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1 Introduction

In algebra, ring theory is the study of rings algebraic structures in which addition and
multiplication are defined and have similar properties to those operations defined for the integers.
Ring theory studies the structure of rings, their representations, or, in different language, modules,
special classes of rings (group rings, division rings, universal enveloping algebras), as well as an
array of properties that proved to be of interest both within the theory itself and for its applications,
such as homological properties and polynomial identities. In ring theory, a branch of abstract
algebra, an ideal is a special subset of a ring. Ideals generalize certain subsets of the integers, such
as the even numbers or the multiples of 3. Addition and subtraction of even numbers preserves
evenness, and multiplying an even number by any other integer results in another even number;
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these closure and absorption properties are the defining properties of an ideal. An ideal can be
used to construct a quotient ring similarly to the way that, in group theory, a normal subgroup
can be used to construct a quotient group. In mathematics, fuzzy sets (aka uncertain sets) are
somewhat like sets whose elements have degrees of membership. Fuzzy sets were introduced
independently by Zadeh and Dieter Klaua [5, 48] as an extension of the classical notion of set.
In classical set theory, the membership of elements in a set is assessed in binary terms according
to a bivalent condition an element either belongs or does not belong to the set. By contrast,
fuzzy set theory permits the gradual assessment of the membership of elements in a set; this is
described with the aid of a membership function valued in the real unit interval [0, 1]. Fuzzy sets
generalize classical sets, since the indicator functions (also known as characteristic functions) of
classical sets are special cases of the membership functions of fuzzy sets, if the latter only take
values 0 or 1 [4]. In fuzzy set theory, classical bivalent sets are usually called crisp sets. The
fuzzy set theory can be used in a wide range of domains in which information is incomplete
or imprecise, such as bioinformatics [6]. Intuitionistic set theory is a set theory, generally
proffered as a foundation of mathematics, intended to capture intuitionistic mathematics. As the
terminology is usually used (for example in the name of IZF, intuitionistic Zermelo-Frankel set
theory), ‘intuitionistic’ means that excluded middle fails but power sets are included (making it
impredicative). In contrast, ‘constructive’ set theory (such as CZF, constructive Zermelo-Frankel
set theory) has function sets but not power sets (making it weakly predicative). The former
is technically convenient, but the latter is better motivated. That said, Brouwer’s mathematics
was even more predicative, making both of these set theories stronger than he would accept.
Triangular norms and conorms are operations which generalize the logical conjunction and logical
disjunction to fuzzy logic. They are a natural interpretation of the conjunction and disjunction in
the semantics of mathematical fuzzy logics and they are used to combine criteria in multi-criteria
decision making. The author by using norms, investigated some properties of fuzzy algebraic
structures [8-47]. In this study, by using norms, we introduce intuitionistic fuzzy equivalence
relations, intuitionistic fuzzy congruence relations and intuitionistic fuzzy ideals on ring R and
obtain some results about them. Also we investigate some of their properties and structured
characteristics of them.

2 Preliminaries

This section contains some basic definitions and preliminary results which will be needed in the
sequal. For more details we refer to [1, 2, 3, 7].

Definition 2.1. A ring 〈R,+, .〉 consists of a nonempty set R and two binary operations + and .
that satisfy the axioms:
(1) 〈R,+, .〉 is an Abelian group;
(2) (ab)c = a(bc) (associative multiplication) for all a, b, c ∈ R;
(3) a(b+ c) = ab+ ac, (b+ c)a = ba+ ca (distributive laws) for all a, b, c ∈ R
Moreover, the ring R is a commutative ring if ab = ba and ring with identity if R contains an
element 1R such that 1Ra = a1R = a for all a ∈ R.
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Example 2.2. (1) The ring Z of integers is a commutative ring with identity. So are Q, R, C, Zn,
R[x], etc.
(2) 5Z is a commutative ring with no identity.
(3) The ring Z3×3 of 3×3 matrices with integer coefficients is a noncommutative ring with identity.
(4) (5Z)3×3 is a noncommutative ring with no identity.

Definition 2.3. Let X be a non-empty sets. A fuzzy subset µ of X is a function µ : X → [0, 1].

Denote by [0, 1]X , the set of all fuzzy subsets of X .

Definition 2.4. For sets X, Y and Z, f = (f1, f2) : X → Y × Z is called a complex mapping if
f1 : X → Y and f2 : X → Z are mappings.

Definition 2.5. Let X be a nonempty set. A complex mapping A = (µA, νA) : X → [0, 1]× [0, 1]

is called an intuitionistic fuzzy set (in short, IFS) in X such that µA, νA ∈ [0, 1]X and for all
x ∈ X we have (µA(x)+ νA(x)) ∈ [0, 1]. In particular, ∅X and UX denote the intuitionistic fuzzy
empty set and intuitionistic fuzzy whole set in X defined by ∅X(x) = (0, 1) and UX(x) = (1, 0),

respectively. We will denote the set of all IFSs in X by IFS(X).

Definition 2.6. Let X be a nonempty set and let A = (µA, νA) and B = (µB, νB) be IFSs in X.
Then
(1) Inclusion: A ⊆ B iff µA ≤ µB and νA ≥ νB.

(2) Equality: A = B iff A ⊆ B and B ⊆ A.

Definition 2.7. A t-norm T is a function T : [0, 1] × [0, 1] → [0, 1] having the following four
properties:
(T1) T (x, 1) = x (neutral element)
(T2) T (x, y) ≤ T (x, z) if y ≤ z (monotonicity)
(T3) T (x, y) = T (y, x) (commutativity)
(T4) T (x, T (y, z)) = T (T (x, y), z) (associativity),
for all x, y, z ∈ [0, 1].

Corollary 2.8. Let T be a T -norm. Then for all x ∈ [0, 1]

(1) T (x, 0) = 0.
(2) T (0, 0) = 0.

Example 2.9. (1) Standard intersection T -norm Tm(x, y) = min{x, y}.
(2) Bounded sum T -norm Tb(x, y) = max{0, x+ y − 1}.
(3) Algebraic product T -norm Tp(x, y) = xy.

(4) Drastic T -norm:

TD(x, y) =


y, if x = 1

x, if y = 1

0, otherwise.

(5) Nilpotent minimum T -norm:

TnM(x, y) =

{
min{x, y}, if x+ y > 1

0, otherwise.
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(6) Hamacher product T -norm:

TH0(x, y) =

{
0, if x = y = 0

xy
x+y−xy , otherwise.

The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise largest
t-norm: TD(x, y) ≤ T (x, y) ≤ Tmin(x, y) for all x, y ∈ [0, 1].

Lemma 2.1. Let T be a t-norm. Then

T (T (x, y), T (w, z)) = T (T (x,w), T (y, z)),

for all x, y, w, z ∈ [0, 1].

Definition 2.10. A t-conorm C is a function C : [0, 1]× [0, 1]→ [0, 1] having the following four
properties:
(C1) C(x, 0) = x

(C2) C(x, y) ≤ C(x, z) if y ≤ z

(C3) C(x, y) = C(y, x)

(C4) C(x,C(y, z)) = C(C(x, y), z),
for all x, y, z ∈ [0, 1].

Corollary 2.11. Let C be a C-conorm. Then for all x ∈ [0, 1]:
(1) C(x, 1) = 1.

(2) C(0, 0) = 0.

Example 2.12. (1) Standard union t-conorm Cm(x, y) = max{x, y}.
(2) Bounded sum t-conorm Cb(x, y) = min{1, x+ y}.
(3) Algebraic sum t-conorm Cp(x, y) = x+ y − xy.
(4) Drastic T -conorm

CD(x, y) =


y, if x = 0

x, if y = 0

1, otherwise,

dual to the drastic T -norm.
(5) Nilpotent maximum T -conorm , dual to the nilpotent minimum T -norm:

CnM(x, y) =

{
max{x, y}, if x+ y < 1.

1, otherwise.

(6) Einstein sum (compare the velocity-addition formula under special relativity) CH2(x, y) =
x+ y

1 + xy
is a dual to one of the Hamacher t-norms. Note that all t-conorms are bounded by the

maximum and the drastic t-conorm: Cmax(x, y) ≤ C(x, y) ≤ CD(x, y) for any t-conorm C and
all x, y ∈ [0, 1].

Recall that t-norm T (t-conormC) is idempotent if for all x ∈ [0, 1], T (x, x)=x(C(x, x)=x).

Lemma 2.2. Let C be a t-conorm. Then

C(C(x, y), C(w, z)) = C(C(x,w), C(y, z)),

for all x, y, w, z ∈ [0, 1].
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3 Norms over intuitionistic fuzzy
congruence relations on rings

Throughout this paper, R stands for the ring 〈R,+, .〉 with an identity element 1R and zero
element 0R such that it is commutative.

Definition 3.1. An intuitionistic fuzzy relation A = (µA, νA) ∈ IFS(R × R) is called an
intuitionistic fuzzy equivalence relation on R under norms (T and C), if it satisfies:
(1) µA(x, x) = 1,
(2) µA(x, y) = µA(y, x),
(3) µA(x, z) ≥ T (µA(x, y), µA(y, z)),
(4) νA(x, x) = 0,
(5) νA(x, y) = νA(y, x),
(6) νA(x, z) ≤ C(νA(x, y), νA(y, z)),
for all x, y, z ∈ R.

Definition 3.2. An intuitionistic fuzzy relation A = (µA, νA) ∈ IFS(R × R) is called an
intuitionistic fuzzy congruence relation on R under norms (T and C), if it satisfies:
(1) µA(x, x) = 1,
(2) µA(x, y) = µA(y, x),
(3) µA(x, z) ≥ T (µA(x, y), µA(y, z)),
(4) µA(x+ z, y + t) ≥ T (µA(x, y), µA(z, t)),
(5) µA(xz, yt) ≥ T (µA(x, y), µA(z, t)),
(6) νA(x, x) = 0,
(7) νA(x, y) = νA(y, x),
(8) νA(x, z) ≤ C(νA(x, y), νA(y, z)),
(9) νA(x+ z, y + t) ≤ C(νA(x, y), νA(z, t)),
(10) νA(xz, yt) ≤ C(νA(x, y), νA(z, t)),
for all x, y, z, t ∈ R.
We denote the set of all intuitionistic fuzzy congruence relations on R under norms (T and C) by
IFCN(R×R).

Example 3.3. Let R = (Z,+, .) be a ring of integer numbers. Define a bifuzzy relation
A = (µA, νA) ∈ IFS(R×R) by

µA(x, y) =

{
1, if x = y.

0.65, otherwise.

and

νA(x, y) =

{
0, if x = y.

0.85, otherwise.

If T (x, y) = Tm(x, y) = min{x, y} and Cp(x, y) = x + y − xy for all x, y ∈ [0, 1], then
A = (µA, νA) ∈ IFCN(R×R).
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Proposition 3.1. Let T and C be idempotent and A = (µA, νA) ∈ IFCN(R × R). Then for all
x, y, z ∈ R, the following assertions hold.
(1) A(x, y) ⊇ (T (µA(xz, yz), µA(zx, zy)), C(νA(xz, yz), νA(zx, zy))).

(2) A(x−1, y−1) = A(x, y).

(3) A(x, y) ⊇ (T (µA(x+ z, y + z), T (µA(xz, yz), µA(zx, zy))),

C(νA(x+ z, y + z), C(νA(xz, yz), νA(zx, zy)))).

(4) A(−x,−y) = A(x, y).

Proof. Let x, y, z ∈ R. Then

(1) µA(x, y) = µA(xzz
−1, yzz−1) ≥ T (µA(xz, yz), µA(z

−1, z−1))

= T (µA(xz, yz), 1) = µA(xz, yz) (a)

and

µA(x, y) = µA(z
−1zx, z−1zy) ≥ T (µA(z

−1, z−1), µA(zx, zy))

= T (1, µA(zx, zy)) = µA(zx, zy). (b)

Then from (a) and (b) we get

µA(x, y) = T (µA(x, y), µA(x, y)) ≥ T (µA(xz, yz), µA(zx, zy)). (c)

Also,

νA(x, y) = νA(xzz
−1, yzz−1) ≤ C(νA(xz, yz), νA(z

−1, z−1))

= C(νA(xz, yz), 0) = νA(xz, yz) (d)

and

νA(x, y) = νA(z
−1zx, z−1zy) ≤ C(νA(z

−1, z−1), νA(zx, zy))

= C(0, νA(zx, zy)) = νA(zx, zy). (e)

Then from (d) and (e) we get

νA(x, y) = C(νA(x, y), νA(x, y)) ≤ C(νA(xz, yz), νA(zx, zy)). (f )

Now from (c) and (f ) we get

A(x, y) = (µA(x, y), νA(x, y))

⊇ (T (µA(xz, yz), µA(zx, zy)), C(νA(xz, yz), νA(zx, zy))).

(2) From (a) and (b) in (1) we have

µA(x
−1, y−1) ≥ µA(xx

−1, xy−1) = µA(1R, xy
−1) ≥ µA(1Ry, xy

−1y)

= µA(y, x) = µA(x, y) ≥ µA(x
−1x, x−1y) = µ(1R, x

−1y) ≥ µ(1Ry
−1, x−1yy−1)

= µA(y
−1, x−11R) = µA(y

−1, x−1) = µA(x
−1, y−1).
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Thus

µA(x
−1, y−1) = µA(x, y). (g)

Also, from (d) and (e) in (1) we obtain

νA(x
−1, y−1) ≤ νA(xx

−1, xy−1) = νA(1R, xy
−1) ≤ νA(1Ry, xy

−1y)

= νA(y, x) = νA(x, y) ≤ νA(x
−1x, x−1y) = νA(1R, x

−1y) ≤ νA(1Ry
−1, x−1yy−1)

= νA(y
−1, x−11R) = νA(y

−1, x−1) = νA(x
−1, y−1)

and then

νA(x
−1, y−1) = νA(x, y). (h)

Now, from (g) and (h) we have that

A(x−1, y−1) = (µA(x
−1, y−1), νA(x

−1, y−1)) = (µA(x, y), νA(x, y)) = A(x, y).

(3) µA(x, y) = µA(x+ z − z, y + z − z) ≥ T (µA(x+ z, y + z), µA(−z,−z))
= T (µA(x+ z, y + z), 1) = µA(x+ z, y + z). (j)

Now, by (a) from (1) and (j) we obtain

µA(x, y) = T (µA(x, y), µ(x, y)) ≥ T (µA(x+ z, y + z), T (µA(xz, yz), µA(zx, zy))). (k)

Also,

νA(x, y) = νA(x+ z − z, y + z − z) ≤ C(νA(x+ z, y + z), νA(−z,−z))
= C(νA(x+ z, y + z), 1) = νA(x+ z, y + z). (`)

Now, by (f ) from (1) and (`) we obtain

νA(x, y) = C(νA(x, y), νA(x, y)) ≤ C(νA(x+ z, y + z), C(νA(xz, yz), νA(zx, zy))). (m)

Then from (k) and (m) we get

A(x, y) = (µA(x, y), νA(x, y))

⊇ (T (µA(x+ z, y + z), T (µA(xz, yz), µA(zx, zy))),

C(νA(x+ z, y + z), C(νA(xz, yz), νA(zx, zy)))).

(4) By (j) from (3) we have

µA(x, y) ≥ µA(x− y, y − y) = µA(x− y, 0R) ≥ µA(−x+ x− y, 0R − x)
= µA(−y,−x) = µA(−x,−y) ≥ µA(x− x, x− y) = µA(0R, x− y)
≥ µA(y + 0R, y + x− y) = µA(y, x) = µA(x, y)
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and then

µA(x, y) = µA(−x,−y). (n)

Also, by (`) from (3) we get

νA(x, y) ≤ νA(x− y, y − y) = νA(x− y, 0R) ≤ νA(−x+ x− y, 0R − x)
= νA(−y,−x) = νA(−x,−y) ≤ νA(x− x, x− y) = νA(0R, x− y)
≤ νA(y + 0R, y + x− y) = νA(y, x) = νA(x, y).

Therefore,

νA(x, y) = νA(−x,−y). (o)

Thus, from (n) and (o) we get that

A(−x,−y) = (µA(−x,−y), νA(−x,−y)) = (µA(x, y), νA(x, y)) = A(x, y).

Definition 3.4. Let A = (µA, νA) ∈ IFCN(R × R) and a ∈ R. Define a fuzzy subset
Aa = (µAa , νAa) ∈ IFS(R) as µAa(x) = µA(a, x) and νAa(x) = νA(a, x) for all x ∈ R.

We denote the set of fuzzy subsets Aa = (µAa , νAa) ∈ IFS(R) by

R

A
= (

R

µA
,
R

νA
) = {Aa = (µAa , νAa) : a ∈ R}.

Proposition 3.2. Let A = (µA, νA) ∈ IFCN(R×R) and a ∈ R. Then Aa(x) = A0R(x− a) for
all x ∈ R.

Proof. We prove that Aa(x) = (µAa(x), νAa(x)) = A0R(x− a) = (µA0R
(x), νA0R

(x)). Now

µA0R
(x− a) = µA(0R, x− a) = µA(a− a, x− a) ≥ T (µA(a, x), µA(−a,−a))

= T (µA(a, x), µA(a, a)) = T (µA(a, x), 1) = µA(a, x) = µA(a+ 0R, x− a+ a)

≥ T (µA(0R, x− a), µA(a, a)) = T (µA(0R, x−a), 1) = µA(0R, x−a) = µ0R(x−a).

Thus,
µA0R

(x− a) = µA(a, x) = µAa(x).

Also,

νA0R
(x− a) = νA(0R, x− a) = νA(a− a, x− a) ≤ C(νA(a, x), νA(−a,−a))

= C(νA(a, x), νA(a, a)) = C(νA(a, x), 0) = νA(a, x) = νA(a+ 0R, x− a+ a)

≤ C(νA(0R, x−a), νA(a, a)) = C(νA(0R, x−a), 0) = νA(0R, x− a) = νA0R
(x−a).

Then
νA0R

(x− a) = νA(a, x) = νAa(x).

Therefore,

Aa(x) = (µAa(x), νAa(x)) = A0R(x− a) = (µA0R
(x), νA0R

(x)).
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Definition 3.5. Let A = (µA, νA) ∈ IFS(R), then A = (µA, νA) is an intuitionistic fuzzy ideal
of R under norms (T and C), if the following conditions are satisfied for all x, y ∈ R :

(1) µA(x+ y) ≥ T (µA(x), µA(y));

(2) µA(xy) ≥ T (µA(x), µA(y));

(3) µA(−x) = µA(x);

(4) µA(0R) = 1;

(5) µA(xy) ≥ µA(x) and µA(xy) ≥ µA(y).

(6) νA(x+ y) ≤ C(νA(x), νA(y));

(7) νA(xy) ≤ C(νA(x), νA(y));

(8) νA(−x) = νA(x);

(9) νA(0R) = 0;

(10) νA(xy) ≤ νA(x) and νA(xy) ≤ νA(y).

We denote the set of all intuitionistic fuzzy ideals of R under norms (T and C) by IFIN(R).

Example 3.6. Let R = 〈R,+, .〉 be a ring of real numbers. Define A = (µA, νA) ∈ IFS(R) by

µA(x) =

{
1, if x = 0R.

0.65, otherwise.

and

νA(x) =

{
0, if x = 0R.

0.25, otherwise.

If T (x, y) = Tp(x, y) = xy and Cb(x, y) = min{1, x + y} for all x, y ∈ [0, 1], Then
A = (µA, νA) ∈ IFIN(R).

Proposition 3.3. Let A = (µA, νA) ∈ IFCN(R × R). If T and C are idempotent, then
A0R = (µA0R

, νA0R
) ∈ IFIN(R).

Proof. Let A = (µA, νA) ∈ IFCN(R×R) and x, y ∈ R. Then

(1) µA0R
(x+ y) = µA(0R, x+ y) = µA(0R + 0R, x+ y)

≥ T (µA(0R, x), µA(0R, y)) = T (µA0R
(x), µA0R

(y)).

(2) µA0R
(xy) = µA(0R, xy) = µA(0R0R, xy)

≥ T (µA(0R, x), µA(0R, y)) = T (µA0R
(x), µA0R

(y)).

(3) µA0R
(−x) = µA(0R,−x) = µA(−0R,−x) = µA(0R, x) = µA0R

(x)

(by Proposition 3.4 (part 4)).

(4) µA0R
(0R) = µA(0R, 0R) = 1.

(5) µA0R
(xy) = µA(0R, xy) = µA(0Ry, xy) ≥ T (µA(0R, x), µA(y, y)) = T (µA(0R, x), 1)

= µA(0R, x) = µA0R
(y).

Similarly µA0R
(xy) ≥ µA0R

(y).

(6) νA0R
(x+ y) = νA(0R, x+ y) = νA(0R + 0R, x+ y)

≤ C(νA(0R, x), νA(0R, y)) = C(νA0R
(x), νA0R

(y)).
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(7) νA0R
(xy) = νA(0R, xy) = νA(0R0R, xy)

≤ C(νA(0R, x), νA(0R, y)) = C(νA0R
(x), νA0R

(y)).

(8) νA0R
(−x) = νA(0R,−x) = νA(−0R,−x) = νA(0R, x) = νA0R

(x)

(by Proposition 3.4 (part 4)).

(9) νA0R
(0R) = νA(0R, 0R) = 1.

(10) νA0R
(xy) = νA(0R, xy) = νA(0Ry, xy) ≤ C(νA(0R, x), νA(y, y)) = C(νA(0R, x), 1)

= νA(0R, x) = νA0R
(y).

Similarly, νA0R
(xy) ≤ νA0R

(y).

Thus, from (1) to (10) we get that A0R = (µA0R
, νA0R

) ∈ IFIN(R).

Definition 3.7. Let A = (µA, νA) ∈ IFS(R). Define C(A) = (C(µA), C(νA)) ∈ IFS(R × R)
as C(µA)(x, y) = µA(x − y) and C(νA)(x, y) = νA(x − y) for all x, y ∈ R. We call C(A) an
intuitionistic fuzzy relation induced by A.

Proposition 3.4. If A = (µA, νA) ∈ IFIN(R), then C(A) ∈ IFCN(R×R).

Proof. Let A = (µA, νA) ∈ IFIN(R) and x, y, z, t ∈ R. Then
(1) C(µA)(x, x) = µA(x− x) = µA(0R) = 1.

(2) C(µA)(x, y) = µA(x− y) = µA(−(x− y)) = µA(y − x) = C(µA)(y, x).

(3) C(µA)(x, y) = µA(x− y) = µA(x− z + z − y)
≥ T (µA(x− z), µA(z − y)) = T (C(µA)(x, z), C(µA)(z, y)).

(4) C(µA)(x+ z, y + t) = µA(x+ z − (y + t)) = µA(x− y + z − t)
≥ T (µA(x− y), µA(z − t)) = T (C(µA)(x, y), C(µA)(z, t)).

(5) C(µA)(xz, yt) = µA(xz − (yt)) = µA((x− y)z + y(z − t))
≥ T (µA((x− y)z), µA(y(z − t))) ≥ T (µA(x− y), µA(z − t))
= T (C(µA)(x, y), C(µA)(z, t)).

(6) C(νA)(x, x) = νA(x− x) = νA(0R) = 1.

(7) C(νA)(x, y) = νA(x− y) = νA(−(x− y)) = νA(y − x) = C(νA)(y, x).

(8) C(νA)(x, y) = νA(x− y) = νA(x− z + z − y)
≤ C(νA(x− z), νA(z − y)) = C(C(νA)(x, z), C(νA)(z, y)).

(9) C(νA)(x+ z, y + t) = νA(x+ z − (y + t)) = νA(x− y + z − t)
≤ C(νA(x− y), νA(z − t)) = C(C(νA)(x, y), C(νA)(z, t)).

(10) C(νA)(xz, yt) = νA(xz − (yt)) = νA((x− y)z + y(z − t))
≤ C(νA((x− y)z), νA(y(z − t))) ≤ C(νA(x− y), νA(z − t))
= C(C(νA)(x, y), C(νA)(z, t)).

Thus, C(A) ∈ IFCN(R×R).
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Proposition 3.5. Let A = (µA, νA) ∈ IFCN(R×R) and a, b ∈ R. Then Aa = Ab if and only if
A0R(a− b) = (1, 0).

Proof. Let Aa = (µAa , νAa) = Ab = (µAb
, νAb

) and a, b, x ∈ R. Then µAa(x) = µAb
(x) and so

µA(a, x) = µA(b, x). Also νAa(x) = νAb
(x) and so νA(a, x) = νA(b, x). Now, by Proposition 3.6

we get that µA0R
(a− b) = µA(b, a) = µA(a, a) = 1 and νA0R

(a− b) = νA(b, a) = νA(a, a) = 0.

Thus
A0R(a− b) = (µA0R

(a− b), νA0R
(a− b)) = (1, 0).

Conversely, letA0R(a−b) = (µA0R
(a−b), νA0R

(a−b)) = (1, 0). Firstly, we show that µAa = µAb
.

Since

µAa(x) = µA(a, x) = µA(0R + a, x− a+ a)

≥ T (µA(0R, x− a), µ(a, a)) = T (µA(0R, x− a), 1) = µA(0R, x− a)
≥ T (µA(0R, b− a), µA(b− a, x− a)) = T (1, µA(b− a, x− a))
= µA(b− a, x− a) = µA(x− a, b− a)
≥ T (µA(x, b), µA(−a,−a)) = T (µA(x, b), 1) = µA(x, b)

= µAb
(x)

and then µAa ⊇ µAb
. Also, by symmetry, we obtain that µAa ⊆ µAb

. Therefore, µAa = µAb
.

Also

νAa(x) = νA(a, x) = νA(0R + a, x− a+ a)

≤ C(νA(0R, x− a), νA(a, a)) = C(νA(0R, x− a), 0) = νA(0R, x− a)
≤ C(νA(0R, b− a), νA(b− a, x− a)) = C(0, νA(b− a, x− a))
= νA(b− a, x− a) = νA(x− a, b− a)
≤ C(νA(x, b), νA(−a,−a)) = C(νA(x, b), 0) = νA(x, b)

= νAb
(x)

and so νAa ⊆ νAb
. Also by symmetry, we obtain that νAa ⊇ νAb

. Therefore, νAa = νAb
.

Thus Aa = (µAa , νAa) = Ab = (µAb
, νAb

).

Corollary 3.8. Let A = (µA, νA) ∈ IFCN(R × R) and a, b ∈ R. Then Aa = Ab if and only if
A(a, b) = (1, 0).

Proof. From Proposition 3.12 we have Aa = Ab if and only if A0R(a− b) = (1, 0), if and only if
µA0R

(a − b) = 1 and νA0R
(a − b) = 0, if and only if µAa(b) = 1 and νAa(b) = 0, if and only if

µA(a, b) = 1 and νA(a, b) = 0, if and only if A(a, b) = (µA(a, b), νA(a, b)) = (1, 0).

Definition 3.9. Let A = (µA, νA) ∈ IFCN(R×R) and a, b ∈ R. Define addition

Aa ⊕ Ab = (µAa ⊕ µAb
, νAa ⊕ νAb

) : R→ [0, 1]

by
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(µAa ⊕ µAb
)(x) =

 sup
x=y+z

T (µAa(y), µAb
(z)), if x = y + z

0, otherwise

and

(νAa ⊕ νAb
)(x) =

{
inf

x=y+z
C(νAa(y), νAb

(z)), if x = y + z.

0, otherwise.

Also, define product

Aa � Ab = (µAa � µAb
, νAa � νAb

) : R→ [0, 1]

by

(µAa � µAb
)(x) =

 sup
x=yz

T (µAa(y), µAb
(z)), if x = yz.

0, otherwise.

and

(νAa � νAb
)(x) =

{
inf
x=yz

C(µAa(y), µAb
(z)) if x = yz

0 otherwise.

Proposition 3.6. Let A = (µA, νA) ∈ IFCN(R×R) and a, b ∈ R. Then Aa ⊕ Ab = Aa+b.

Proof. Firstly, we prove the binary operation ⊕ is well-defined. Let Aa ⊕ Ab = Ac ⊕ Ad, then
Aa = Ac and Ab = Ad. Now, by Corollary 3.13 we get that A(a, c) = (1, 0) and A(b, d) = (1, 0).

Then µA(a, c) = 1 and νA(a, c) = 0 and µA(b, d) = 1 and νA(b, d) = 0. Then

µA(a+ b, c+ d) ≥ T (µA(a, c), µA(b, d)) = T (1, 1) = 1

and so µA(a+ b, c+ d) = 1. Also,

νA(a+ b, c+ d) ≤ C(νA(a, c), νA(b, d)) = C(0, 0) = 0

and then νA(a+ b, c+ d) = 0. Thus

A(a+ b, c+ d) = (µA(a+ b, c+ d), νA(a+ b, c+ d)) = (1, 0)

and by Corollary 3.13 we obtain that Aa+b = Ac+d and so the binary operation ⊕ is well-defined.
Now, we prove Aa ⊕Bb = Aa+b. Let x ∈ R be such that x = y + z. Then

(µAa ⊕ µAb
)(x) = sup

x=y+z
T (µAa(y), µAb

(z))

≥ sup
x=y+z,µAa (y)6=µAb

(z)

T (µAa(y), µAb
(z))

= sup
x=y+z,µAa (y) 6=µAb

(z)

T (µA0R
(y − a), µA0R

(z − b))

= µA0R
((y + z)−(a+ b)) = µA0R

((x)−(a+ b)) = µAa(a+ b, x) = µAa+b
(x).
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Then µAa ⊕ µAb
⊇ µAa+b

. Conversely, for each y, z ∈ R satisfies x = y + z we get

µAa+b
(x) = µA0R

(x− (a+ b))

= µA0R
(y + z − (a+ b)) = µA0R

((y − a) + (z − b))
≥ T (A0R

(y − a), µA0R
(z − b))

= T (µAa(y), µAb
(z)).

Thus µAa+b
(x) ≥ sup

x=y+z
T (µAa(y), µAb

(z)) and so µAa+b
⊇ µAa ⊕ µAb

. Then

µAa ⊕ µAb
= µAa+b

. (p)

Also,

(νAa ⊕ νAb
)(x) = inf

x=y+z
C(νAa(y), νAb

(z))

≤ inf
x=y+z,νAa (y)6=νAb

(z)
C(νAa(y), νAb

(z))

= inf
x=y+z,νAa (y)6=νAb

(z)
C(νA0R

(y − a), νA0R
(z − b))

= νA0R
((y + z)− (a+ b)) = νA0R

((x)− (a+ b)) = νAa(a+ b, x) = νAa+b
(x).

Then νAa ⊕ νAb
⊆ νAa+b

. Conversely, for each y, z ∈ R which satisfy x = y + z we get

νAa+b
(x) = νA0R

(x− (a+ b))

= νA0R
(y + z − (a+ b)) = νA0R

((y − a) + (z − b))
≤ C(A0R

(y − a), νA0R
(z − b))

= C(νAa(y), νAb
(z)).

Thus, νAa+b
(x) ≤ inf

x=y+z
C(νAa(y), νAb

(z)) and so νAa+b
⊆ νAa ⊕ νAb

. Then

νAa⊕νAb
= νAa+b

. (q)

Thus, from (p) and (q) we get that

Aa ⊕ Ab = (µAa ⊕ µAb
, νAa ⊕ νAb

) = (µAa+b
, νAa+b

) = Aa+b.

Proposition 3.7. Let A = (µA, νA) ∈ IFCN(R×R) and a, b ∈ R. Then Aa � Ab = Aab.

Proof. First, we prove the binary operation � is well-defined. Let Aa � Ab = Ac � Ad. Then
Aa = Ac and Ab = Ad. Now, by Corollary 3.13 we get that A(a, c) = (1, 0) and A(b, d) = (1, 0).

Then µA(a, c) = 1 and νA(a, c) = 0 and µA(b, d) = 1 and νA(b, d) = 0. Then

µA(ab, cd) ≥ T (µA(a, c), µA(b, d)) = T (1, 1) = 1

and so µA(ab, cd) = 1. Also,

νA(ab, cd) ≤ C(νA(a, c), νA(b, d)) = C(0, 0) = 0
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and then νA(ab, cd) = 0. Thus,

A(ab, cd) = (µA(ab, cd), νA(ab, cd)) = (1, 0)

and by Corollary 3.13 we obtain that Aab = Acd and so the binary operation � is well-defined.
Let x ∈ R be such that x = yz. Then,

µAab
(x) = µA(ab, x) = µA(ab, yz)

≥ T (µA(a, y), µA(b, z)) = T (µAa(y), µAb
(z))

= sup
x=yz,µAa (y)6=µAb

(z)

T (µAa(y), µAb
(z)) = (µAa � µAb

)(x) = sup
x=yz

T (µAa(y), µAb
(z))

≥ sup
x=yz,µAa (y)6=µAb

(z)

T (µAa(y), µAb
(z)) = sup

x=yz,µAa (y) 6=µAb
(z)

T (µA0R
(y − a), µA0R

(z − b))

= µA0R
(yz − ab) = µA0R

(x− ab) = µA(ab, x) = µAab
(x).

Thus,

µAa � µAb
= µAab

. (r)

Also,

νAab
(x) = νA(ab, x) = νA(ab, yz)

≤ C(νA(a, y), νA(b, z)) = C(νAa(y), νAb
(z))

= sup
x=yz,νAa (y) 6=νAb

(z)

C(νAa(y), νAb
(z)) = (µAa � µAb

)(x) = sup
x=yz

C(µAa(y), µAb
(z))

≤ sup
x=yz,νAa (y) 6=νAb

(z)

C(νAa(y), νAb
(z)) = sup

x=yz,νAa (y)6=νAb
(z)

C(νA0R
(y − a), νA0R

(z − b))

= νA0R
(yz − ab) = νA0R

(x− ab) = νA(ab, x) = νAab
(x).

Thus,

νAa � νAb
= νAab

. (s)

Then, from (r) and (s) we get

Aa � Ab = (µAa � µAb
, νAa � νAb

) = (µAab
, νAab

) = Aab.

Proposition 3.8. If A = (µA, νA) ∈ IFCN(R×R), then

(
R

A
= {Aa = (µAa , νAa) : a ∈ R},⊕,�)

is a ring.

Proof. Let a, b, c ∈ R. As in Propositions 3.15 and 3.16 we get that Aa ⊕ Ab ∈
R

A
and

Aa � Ab ∈
R

A
. It is easy to prove that (R

A
,⊕) is an Abelian group. Now

(1) Aa� (Ab�Ac) = Aa�Abc = Aa(bc) = A(ab)c = (Aa�Ab)�Ac (associative multiplication).
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(2) Aa � (Ab ⊕ Ac) = Aa � Ab+c = Aa(b+c) = Aab+ac = Aab ⊕ Aac = (Aa � Ab) ⊕ (Aa � Ac)
(distributive laws).

(3) (Ab ⊕ Ac) � Aa = Ab+c � Aa = A(b+c)a = Aba+ca = Aba ⊕ Aca = (Ab � Aa) ⊕ (Ac � Aa)
(distributive laws). Then (

R

A
,⊕,�) will be a ring.

If R is a commutative ring, then Aa � Ab = Aab = Aba = Ab � Aa and so (
R

A
,⊕,�) is a

commutative ring.
If R be a ring with identity 1R, then Aa � A1R = Aa1R = Aa and thus (R

A
,⊕,�) is a ring with

identity A1R .
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