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1 Introduction

In 1988, the first intuitionistic fuzzy extended modal operators Dα and Fα,β were introduced
and some of their propertie were studied. In particular, it was proved that there are repre-
sentations of the expressions Dα(Dβ(A)) and Fα,β(Fγ,δ(A)) in the form of Dε and Fζ,η, re-
spectively (see [1]). These properties were discussed also in [2], where new five operators
(Gα,β, Hα,β, H

∗
α,β, Jα,β, J

∗
α,β) were introduced, but in that moment, the author had not received

similar formulas for these operators. During the next years, some times he tried to find such
representations without success and even now, some formulas are introduced for a first time.

2 Preliminary results

Let a set E be fixed. The Intuitionistic Fuzzy Set (IFS) A in E is defined by (see, e.g., [3, 4]):

A = {〈x, µA(x), νA(x)〉|x ∈ E},
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where functions µA : E → [0, 1] and νA : E → [0, 1] define the degree of membership and the
degree of non-membership of the element x ∈ E, respectively, and for every x ∈ E:

0 ≤ µA(x) + νA(x) ≤ 1.

Let α, β ∈ [0, 1]. We will define (see, e.g., [3, 4]) seven operators over a given IFS A by:

Dα(A) = {〈x, µA(x) + απA(x), νA(x) + (1− α)πA(x)〉|x ∈ E},
Fα,β(A) = {〈x, µA(x) + απA(x), νA(x) + βπA(x)〉|x ∈ E},

where α + β ≤ 1

Gα,β(A) = {〈x, αµA(x), βνA(x)〉|x ∈ E},
Hα,β(A) = {〈x, αµA(x), νA(x) + βπA(x)〉|x ∈ E},
H∗
α,β(A) = {〈x, αµA(x), νA(x) + β(1− αµA(x)− νA(x))〉|x ∈ E},

Jα,β(A) = {〈x, µA(x) + απA(x), βνA(x)〉|x ∈ E},
J∗
α,β(A) = {〈x, µA(x) + α(1− µA(x)− βνA(x)), βνA(x)〉|x ∈ E},

3 Main results

In [1] it is proved that for every IFS A and for every α, β ∈ [0, 1]:

Dα(Dβ(A)) = Dβ(A),

Fα,β(Fγ,δ(A)) = Fα+γ−αγ−αδ,β+δ−βγ−βδ(A),

where α + β ≤ 1.
Here we formulate and prove two theorems.

Theorem 1. Let α, β, γ, δ ∈ [0, 1], such that α + β ≤ 1, γ + δ ≤ 1 and β + δ > 0. Let A be an
IFS. Then

(a) Hα,β(Hγ,δ(A)) = G β+δ−βδ
βγ+δ−βδ

.αγ,1(H
∗
βγ+δ−βδ
β+δ−βδ

,β+δ−βδ(A)),

(b) Hα,β(H
∗
γ,δ(A)) = Gα,1(H

∗
γ,β+δ−βδ(A)),

(c) H∗
α,β(Hγ,δ(A)) = G β+δ−βδ

αβγ+δ−βδ
.αγ,1(H

∗
αβγ+δ−βδ
β+δ−βδ

,β+δ−βδ(A)),

(d) H∗
α,β(H

∗
γ,δ(A)) = G β+δ−βδ

αβ+δ−βδ
.α,1(H

∗
αβ+δ−βδ
β+δ−βδ

.γ,β+δ−βδ(A)).

Proof: Let A be an IFS. Let α, β, γ, δ ∈ [0, 1], such that α + β ≤ 1, γ + δ ≤ 1 and β + δ > 0.
Directly it can be seen that βγ + δ − βδ ≤ β + δ − βδ, i.e.

βγ + δ − βδ
β + δ − βδ

≤ 1

and
β + δ − βδ
βγ + δ − βδ

.αγ ≤ 1,
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because
βγ + δ − βδ − αβγ − αγδ + αβγδ ≥ δ − βδ − αγδ

= δ(1− β − αγ) ≥ δ(1− β − α) ≥ 0.

We prove statement (a):

Hα,β(Hγ,δ(A)) = Hα,β({〈x, γ.µA(x), νA(x) + δ.πA(x)〉|x ∈ E})

= {〈x, αγµA(x), νA(x) + δπA(x) + β(1− γµA(x)− νA(x)− δπA(x))〉|x ∈ E}

= {〈x, αγµA(x), νA(x) + δ − δµA(x)− δνA(x) + β − βγµA(x)− βνA(x)− βδ

+βδµA(x) + βδνA(x))〉|x ∈ E}

= {〈x, αγµA(x), νA(x) + (β + δ − βδ)− (δ + βγ − βδ)µA(x)− (β + δ − βδ)νA(x)〉|x ∈ E}

= {〈x, αγµA(x), νA(x) + (β + δ − βδ)
(
1− βγ + δ − βδ

β + δ − βδ
µA(x)− νA(x)

)
〉|x ∈ E}

= {〈x,
(
β + δ − βδ
βγ + δ − βδ

.αγ

)
.
βγ + δ − βδ
β + δ − βδ

µA(x),

νA(x) + (β + δ − βδ)
(
1− βγ + δ − βδ

β + δ − βδ
µA(x)− νA(x)

)
〉|x ∈ E}

= G β+δ−βδ
βγ+δ−βδ

.αγ,1({〈x,
βγ + δ − βδ
β + δ − βδ

µA(x),

νA(x) + (β + δ − βδ)
(
1− βγ + δ − βδ

β + δ − βδ
µA(x)− νA(x)

)
〉|x ∈ E})

= G β+δ−βδ
βγ+δ−βδ

.αγ,1(H
∗
βγ+δ−βδ
β+δ−βδ

,β+δ−βδ(A)).

Statements (b) – (d) are proved by analogy. �

Theorem 2. Let α, β, γ, δ ∈ [0, 1], such that α + β ≤ 1, γ + δ ≤ 1 and α + γ > 0. Let A be an
IFS. Then

(a) Jα,β(Jγ,δ(A)) = G1, α+γ−αγ
αδ+γ−αγ

.βδ(J
∗
α+γ−αγ,αδ+γ−αγ

α+γ−αγ

(A)),

(b) Jα,β(J∗
γ,δ(A)) = G1,β(J

∗
α+γ−αγ,δ(A)),

(c) J∗
α,β(Jγ,δ(A)) = G1, α+γ−αγ

αβδ+γ−αγ
.βδ(J

∗
α+γ−αγ,αβδ+γ−αδ

α+γ−αγ

(A)),

(d) J∗
α,β(J

∗
γ,δ(A)) = G1, α+γ−αγ

αβ+γ−αγ
.β(J

∗
α+γ−αγ,αβ+γ−αγ

α+γ−αγ
.δ
(A)).

Proof. Let A be an IFS. Let α, β, γ, δ ∈ [0, 1], such that α + β ≤ 1, γ + δ ≤ 1 and α + γ > 0.
First, we again check that

α + γ − αγ
αβ + γ − αγ

.β ≤ 1

and
αβ + γ − αγ
α + γ − αγ

.δ ≤ 1.
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Now, we prove statement (d), and (a) – (c) can be proved by analogy.
Let us proceed in the opposite direction.

G1, α+γ−αγ
αβ+γ−αγ

.β(J
∗
α+γ−αγ,αβ+γ−αγ

α+γ−αγ
.δ
(A))

= G1, α+γ−αγ
αβ+γ−αγ

.β({〈x, µA(x) + (α + γ − αγ)(1− µA(x)−
αβ + γ − αγ
α + γ − αγ

.δνA(x)),

αβ + γ − αγ
α + γ − αγ

.δνA(x)〉|x ∈ E}

= {〈x, µA(x) + (α + γ − αγ)(1− µA(x)−
αβ + γ − αγ
α + γ − αγ

.δνA(x)),

α + γ − αγ
αβ + γ − αγ

.β.
αβ + γ − αγ
α + γ − αγ

.δνA(x)〉|x ∈ E}

= {〈x, µA(x) + (α + γ − αγ)(1− µA(x)−
αβ + γ − αγ
α + γ − αγ

.δνA(x)), βδνA(x)〉|x ∈ E}

= {〈x, µA(x)+ (α+γ−αγ)− (α+γ−αγ)µA(x)− (αβ+γ−αγ).δνA(x)), βδνA(x)〉|x ∈ E}

= {〈x, µA(x) + γ(1− µA(x)− δνA(x)) + α(1− µA(x)− γ(1− µA(x)− δνA(x))− βδνA(x)),

βδνA(x)〉|x ∈ E}

= J∗
α,β({〈x, µA(x) + γ(1− µA(x)− δνA(x)), δνA(x)〉|x ∈ E}

= J∗
α,β(J

∗
γ,δ(A)).

This completes the proof. �

4 Conclusion

Letus finish with the following Open Problem: Can we find other representations of the above
discussed compositions of the operators Hα,β, H

∗
α,β, Jα,β and J∗

α,β?
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