x,2), (y, 1)) =

F ‘f ™) is intuitionistic fuzzy continuous.

Conversely, let F; ‘f *™) is intuitionistic fuzzy continuous for all k, m € K.

We know that the projection mapping py : (K x V,v x 7) — (V| 7) defined by
(Kx V)(k,z) ifz==x

(0,1) if z#x
and since 6 is normal of V' with respect to V', by Lemma 3.22,
Fy: (V,7) = (V x V,7 x 7) defined by
Vi(z) if (v1,51) = (,0)
(Ovl) Zf (517173/1) # (x79>
are intuitionistic fuzzy continuous proper functions.
Hence by Proposition 3.14, Fpopy : (K x V,v x 7) = (V x V, 7 x 7) defined by

(Kx V)(k,z) if (x1,91) = (2,0)
(07 1) Zf (xhyl) 7é (:L’,@)

is intuitionistic fuzzy continuous.
Therefore F'© = (FL®0 o Fyopy): (K x V,v x 1) — (V,7), where
(Kx V)(k,x) if z=kx,k#0

pV((k) I)v z) =

Fy(z, (z1,11)) =

Fyopy((k, ), (z1,41)) =

(FL®o o Fyopy)((k,x),2) = su)zg V(s) if z=kx, k=0
se
(0,1) if z# kx

is intuitionistic fuzzy continuous.
Since F'Lt~m) is intuitionistic fuzzy continuous for all k&, m € K, taking £ = 1,m = 1 we have
F®:(V x V,7 x 1) — (V, ) is intuitionistic fuzzy continuous. Hence proved. O
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Proposition 4.7. If (V,7) is an IF topological vector space, then F* is an intuitionistic fuzzy
homeomorphism of (V, T) onto itself, for all k(# 0) € K.

Proof. Since (V, 7) is an IF topological vector space, F© : (KxV,vx7) — (V, 7) is intuitionistic
fuzzy continuous.
Also, by Lemma 3.23, the intuitionistic fuzzy proper function Fy : (V,7) — (K x V,v x 1)

V<I>> if (klvxl) = (kwT)
(071)7 Zf (klaxl) 7& (k7x>
is intuitionistic fuzzy continuous.
Hence for k # 0, F'© o F}, = F* : (V,7) — (V,7) defined by
Viz) ify=kxz,
(0,1) ify#ka
1s intuitionistic fuzzy continuous.
Similarly, for k # 0, the intuitionistic fuzzy proper function (F*)~! : (V,7) — (V, 1) defined by
1% ify =iz,
(P ey = VY
(0,1) ify+#a

is intuitionistic fuzzy continuous.

defined by Fj(z, (k1,71)) =

Fk($7y) =

Also F* o (F*)~! = I, = (F*)~! o F*. Hence F* is an intuitionistic fuzzy homeomorphism of
(V, 1) onto itself for k(# 0) € K. O

Proposition 4.8. If (V, 1) is an IF topological vector space and if 'a’ is a normal element of V
with respect to 'V, then F® is an intuitionistic fuzzy homeomorphism of (V, T) onto itself.

Proof. If 'd’ is a normal element of V' with respect to V, then F* = F® o F, is intuitionistic
fuzzy continuous by continuity of F® and F,. Also, inverse of F'* is F~ and hence F~* is also
intuitionistic fuzzy continuous. Therefore F' is intuitionistic fuzzy homeomorphism from (V, 7)
into itself for any normal ‘a’ of V' with respect to V. [

Let V and W be two intuitionistic fuzzy vector spaces in two vector spaces X and Y respec-
tively and €, 6’ be the null vectors of X and Y respectively.

Definition 4.9. An intuitionistic fuzzy proper function F : V' — W is said to be an intuitionistic
fuzzy linear transformation if

(i) f F(0,0") =  sup F(z,y),
(z,y)e(X XY)
F(z,y) if k#0

sup  F(x,y) if k=0,
(z,y)e(XXY)

(ii) F(kx,ky) =

(iii) if F(kx, ky) = V(kx) and F(mz,mw) = V(mz) imply F(kx+mz, ky+mw) = V(kx+

mz),

forallx,z € X, y,w e Y and k,m € K
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Proposition 4.10. Let F' : V — W be an intuitionistic fuzzy linear transformation. Then
(i) F~Y(W) is an intuitionistic fuzzy vector space over X.

(ii) F (V') is an intuitionistic fuzzy vector space overY .
Proof. (i) For any z € X,
FH W)+ FW)](2) = U ATFT V) ()] 1 [ETH(W)()])
= |Z|+ {V(y) n W(t,) N V(z) N W(t,)}, for t,,t, € Y such that F(y,t,) = V(y) and
F(z,t,) =V(2)
U AV NVE) N () 1)
g |_| {V(y +2) MW (t, +t.)} [as V, W are intuitionistic fuzzy vector spaces]
= |_| {F(y + z,t, +t,) MW(t, +t.)} [Since F is a linear mapping]

T=y+z
= U APt + L) W, + L)}
V(z)NW(ty), fort, €Y unique such that F(z,t,) =V (x)
(0, 1), otherwise
—H(W) ().
Hence F~'(W) + F~Y(W) C F~Y(W).
For k # 0, [kF'(W)](z) =V(§) N W( z), for y= € Y unique such that F'(f,y=) = V(%)

= V(x, kyz ), since F is linear F(x, kyz ) :F(%,y%)
= [F—l(W)]( ), forall x € X.
Fork = 0,2 # 0, [kF~(W)](z) = (0,1)
Againfork = 0,2 = 0, [kF~1(W)](0)
= U{U{F(s,t)MW(t)}}

SEX “tey
= [(s,t)el(_l)(xY)F(s’t)] [tleJYW(t)]

= F(0,0) N {tle_lyVV(t)} [Since [ is linear]
=F(0,0)nwW (o).
Again [F~Y(W)]() =
Therefore kF~1 (W) C
Hence (i) is proved.

I
m|: A
3

tl_ly{F(Q, HW(t)} = F(6,0") N (), [Since F is linear].
S
F~Y(W), forall k € K.

(77) Forany z € Y,
[FV)+FV)I(z) = 4 AFV)@] N FV)()]}
=, U {[UiF(t2) V( DO UAE(sy) NV (s)is
) t s e Xsuch that F(t',z) =V (t'), F(s',y) = V(s)}}

l_T
= U AuvE)nv(s
< |_| {I_I{V(t' +5) ', s € X such that F(t',z) = V(t'),F(s,y) = V(s')}} [as V €

IFVS(X)]

= ZZIEIW{I_I{V(t’ +5):t,s € X suchthat F(t' +s',x+y) = F{t' +5,2) =V({t' +5)}},
[Since F'is a linear].

Now, F'(V)(z)
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= tuX{F(t, 2)NV(t)}

V() € X, Fh,2) = V()
Hence F(V) + F(V) C F(V).

For any scalar k # 0,z € Y,
[FE(V)](z) = F(V)(3)
= LR V()

=L{V(t) : t € X suchthat F(t, ) =V (1)}

= L{V(kt) : t € X such that F(kt,z) =V (kt)}, [since V € IFVS(X) and F is linear]
< U {F(s.2) V()

= F(V)(2)

If k =0,z # 6, then

[EE(V)I(2) = (0,1) < F(V)(2).

Againif k =0,z = ¢, then

kEWV)IO) = UAFV)()}

= U{UF (e,9) NV (@)}

<[ U Py n[u V)

T (zy)EXXY

= F(6,0") MV (0), [since F is linear]

Now, [F(V)]|(¢') = meI_IX[F(x, ) V(x)] = F(0,0)11V(0), [since F is linear].

Therefore kF'(V) C F(V), forall k € K.

Hence (i) is proved. O

Proposition 4.11. Let ' : V' — W be an intuitionistic fuzzy linear transformation. If o be an IF
vector topology on W, then T = {F~Y(W}) : Wy € o} is an IF vector topology on V.

Proof. Obviously 7 is an intuitionistic fuzzy topology on V. Let V; € 7. Then there exists
W, € o such that V; = F~1(1,).

Since F' : (V,7) — (W, o) is intuitionistic fuzzy continuous, F' x F' : (V x V.7 x 1) —
(W x W, x o) is also so.
Again since (W, o) is an IF topological vector space FVLV““") (W xW,oxo)— (W,0) is intu-
itionistic fuzzy continuous, hence (Fé}k’m)_l(Wl) € oxo and so, (FXF)_l((Fé/(k’m))_l(Wl)) €
T X T.
Now, (F x F) M (Fy™)~ (W) (a1, )

= (V x V)(zy,22) N [(FW““ "N=Y W) (y1, ya), where F(x;,y;) = V(a;), fori = 1,2
= (V x V)(z1,22) T (W X W)(y1,y2) T Wi(kyr + mys)

= (V x V)(xl, xy) MWy (kyy + mys), [since V(z;) < W(y;), fori =1,2] ....(1)
Again, [(FEE™) 1 (V2)] (a1, 22)

= (V x V)(x1,22) N (V1) (kxy + maxsy)

= (V x V)(xl, xo) M [F~Y (W) (kxy + may)

= (V x V)(x1,22) N[V (kx1 + mas) N Wi (ky; + mys)], [since F is linear]
(V x V) (1, 22) MWy (kyy +mys), [since V € IFVS(X)].....(1])
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From (I) and (IT) we have, (F."™)~1(V}) = (F x F)" ((Fy®*™)~Y(W)) € 7 x 7.
Therefore (V, 7) is an IF topological vector space. ]

Proposition 4.12. Let F' : V — W be an injective intuitionistic fuzzy linear transformation. If T
is a IF vector topology on V, then o = {W' C W : F=Y(W') € 7} is an IF vector topology on
F (V). If further F is surjective, then o is an IF vector topology on W.

Proof. Since F is injective for all V; C V, F~1(F(1})) = V,.

It can be easily verified that o is an intuitionistic fuzzy topology on the vector space F'(V') = W
(say). Since Fis injective, F' : (V,7) — (W3, 0) is intuitionistic fuzzy open.

Let W’ € o. Then F~Y(W') € 7.

Since 7 is an IF vector topology on V/, (F{f(k’m))_l(F_l(W’)) ETXT.

Since ' x F : (V xV,7 x 1) = (W, x Wi,0 x o) is intuitionistic fuzzy open, (I X
F)(FX*™ )Y F-Y{(W") € o x 0.

Now (Fyyi"™)~ (W) (11, 2)

= U A (02, 02),9)) W ()}

= (W1 x W) (y1, y2) W' (ky + mys)

= [F(V) x F(V)|(y1,y2) N F(V1)(ky, + mys) [Since F is injective, there is V; C V such that
F(i) =W']

Again, F'(V1)(kyy +mys) = teUX{F(t, kyy +myq) M Vi(t)}

=V (t;) M Vi(t1), where t; € X with F(t1, ky; + mys) = V(t1);

= Vi(t1), where t; € X with F'(ty, ky; +mys) = V(t1);

= Vi(kxy + mas), for (z1,29) € X x X such that F'(x;,y;) = V(z;), fori = 1,2, as F is linear.
Therefore, (Fé}lk’m) Y E W) (y1, y2)

= (V x V)(x1,x2) M Vi(kxy + mas), where F(x;,y;) = V(x;), fori = 1,2........ (I11)

Again (Fy/ ") (F~H (W) (w1, 2)

= AR ((r,22),0) N E7H (W) (1))

= (V x V)(z1,22) N FY W) (kx1 + mzs)

= (V x V)(z1,22) M Vi (kzy + may), since F is injective, F~ (W) = F~Y{(F(V})) = V1.
Hence (F x F)(F,/*"™) " (F~H(W")) (41, 1)

= B X B9, ) MR E ) 05)

= (V x V)(x1,22) N Vi(kx1 + mas), where F(z;,y;) = V(x;), fori = 1,2......... (IV)
Therefore from (I11) and (IV'), we have (va,(k’m))_l(W’) = (F x F)(Fé(k””’)_l(F_l(W’)) €
o x o and hence o is an IF vector topology on F'(V').

If further F is surjective, then F'(V) = WW. Hence proved. O
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