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1 Introduction

Intuitionistic fuzzy sets were introduced by Prof. Krassimir Atanassov in 1983 [1]. A similar
model was introduced by Prof. Lotfi Zadeh in 1975, namely, interval valued fuzzy sets [10].
Although the motivations as well as the applications were different, actually they are isomorphic.
Here we will present the isomorphism and show that these two models can be studied from the
MYV -algebra theory point of view.

Let us start with the definition of the basic terms. Consider a measurable space (€2, S) with a
o-algebra S. Let 7 be the family of all measurable functions f :  — [0, 1]. To define the state
on J we need two binary operations. In this paper we will use the Lukasiewicz operations:

* This is one of the last papers of Prof. Beloslav Riecan (11 November 1936 — 13 August 2018).

5



f+g9=(f+g)Alq,
frg=(f+g—1q) V0q.

These binary operations play the same role as the union and the intersection in the set theory.
A state on J is a mapping m 7 : J — [0, 1] satisfying the following conditions [5]:

1. mJ(OQ) = O,mj(lg) =1.
2. If f&g = Og, then my(f+g) = mg(f) +mz(g).

3. Iffn/‘f’thenmj(fn)/‘mj(f)

Since J contains the functions f : Q@ — [0, 1], then J represents the family of fuzzy sets.
In the fuzzy set theory, f is called membership function. Now, let us look at the more general
structures — intuitionistic fuzzy sets, shortly 7 F'-sets, and interval valued fuzzy sets, shortly IV -
sets.

The [ F-set is a pair A = (4, v4) of the functions ps : Q — [0,1],v4 : © — [0,1] such
that 4 + v4 < 1. Similarly as in the fuzzy set theory, the function 114 is called the membership
function. The second function, v/, is called the non-membership function. Denote by F the family
of all [ F-sets such that 14, V4 are S-measurable. On the set F we could define the Lukasiewicz
operations and the ordering by the following way

A® B = ((ta+ps) N, (va+vp —1a) V0q),

A®B = ((a+ pp — 1o) V 0q, (va +vB) A lg),
A: (,LLA,VA) j (/’LB7VB) =B <:>/,LA S UB, VA Z vp.

By this ordering for each A € F it holds that (0, 1g) < A < (1g,0q). The family 7 can be
considered as a subset of F if for f € J we put A = (f,1q — f). Then s + v4 = 1g.

By an IV-set we shall consider the pair C = (7m¢,pc) such that 7o @ Q — [0,1],
pc 8 — [0,1] and m¢ < pe. If (©2,S) is a measurable space, then by I we shall denote
the family of all /V-sets with the measurable functions ¢, pc : (2,S) — [0, 1]. Then for any
C, D € K we could define

C HD= ((WC’ + 7TD) A 197 (PC + pD) A 19)7
COD = ((mc+mp—1q) V0q, (pc + pp — 1a) V 0q),
C = (n¢,pc) < (tp,pp) = D <= 7c < 7p, pc < pp-

Proposition 1. The systems (F,=,®,®) and (K, <,8,) are isomorphism by the mapping
v F =K,
U((pa,va)) = (pa, 1o — va).

Proof. Evidently A = (ua,va) € Fifand only if (a4, 1g —va) € K. If A, B € F, then



A= (pa,va) = (uB,vB) = B & Y(A) = (pta, 1o — va) < (1B, lo — v) = ¥(B).
If A, B € F, then
Y(AD B) =¢((pa +ps) AN, (va+vp —1g) V0q) =

= ((a + pB) Ao, 1o — ((va+vp — 1) V0q)) =
= ((a + ) N, (lg —va+ 1g —vp) Alg).
On the other hand,
V(A)BY(B) = (ua, 1o —va) B (pp, 1o —vB) =

= ((,U,A + ,U/B> Algq, (1Q —vyp+ 1o — VB) VAN 19) = w(AEB B)

Similarly the equality
V(A© B) =¢(A) Hy(B)

can be obtain. ]

Also the states on F and K are isomorphism. For the first recall the definitions of these
structures.

Definition 2. A state on F is a mapping m : F — [0, 1] satisfying the following conditions [4]
1. m((0q, 1a)) = 0,m((1g,0q)) = 1,
2. A©® B=(0g,1lg) = m(A® B) =m(A) +m(B),
3. Ay S AGe pa, S paand va, N\ va) = m(A,) S m(A).
Definition 3. A state on K is a mapping k : K — [0, 1] satisfying the following conditions
1. £((0q,0q)) = 0,k((1q, 1g)) =1,
2. CHD = (0q,0q) = k(CHD) =EC)+ k(D),
3. C, /C(Geng, ~meand pe, /N po) = k(C,) 7 k(C).

Proposition 4. Let k : K — [0,1] be a state, p: F — K, ¥((j1a,v4)) = (pa,lo —va) be a

mapping and m : F — [0, 1], m = k o 1) be a composition function. Then m is a state.

Proof. Letk : K — [0,1] and ¥((p1a,v4)) = (a, lg — va). Put m = k o ¢p. Then
m((0g, 10)) = k(1(0q, 1a)) = k(0g, 0) = 0,

m((lg,00)) = k(¥ (1a, 0a)) = k(lg, 1) = 1.



Let A, B € F,
A® B = ((pa+pp—1a) V0q, (va+vp) Ala) = (0o, 1)
if and only if
pa+pup <lgand vy +vp > lg.

Then
Y(A) BY(B) = (pa, 1o —va) U (up, 1o —vp) =

= ((/LA + up — 19) V Oq, (1Q —va+1qg—vp — 19) V OQ) = (OQ, OQ)

Moreover
Y(A) BY(B) = (pa, 1o — va) B (up, 1o —vp) =

= ((,U,A + ,U/B> Algq, (1Q —vyp+ 1o — VB) VAN 19) = w(AEB B)

Therefore
m(A® B) = k(¥(A& B)) = k(y(A) By(B)) =

= k(¢(A4)) + k(¥(B)) = m(A) + m(B).
Finally A,, ~ Aimplies p14, /* pa and v4, \, V4, hence ¥(A4,) ¥ (A) and
m(An) = k(Y(An)) /7 k((A)) = m(A).

This completes the proof. ]

2 State representation theorem

The isomorphism between JF and K presented in Proposition 1 and Proposition 4 permits us to
translate results holding in F to C. As an illustration, we shall present here the state representation
theorem. This theorem points on the relation between probability measure and state. In [2] there
was proved the Butnariu—Klement theorem:

Theorem 5. For any state my : J — [0, 1] there exists a probability measure P : S — [0, 1]
such that

malf) = [ far
forany f € J.

This theorem has been generalized also for Atanassov IF-sets. The generalization of the
Butnariu—Klement theorem has the form:

Theorem 6. If m : F — [0, 1] is a state, then there exists a probability measure P : S — [0, 1]
and o € [0, 1] such that

m(A) = /QuAdP + (1 — /Q(MA + uA)dP)

forany A = (ua,va) € F.



This theorem is called Representation theorem for probabilities on IF-states and it was proved
in [3]. The Butnariu—Klement theorem can be obtained as a consequence if v4 = 1g — 4.

Now we shall use the isomorphism between F and K to build representation theorem for
I'V-states.

Theorem 7. Let k be a state defined on K. Then there exists a probability measure P : S — [0, 1]
and o € [0, 1] such that for any C = (n¢, pc) € K it holds

KE) = (1= a) |

TedP + a/ pcdP.
Q Q

Proof. Putm = ko : F — [0, 1] and use the results of Theorem 6. Then

m(A) = /QuAdP + (1 — /Q(NA + uA)dP)

forany A = (ua,v4) € F. Of course, k = m o ¢p~!, hence for C' = (7¢, pc) € K we obtain

k(C) = k(mc, pc) = m(me, 1 — pc) = /Q

—(1—a)/7rch+a/pch.
Q Q

This completes the proof. []

chP—i—Oé(l—/(Fc—i—l—pc)dP) =
Q

3 States and )MV -algebras

Similarly as in the case of F also KC can be embedded into the suitable MV -algebra ([7]). For the
first recall the definition of an MV -algebra.

Definition 8. By an /-group GG we consider an algebraic system (G, 4, <) such that
1. (G,+) is commutative group,
2. (G, <) is lattice,
3.a<b=a+c<b+ec
We shall use the form of MV -algebra which is generated by fuzzy sets ([9]).
Definition 9. Let u € G, u > 0. Then, an MV -algebra M is a set M = [0, u], for which it holds
a®b = (a+0b) Au,

a®b= (a+b—u)AO.

The element u is supposed to be a strong unit of G.



Then an MV -algebra state [7] is a mapping m : M — [0, 1] satisfying the following condi-
tions:

1. m(0) = 0,m(u) = 1.
2. a®b = 0= m(a®b) = m(a)+ m(b).
3. an S a = m(a,) / m(a).

In the paper [6] there was proved that an IF-set could be embedded into the MV -algebra M by
using following construction. Let us take MV -algebra M such that G = R2. Then the addition
of two elements could be defined as

C = ADB = (s + pup,va +vp — 1g).

This addition represents the addition of two vectors with a fixed point (0,1). For any point
A = (pa,va) € Mitholds

(14,v4)3(00, 1 — va) = (pa, 0g).
From this reason, we can define the function m : M — [0, 1] by the formula
m(pa,va) = m(pa,0q) — m(0g, lg — va).
This function represents the state on M generated by a state defined on F.

Theorem 10. The family KC can be embedded into the MYV -algebra M such that to any state
k: KL — [0, 1] there exist a state k : M — [0,1] such that k|KC = k.

Proof. Let (G, +, <) be the {-group where G consists of all mappings C : (7¢, pc) — R? where
o, po are S-measurable functions. Define

C®D = (m¢ + 7p, pc + pp)

and
C<D<&nrc<7p,pc<pp.

Then the element (Og, Og) is the neutral element, i.e.,
(1, pc)® (00, 00) = (¢, po),
CAND= (7Tc/\7TD,pc/\pD),
CvVvD= (7Tc\/7TD,pc\/pD).

Consider the element (1q, 1) and define M as the structure
M ={C € G;(0,00) < (7, pc) < (1o, 10)}-
Then for any C', D € M it holds
CHBD = [(mc, pe) + (7, pp)] A (1o, 1a) = ((mc + 7p) Ala), (pc + pp) A la),

CBED = [(7¢, pe) + (7D, pp) — (1, 10)|V(0q, 00) = ((rc+7p—10)V0q, (pc+pp—10)V0q)).
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We have obtained an MV -algebra M such that X C M. Let m : M — [0, 1] be a state on
M. Define k : M — [0, 1] by the formula

k(rc, pc) = m(me, 1) — m(0q, 1o — pc).
Then £ is a state and for C' € K we have 7o < pc

(1, 1a) = (e, pe) B (0q, 1o — pe)

hence
m(rc, o) = m(rc, pc) + m(0o, 1o — po)
and therefore
m(re, pe) = k(7e, po)-

This completes the proof. O]

4 Conclusion

Representation theorems as well as assertions about isomorphism of some mathematical struc-
tures belong to the most useful mathematical means. In this paper, we used the representation
of I F'-states by Kolmogorov probability measures and the isomorphism between the Atanassov
I F'-sets and the Zadeh IV -sets. An important point is the possibility to embed fuzzy families to
multivalued algebras. Namely, some useful results of A/ V -algebra measure theory can be applied
to some fuzzy structures. In this way, we have two ways to obtain fuzzy measure constructions.
The first is in using set probability theory. The second in using the MV -algebra probability
theory.
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