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1 Introduction

Ever since the introduction of fuzzy sets by Zadeh [8], the fuzzy concepts have involved almost all
branches of Mathematics. The concept of Intuitionistic Fuzzy Sets [1] and Intuitionistic L-Fuzzy
Sets [2] were introduced by K. Atanassov and he defined new operations over Intuitionistic Fuzzy
sets in [3]. In [4], S. Lehmke discussed some properties of Fuzzy Ideals on a Lattice. Mohammed
M. Atallah [5] discussed on the L-Fuzzy Prime Ideal theorem on distributive Lattice. In [6] and
[7], M. Palanivelrajan and S. Nandhakumar defined Intuitionistic Fuzzy Semi-Primary Ideals over
Rings and discussed some of its properties. The purpose of this paper is to introduce some basic
concepts on Operations and Cartesian products over Intuitionistic L-Fuzzy Semi-Primary Ideals
and prove some fundamental properties.
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2 Preliminaries

Let X be a non-empty set L = (L,≤,∨,∧) as a complete distributive lattice,which has least and
greatest elements,say 0 and 1 respectively and for simplicity of notation we write sup and inf for
∨ and ∧ respectively. In this section,some well known definitions are recalled for the convenience
of reading. These definitions are necessary in order to understand the new concepts introduced in
this paper.

Definition 2.1. Let X be any non-empty set. A mapping µ : X → [0, 1] is called a fuzzy subset
of X .

Definition 2.2. A fuzzy subset µ of a ring R is called a fuzzy ideal of R if,

• µ(x− y) ≥ µ(x) ∧ µ(y)

• µ(xy) ≥ µ(x) ∨ µ(y), for all x, y ∈ R and for some n ∈ Z+.

Definition 2.3. A fuzzy ideal µ of a ring R is called a fuzzy primary ideal if for all x, y ∈ R

either µ(xy) = µ(xn) for some n ∈ Z+ or µ(xy) ≤ µ(ym)for some m ∈ Z+.

Definition 2.4. A fuzzy ideal µ of a ring R is called a fuzzy semi - primary ideal if for all
x, y ∈ R either µ(xy) ≤ µ(xn) for some n ∈ Z+ or µ(xy) ≤ µ(ym)for some m ∈ Z+.

Definition 2.5. A fuzzy ideal µ of a ring R is called Intuitionistic fuzzy primary ideal if for all
x, y ∈ R either µ(xy) = µ(xn) and ν(xy) = ν(xn) or µ(xy) ≤ µ(yn) and ν(xy) ≥ ν(yn) for
some n ∈ Z+.

Definition 2.6. A fuzzy ideal µ of a ring R is called Intuitionistic fuzzy semi-primary ideal if
for all x, y ∈ R either µ(xy) ≤ µ(xn) and ν(xy) ≥ ν(xn) or µ(xy) ≤ µ(yn) and ν(xy) ≥
ν(yn) for some n ∈ Z+.

Definition 2.7. Let X be a non-empty set. An Intuionistic fuzzy set (IFS) A in X is defined as an
object of the form A = {〈x, µA(x), νA(x) 〉 |x ∈ X}, where the functions µA : X → [0, 1] and
νA : X → [0, 1] denote the degree of membership and the degree of non-membership function of
A respectively and 0 ≤ µA(xy) + νA(xy) ≤ 1 for each x inX .

Definition 2.8. An L- fuzzy subset A of X is a function A : X → L.

Definition 2.9. Let (R,+, .) be a ring.An intutionistic L-fuzzy subset A of Ris said to be an
intutionistic L-fuzzy semi-primary ideals(ILFSPI) of R,if

• µA(x− y) ≥ µA(xn) ∧ µA(yn)

• µA(xy) ≥ µA(xn) ∨ µA(yn)

• νA(x− y) ≤ νA(xn) ∨ νA(yn)

• νA(xy) ≤ νA(xn) ∧ νA(yn), for all x, y ∈ R and for some n ∈ Z+.
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Example 2.10. Consider

µA(x) =


1 if x = 0

0.5 if x ∈ 4Z − {0}
0.7 if x ∈ Z − 4Z

νA(x) =


0 if x = 0

0.4 if x ∈ 4Z − {0}
0.2 if x ∈ Z − 4Z

Definition 2.11. Let X be a non-empty set. Let A and B be an intutionistic L-fuzzy semi-primary
ideals (ILFSPI) of R such that

A = {〈x, µA(x), νA(x)〉 |x ∈ X}
B = {〈x, µB(x), νB(x)〉 |x ∈ X}

Define the following operations on A and B,

• A ∩B = {〈x, (µA(x) ∧ µB(x)), (νA(x) ∨ νB(x))〉 |x ∈ X}.

• Ā = {〈x, νA(x), µA(x)〉 |x ∈ X}.

• Ā ∩ B̄ = {〈x, νA(x) ∧ µB(x), νA(x) ∨ µB(x)〉 |x ∈ X}.

• A+B = {〈x, µA(x) + µB(x)− µA(x).µB(x), νA(x)νB(x)〉 |x ∈ X}.

• A.B = {〈x, µA(x).µB(x), νA(x) + νB(x)− νA(x).νB(x))〉 |x ∈ X}.

• A@B = {
〈
x,
µA(x) + µB(x)

2
,
νA(x) + νB(x)

2

〉
|x ∈ X}.

• A$B = {
〈
x,
√
µA(x)µB(x),

√
νA(x)νB(x)

〉
|x ∈ X}.

• A ∗B = {
〈
x,

µA(x) + µB(x)

2(µA(x)µB(x) + 1)
,

νA(x) + νB(x)

2(νA(x)νB(x) + 1)

〉
|x ∈ X}.

• A ./ B = {
〈
x,

2µA(x)µB(x)

µA(x) + µB(x)
,

2νA(x)νB(x)

νA(x) + νB(x)

〉
|x ∈ X}.

Definition 2.12. Define the following operation on Cartesian product of two ILFSPI of A and B,

A×B = {〈〈x, y〉 , µA(x) ∧ µB(y), νA(x) ∨ νB(y)〉x, y ∈ X}.

3 Intuitionistic L-Fuzzy semi-primary ideals

Theorem 3.1. If A and Bare any two ILFSPI, then A ∩B is an ILFSPI.

Proof. Let A and B be any two ILFSPI.

Consider µA∩B(x− y) = µA(x− y) ∧ µB(x− y)

≥ (µA(xn) ∧ µA(yn)) ∧ (µB(xn) ∧ µB(yn))

= (µA(xn) ∧ µB(xn)) ∧ (µA(yn) ∧ µB(yn))

= µA∩B(xn) ∧ µA∩B(yn)

thus µA∩B(x− y) ≤ µA∩B(xn) ∧ µA∩B(yn) (1)
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Consider µA∩B(xy) = µA(xy) ∧ µB(xy)

≥ (µA(xn) ∨ µA(yn)) ∧ (µB(xn) ∨ µB(yn))

= (µA(xn) ∧ µB(xn)) ∨ (µA(yn) ∧ µB(yn))

= µA∩B(xn) ∨ µA∩B(yn)

thus µA∩B(xy) ≥ µA∩B(xn) ∨ µA∩B(yn) (2)

Consider νA∩B(x− y) = νA(x− y) ∨ νB(x− y)

≤ (νA(xn) ∨ νA(yn)) ∨ (νB(xn) ∨ νB(yn))

= (νA(xn) ∨ νB(xn)) ∧ (νA(yn) ∨ νB(yn))

= νA∩B(xn) ∧ νA∩B(yn)

thus νA∩B(x− y) ≤ νA∩B(xn) ∧ νA∩B(yn) (3)

Consider νA∩B(xy) = νA(xy) ∨ νB(xy)

≤ (νA(xn) ∧ νA(yn)) ∨ (νB(xn) ∧ νB(yn))

= (νA(xn) ∨ νB(xn)) ∧ (νA(yn) ∨ νB(yn))

= νA∩B(xn) ∧ νA∩B(yn)

thus νA∩B(xy) ≤ νA∩B(xn) ∧ νA∩B(yn) (4)

Therefore from (1), (2), (3) and (4), we get A ∩B is an ILFSPI.

Theorem 3.2. The intersection of a family of all ILFSPI of X is an ILFSPI of X .

Theorem 3.3. If A is an ILFSPI of R then ¯̄A = A.

Proof. Let A be any ILFSPI.

Consider µ ¯̄A(x− y) ≥ µ ¯̄A(xn) ∧ µ ¯̄A(yn), for all x, y ∈ R

= νĀ(xn) ∧ νĀ(yn)

= µA(xn) ∧ µA(yn)

= µA(x− y)

thus µ ¯̄A(x− y) ≥ µA(x− y) (5)

Consider µ ¯̄A(xy) ≥ µ ¯̄A(xn) ∨ µ ¯̄A(yn), for all x, y ∈ R

= νĀ(xn) ∨ νĀ(yn)

= µA(xn) ∨ µA(yn)

= µA(xy)

thus µ ¯̄A(xy) ≥ µA(xy) (6)
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Consider ν ¯̄A(x− y) ≤ ν ¯̄A(xn) ∨ ν ¯̄A(yn), for all x, y ∈ R

= µĀ(xn) ∨ µĀ(yn)

= νA(xn) ∨ νA(yn)

= νA(x− y)

ν ¯̄A(x− y) ≤ νA(x− y) (7)

Consider ν ¯̄A(xy) ≤ ν ¯̄A(xn) ∧ ν ¯̄A(yn), for all x, y ∈ R

= µĀ(xn) ∧ µĀ(yn)

= νA(xn) ∧ νA(yn)

= νA(xy)

ν ¯̄A(xy) ≤ νA(xy) (8)

Therefore, from (5), (6), (7) and (8), we get ¯̄A = A.

Theorem 3.4. If A and B are any two ILFSPI, then A+B is an ILFSPI.

Proof. Let A and B be any two ILFSPI.
Consider

µA+B(x− y) = µA(x− y)µB(x− y)− µA(x− y)µB(x− y), for all x, y ∈ R

≥ (µA(xn) ∧ µA(yn)) + (µB(xn) ∧ µB(yn))− (µA(xn) ∧ µA(yn))(µB(xn) ∧ µB(yn))

= (µA(xn) + µB(xn)) ∧ (µA(yn) + µB(yn))− (µA(xn)µB(xn) ∧ µA(yn)µB(yn))

= µA(xn) + µB(xn)− (µA(xn).µB(xn)) ∧ µA(yn) + µB(yn)− (µA(yn).µB(yn))

= µA+B(xn) ∧ µA+B(yn)

thus

µA+B(x− y) ≥ µA+B(xn) ∧ µA+B(yn) (9)

Consider

µA+B(xy) = µA(xy)µB(xy)− µA(xy)µB(xy), for all x, y ∈ R

≥ (µA(xn) ∨ µA(yn)) + (µB(xn) ∨ µB(yn))− (µA(xn) ∨ µA(yn))(µB(xn) ∨ µB(yn))

= (µA(xn) + µB(xn)) ∨ (µA(yn) + µB(yn))− (µA(xn)µB(xn) ∨ µA(yn)µB(yn))

= µA(xn) + µB(xn)− (µA(xn).µB(xn)) ∨ µA(yn) + µB(yn)− µA(yn).µB(yn))

= µA+B(xn) ∨ µA+B(yn)

thus

µA+B(xy) ≥ µA+B(xn) ∨ µA+B(yn) (10)
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Consider

νA+B(x− y) = νA(x− y)νB(x− y), for all x, y ∈ R

≤ (νA(xn) ∨ νA(yn))(νB(xn) ∨ νB(yn))

= (νA(xn)νB(xn)) ∨ (νA(yn)µB(yn))

= νA+B(xn) ∨ νA+B(yn)

thus

νA+B(x− y) ≤ νA+B(xn) ∨ νA+B(yn) (11)

Consider

νA+B(xy) = νA(xy)νB(xy), for all x, y ∈ R

≤ (νA(xn) ∧ νA(yn))(νB(xn) ∧ νB(yn))

= (νA(xn)νB(xn)) ∧ (νA(yn)µB(yn))

= νA+B(xn) ∧ νA+B(yn)

thus

νA+B(xy) ≤ νA+B(xn) ∧ νA+B(yn) (12)

Therefore, from (9), (10), (11) and (12), we get A+B is an ILFSPI.

Theorem 3.5. If A and B are any two ILFSPI, then A.B is an ILFSPI.

Proof. Let A and B are any two ILFSPI.
Consider

µA.B(x− y) = µA(x− y)µB(x− y)

≥ (µA(xn) ∧ µA(yn))(µB(xn) ∧ µB(yn))

= (µA(xn)µB(xn)) ∧ (µA(yn)µB(yn))

= µA.B(xn) ∧ µA.B(yn)

thus

µA.B(x− y) ≥ µA.B(xn) ∧ µA.B(yn) (13)

Consider

µA.B(xy) = µA(xy)µB(xy)

≥ (µA(xn) ∨ µA(yn))(µB(xn) ∨ µB(yn))

= (µA(xn)µB(xn)) ∨ (µA(yn)µB(yn))

= µA.B(xn) ∨ µA.B(yn)

thus

µA.B(xy) ≥ µA.B(xn) ∨ µA.B(yn) (14)
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Consider

νA.B(x− y) = νA(x− y) + νB(x− y)− νA(x− y)νB(x− y), for all x, y ∈ R

≤ (νA(xn) ∨ νA(yn)) + (νB(xn) ∨ νB(yn))− (νA(xn) ∨ νA(yn))(νB(xn) ∨ νB(yn))

= (νA(xn) + νB(xn)) ∨ (νA(yn) + νB(yn))− ((νA(xn)νB(xn)) ∨ (νB(yn)νB(yn)))

= νA(xn) + νB(xn)− (νA(xn).νB(xn)) ∨ νA(yn) + νB(yn)− (νA(yn)νB(yn))

= νA.B(xn) ∨ νA.B(yn)

thus

νA.B(x− y) ≤ νA.B(xn) ∨ νA.B(yn) (15)

Consider

νA.B(xy) = νA(xy) + νB(xy)− νA(xy)νB(xy), for all x, y ∈ R

≤ (νA(xn) ∧ νA(yn)) + (νB(xn) ∧ νB(yn))− (νA(xn) ∧ νA(yn))(νB(xn) ∧ νB(yn))

= (νA(xn) + νB(xn)) ∧ (νA(yn) + νB(yn))− ((νA(xn)νB(xn)) ∧ (νB(yn)νB(yn)))

= νA(xn) + νB(xn)− (νA(xn)νB(xn)) ∧ νA(yn) + νB(yn)− (νA(yn)νB(yn))

= νA.B(xn) ∧ νA.B(yn)

thus

νA.B(xy) ≤ νA.B(xn) ∧ νA.B(yn) (16)

Therefore, from (13), (14), (15) and (16), we get A.B is an ILFSPI.

Theorem 3.6. If A and B are any two ILFSPI, then A@B is an ILFSPI.

Proof. Let A and B be any two ILFSPI.
Consider

µA@B(x− y) =
µA(x− y) + µB(x− y)

2

≥ (µA(xn) ∧ µA(yn)) + (µB(xn) ∧ µB(yn))

2

=
(µA(xn) + µB(xn)) ∧ (µA(yn) + µB(yn))

2

=
(µA(xn) + µB(xn))

2
∧ (µA(yn) + µB(yn))

2
= µA@B(xn) ∧ µA@B(yn)

thus

µA@B(x− y) ≥ µA@B(xn) ∧ µA@B(yn) (17)

90



Consider

µA@B(xy) =
µA(xy) + µB(xy)

2

≥ (µA(xn) ∨ µA(yn)) + (µB(xn) ∨ µB(yn))

2

=
(µA(xn) + µB(xn)) ∨ (µA(yn) + µB(yn))

2

=
(µA(xn) + µB(xn))

2
∨ (µA(yn) + µB(yn))

2
= µA@B(xn) ∨ µA@B(yn)

thus

µA@B(xy) ≥ µA@B(xn) ∨ µA@B(yn) (18)

Consider

νA@B(x− y) =
νA(x− y) + νB(x− y)

2

≤ (νA(xn) ∨ νA(yn)) + (νB(xn) ∨ νB(yn))

2

=
(νA(xn) + νB(xn)) ∨ (νA(yn) + νB(yn))

2

=
νA(xn) + νB(xn)

2
∨ νA(yn) + νB(yn))

2
= νA@B(xn) ∨ νA@B(yn)

thus

νA@B(x− y) ≤ νA@B(xn) ∨ νA@B(yn) (19)

Consider

νA@B(xy) =
νA(xy) + νB(xy)

2

≤ (νA(xn) ∧ νA(yn)) + (νB(xn) ∧ νB(yn))

2

=
(νA(xn) + νB(xn)) ∧ (νA(yn) + νB(yn))

2

=
νA(xn) + νB(xn)

2
∧ νA(yn) + νB(yn)

2
= νA@B(xn) ∧ νA@B(yn)

thus

νA@B(xy) ≤ νA@B(xn) ∧ νA@B(yn) (20)

Therefore, from (17), (18), (19) and (20), we get A@B is an ILFSPI.

Theorem 3.7. If A and B are any two ILFSPI, then A$B is an ILFSPI.

Proof. Let A and B be any two ILFSPI.
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Consider

µA$B(x− y) =
√
µA(x− y)µB(x− y)

≥
√

(µA(xn) ∧ µA(yn))(µB(xn) ∧ µB(yn))

=
√
µA(xn)µB(xn) ∧ µA(yn)µB(yn)

=
√
µA(xn)µB(xn) ∧

√
µA(yn)µB(yn)

= µA$B(xn) ∧ µA$B(yn)

thus

µA$B(x− y) ≥ µA$B(xn) ∧ µA$B(yn) (21)

Consider

µA$B(xy) =
√
µA(xy)µB(xy)

≥
√

(µA(xn) ∨ µA(yn))(µB(xn) ∨ µB(yn))

=
√
µA(xn)µB(xn) ∨ µA(yn)µB(yn)

=
√
µA(xn)µB(xn) ∨

√
µA(yn)µB(yn)

= µA$B(xn) ∨ µA$B(yn)

thus

µA$B(xy) ≥ µA$B(xn) ∨ µA$B(yn) (22)

Consider

νA$B(x− y) =
√
νA(x− y)νB(x− y)

≤
√

(νA(xn) ∨ νA(yn))(νB(xn) ∨ νB(yn))

=
√
νA(xn)νB(xn) ∨ νA(yn)νB(yn)

=
√
νA(xn)νB(xn) ∨

√
(νA(yn)νB(yn))

= νA$B(xn) ∨ νA$B(yn)

thus

νA$B(x− y) ≤ νA$B(xn) ∨ νA$B(yn) (23)

Consider

νA$B(xy) =
√
νA(xy)νB(xy)

≤
√

(νA(xn) ∧ νA(yn))(νB(xn) ∧ νB(yn))

=
√
νA(xn)νB(xn) ∧ νA(yn)νB(yn)

=
√
νA(xn)νB(xn) ∧

√
νA(yn)νB(yn)

= νA$B(xn) ∧ νA$B(yn)

thus

νA$B(xy) ≤ νA$B(xn) ∧ νA$B(yn) (24)

Therefore, from (21), (22), (23) and (24), we get A$B is an ILFSPI.
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Theorem 3.8. If A and B are any two ILFSPI, then A ∗B is an ILFSPI.

Proof. Let A and B be any two ILFSPI.
Consider

µA∗B(x− y) =
µA(x− y) + µB(x− y)

2(µA(x− y)µB(x− y) + 1)

≥ (µA(xn) ∧ µA(yn)) + (µB(xn) ∧ µB(yn))

2((µA(xn) ∧ µA(yn))(µB(xn) ∧ µB(yn)) + 1)

=
(µA(xn) + µB(xn)) ∧ (µA(yn) + µB(yn))

2((µA(xn)µB(xn) ∧ µA(yn)µB(yn)) + 1)

=
(µA(xn) + µB(xn)) ∧ (µA(yn) + µB(yn)

2((µA(xn)µB(xn) + 1) ∧ (µA(yn)µB(yn) + 1))

=
µA(xn) + µB(xn)

2(µA(xn)µB(xn) + 1)
∧ µA(yn) + µB(yn)

2(µA(yn)µB(yn) + 1)

= µA∗B(xn) ∧ µA∗B(yn)

thus

µA∗B(x− y) ≥ µA∗B(xn) ∧ µA∗B(yn) (25)

Consider

µA∗B(xy) =
µA(xy) + µB(xy)

2(µA(xy)µB(xy) + 1)

≥ (µA(xn) ∨ µA(yn)) + (µB(xn) ∨ µB(yn))

2((µA(xn) ∨ µA(yn))(µB(xn) ∨ µB(yn)) + 1)

=
(µA(xn) + µB(xn)) ∨ (µA(yn) + µB(yn))

2((µA(xn)µB(xn) ∨ µA(yn)µB(yn)) + 1)

=
(µA(xn) + µB(xn)) ∨ (µA(yn) + µB(yn)

2((µA(xn)µB(xn) + 1) ∨ (µA(yn)µB(yn) + 1))

=
µA(xn) + µB(xn)

2(µA(xn)µB(xn) + 1)
∨ µA(yn) + µB(yn)

2(µA(yn)µB(yn) + 1)

= µA∗B(xn) ∨ µA∗B(yn)

thus

µA∗B(xy) ≥ µA∗B(xn) ∨ µA∗B(yn) (26)

Consider

νA∗B(x− y) =
νA(x− y) + νB(x− y)

2(νA(x− y)νB(x− y) + 1)
, for all x, y ∈ R

≤ (νA(xn) ∨ νA(yn)) + (νB(xn) ∨ νB(yn))

2((νA(xn) ∨ νA(yn))(νB(xn) ∨ νB(yn)) + 1)

=
(νA(xn) + νB(xn)) ∨ (νA(yn) + νB(yn))

2((νA(xn)νB(xn) ∨ νA(yn)νB(yn)) + 1)

=
(νA(xn) + νB(xn)) ∨ (νA(yn) + νB(yn)

2((νA(xn)νB(xn) + 1) ∨ (νA(yn)νB(yn) + 1))
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=
νA(xn) + νB(xn)

2(νA(xn)νB(xn) + 1)
∨ νA(yn) + νB(yn)

2(νA(yn)νB(yn) + 1)

= νA∗B(xn) ∨ νA∗B(yn)

thus

νA∗B(x− y) ≤ νA∗B(xn) ∨ νA∗B(yn) (27)

Consider

νA∗B(xy) =
νA(xy) + νB(xy)

2(νA(xy)νB(xy) + 1)
, for all x, y ∈ R

≤ (νA(xn) ∧ νA(yn)) + (νB(xn) ∧ νB(yn))

2((νA(xn) ∧ νA(yn))(νB(xn) ∧ νB(yn)) + 1)

=
(νA(xn) + νB(xn)) ∧ (νA(yn) + νB(yn))

2((νA(xn)νB(xn) ∧ νA(yn)νB(yn)) + 1)

=
(νA(xn) + νB(xn)) ∧ (νA(yn) + νB(yn)

2((νA(xn)νB(xn) + 1) ∧ (νA(yn)νB(yn) + 1))

=
νA(xn) + νB(xn)

2(νA(xn)νB(xn) + 1)
∧ νA(yn) + νB(yn)

2(νA(yn)νB(yn) + 1)

= νA∗B(xn) ∧ νA∗B(yn)

thus

νA∗B(xy) ≤ νA∗B(xn) ∧ νA∗B(yn) (28)

Therefore, from (25), (26), (27) and (28), we get A ∗B is an ILFSPI.

Theorem 3.9. If A and B are any two ILFSPI, then A ./ B is an ILFSPI.

Proof. Let A and B be any two ILFSPI.
Consider

µA./B(x− y) =
2µA(x− y)µB(x− y)

µA(x− y) + µB(x− y)

≥ 2(µA(xn) ∧ µA(yn))(µB(xn) ∧ µB(yn))

(µA(xn) ∧ µA(yn)) + (µB(xn) ∧ µB(yn))

=
2(µA(xn)µB(xn) ∧ µA(yn)µB(yn))

(µA(xn) + µB(xn)) ∧ (µA(yn) + µB(yn))

= 2(
µA(xn)µB(xn)

µA(xn) + µB(xn)
∧ µA(yn)µB(yn)

µA(yn) + µB(yn)
)

=
2µA(xn)µB(xn)

µA(xn) + µB(xn)
∧ 2µA(yn)µB(yn)

µA(yn) + µB(yn)

= µA./B(xn) ∧ µA./B(yn)

thus

µA./B(x− y) ≥ µA./B(xn) ∧ µA./B(yn) (29)
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Consider

µA./B(xy) =
2µA(xy)µB(xy)

µA(xy) + µB(xy)

≥ 2(µA(xn) ∨ µA(yn))(µB(xn) ∨ µB(yn))

(µA(xn) ∨ µA(yn)) + (µB(xn) ∨ µB(yn))

=
2(µA(xn)µB(xn) ∨ µA(yn)µB(yn))

(µA(xn) + µB(xn)) ∨ (µA(yn) + µB(yn))

= 2(
µA(xn)µB(xn)

µA(xn) + µB(xn)
∨ µA(yn)µB(yn)

µA(yn) + µB(yn)
)

=
2µA(xn)µB(xn)

µA(xn) + µB(xn)
∨ 2µA(yn)µB(yn)

µA(yn) + µB(yn)

= µA./B(xn) ∨ µA./B(yn)

thus

µA./B(xy) ≥ µA./B(xn) ∨ µA./B(yn) (30)

Consider

νA./B(x− y) =
2νA(x− y)νB(x− y)

νA(x− y) + νB(x− y)
, for all x, y ∈ R

≤ 2(νA(xn) ∨ νA(yn))(νB(xn) ∨ νB(yn))

(νA(xn) ∨ νA(yn)) + (νB(xn) ∨ νB(yn))

=
2(νA(xn)νB(xn) ∨ νA(yn)νB(yn))

(νA(xn) + νB(xn)) ∧ (νA(yn) + νB(yn))

= 2(
νA(xn)νB(xn)

νA(xn) + νB(xn)
∨ νA(yn)νB(yn)

νA(yn) + νB(yn)
)

=
2νA(xn)νB(xn)

νA(xn) + νB(xn)
∨ 2νA(yn)νB(yn)

νA(yn) + νB(yn)

= νA./B(xn) ∨ νA./B(yn)

thus

νA./B(x− y) ≤ νA./B(xn) ∨ νA./B(yn) (31)

Consider

νA./B(xy) =
2νA(xy)νB(xy)

νA(xy) + νB(xy)
, for all x, y ∈ R

≤ 2(νA(xn) ∧ νA(yn))(νB(xn) ∧ νB(yn))

(νA(xn) ∧ νA(yn)) + (νB(xn) ∧ νB(yn))

=
2(νA(xn)νB(xn) ∧ νA(yn)νB(yn))

(νA(xn) + νB(xn)) ∧ (νA(yn) + νB(yn))

= 2(
νA(xn)νB(xn)

νA(xn) + νB(xn)
∧ νA(yn)νB(yn)

νA(yn) + νB(yn)
)

=
2νA(xn)νB(xn)

νA(xn) + νB(xn)
∧ 2νA(yn)νB(yn)

νA(yn) + νB(yn)

= νA./B(xn) ∧ νA./B(yn)
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thus

νA./B(xy) ≤ νA./B(xn) ∧ νA./B(yn) (32)

Therefore, from (29), (30), (31) and (32), we get A ./ B is an ILFSPI.

Theorem 3.10. If A and B are any two ILFSPI, then A×B is an ILFSPI.

Proof. Let A and B be any two ILFSPI.
Let (x1, y1), (x2, y2) ∈ A×B, for every x1, x2 ∈ A& y1, y2 ∈ B.
Consider

µA×B((x1, y1)− (x2, y2)) = µA×B(x1 − x2, y1 − y2)

= µA(x1 − x2) ∧ µB(y1 − y2)

≥ (µA(xn1 ) ∧ µA(xn2 )) ∧ (µB(yn1 ) ∧ µB(yn2 ))

= (µA(xn1 ) ∧ µB(yn1 )) ∧ (µA(xn2 ) ∧ µB(yn2 ))

= µA×B(xn1 , y
n
1 ) ∧ µA×B(xn2 , y

n
2 )

thus

µA×B(x1, y1)− (x2, y2) ≥ µA×B(xn1 , y
n
1 ) ∧ µA×B(xn2 , y

n
2 ) (33)

Consider

µA×B((x1, y1).(x2, y2)) = µA×B(x1x2, y1y2)

= µA(x1x2) ∧ µB(y1y2)

≥ (µA(xn1 ) ∨ µA(xn2 )) ∧ (µB(yn1 ) ∨ µB(yn2 ))

= (µA(xn1 ) ∧ µB(yn1 )) ∨ (µA(xn2 ) ∧ µB(yn2 ))

= µA×B(xn1 , y
n
1 ) ∨ µA×B(xn2 , y

n
2 )

thus

µA×B(x1, y1)(x2, y2) ≥ µA×B(xn1 , y
n
1 ) ∨ µA×B(xn2 , y

n
2 ) (34)

Consider

νA×B((x1, y1)− (x2, y2)) = νA×B(x1 − x2, y1 − y2)

= νA(x1 − x2) ∨ νB(y1 − y2)

≤ (νA(xn1 ) ∨ νA(xn2 )) ∨ (νB(yn1 ) ∨ νB(yn2 ))

= (νA(xn1 ) ∨ νB(yn1 )) ∨ (νA(xn2 ) ∨ νB(yn2 ))

= νA×B(xn1 , y
n
1 ) ∨ νA×B(xn2 , y

n
2 )

thus

νA×B(x1, y1)− (x2, y2) ≤ νA×B(xn1 , y
n
1 ) ∨ νA×B(xn2 , y

n
2 ) (35)

Consider
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νA×B((x1, y1).(x2, y2)) = νA×B(x1x2, y1y2)

= νA(x1x2) ∨ νB(y1y2)

≤ (νA(xn1 ) ∧ νA(xn2 )) ∨ (νB(yn1 ) ∧ νB(yn2 ))

= (νA(xn1 ) ∨ νB(yn1 )) ∧ (νA(xn2 ) ∨ νB(yn2 ))

= νA×B(xn1 , y
n
1 ) ∧ νA×B(xn2 , y

n
2 )

thus

νA×B(x1, y1)(x2, y2) ≤ νA×B(xn1 , y
n
1 ) ∧ νA×B(xn2 , y

n
2 ) (36)

Therefore, from (33), (34), (35) and (36), we get A×B is an ILFSPI.
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