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1 Introduction

In mathematics, fuzzy sets are sets whose elements have degrees of membership. Fuzzy sets
were introduced by Lotfi A. Zadeh[25] in 1965 as an extension of the classical notion of set and
after that D. Klaua investigated some properties of fuzzy sets ([10]). In classical set theory, the
membership of elements in a set is assessed in binary terms according to a bivalent condition —
an element either belongs or does not belong to the set. By contrast, fuzzy set theory permits
the gradual assessment of the membership of elements in a set; this is described with the aid of
a membership function valued in the real unit interval [0, 1]. Fuzzy sets generalize classical sets,
since the indicator functions of classical sets are special cases of the membership functions of
fuzzy sets, if the latter only take values 0 or 1 (see [5]). In fuzzy set theory, classical bivalent
sets are usually called crisp sets. The fuzzy set theory can be used in a wide range of domains in
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which information is incomplete or imprecise, such as bioinformatics (see [16]). As a generaliza-
tion of a fuzzy set, the concept of an intuitionistic fuzzy set was introduced by K. T. Atanassov
[2, 3]. In mathematics, a join-semilattice (or upper semilattice) is a partially ordered set that
has a join (a least upper bound) for any nonempty finite subset. Dually, a meet-semilattice (or
lower semilattice) is a partially ordered set which has a meet (or greatest lower bound) for any
nonempty finite subset. Every join-semilattice is a meet-semilattice in the inverse order and vice
versa. Semilattices can also be defined algebraically: join and meet are associative, commutative,
idempotent binary operations, and any such operation induces a partial order (and the respective
inverse order) such that the result of the operation for any two elements is the least upper bound
(or greatest lower bound) of the elements with respect to this partial order. A lattice is a par-
tially ordered set that is both a meet- and join-semilattice with respect to the same partial order.
Algebraically, a lattice is a set with two associative, commutative idempotent binary operations
linked by corresponding absorption laws (see [1]). In mathematics, a 𝑡-norm (also 𝑇 -norm or,
unabbreviated, triangular norm) is a kind of binary operation used in the framework of proba-
bilistic metric spaces and in multi-valued logic, specifically in fuzzy logic. A 𝑡-norm generalizes
intersection in a lattice and conjunction in logic. The name triangular norm refers to the fact that
in the framework of probabilistic metric spaces 𝑡-norms are used to generalize triangle inequal-
ity of ordinary metric spaces. In [11, 12], Kuroki have studied several properties of fuzzy left
(right) ideals, fuzzy bi-ideals and fuzzy interior ideals in semigroups. For more other study on the
fuzzy theory in semigroups, we refer to papers [7, 13, 17, 23, 24]. Hur et al. [9] have studied the
bifuzzy structure of subsemigroups with operators in semigroups. The author by using norms,
investigated some properties of fuzzy submodules, fuzzy subrings, fuzzy ideals of subtraction
semigroups, intuitionistic fuzzy subrings and ideals of a ring (see [20, 21, 19, 22]). The purpose
of this paper is to deal with the algebraic structure of Ω-bifuzzy subsemigroups, Ω-bifuzzy ideals
and Ω-bifuzzy bi-ideals of semigroup 𝑆 under norms. In Section 2, we summarize some basic
concepts which will be used throughout the paper. In Section 3, by using norms, we redefined
the concepts of Ω-bifuzzy subsemigroups, Ω-bifuzzy ideals and Ω-bifuzzy bi-ideals of semigroup
𝑆 and under some conditions for 𝑆 (as regular, completely regular, semilattice) will give some
related properties and new results.

2 Preliminaries

In this section, we recall some of the fundamental concepts and definition, which are necessary
for this paper.

Definition 2.1. (see [8]) Let (𝑆, *) be a mathematical system such that (𝑎 * 𝑏) * 𝑐 = 𝑎 * (𝑏 * 𝑐) for
all 𝑎, 𝑏, 𝑐 ∈ 𝑆. Then * is called a ssociative and (𝑆, *) is called a semigroup.

Definition 2.2. (see [8])
(1) A semigroup 𝑆 is called regular if for all 𝑎 ∈ 𝑆, there exists 𝑥 ∈ 𝑆 such that 𝑎 = 𝑎𝑥𝑎.

(2) A semigroup 𝑆 is called completely regular if for all 𝑎 ∈ 𝑆, there exists 𝑥 ∈ 𝑆 such that
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𝑎 = 𝑎𝑥𝑎 and 𝑎𝑥 = 𝑥𝑎.

(3) By a subsemigroup of a semigroup 𝑆 we mean a nonempty subset 𝐴 of 𝑆 such that 𝐴2 ⊆ 𝐴,
and by a left (right) ideal of 𝑆 we mean a non-empty subset 𝐴 of 𝑆 such that 𝑆𝐴 ⊆ 𝐴(𝐴𝑆 ⊆ 𝐴).

By an ideal, we mean a nonempty subset of a semigroup 𝑆 which is both a left and a right ideal
of 𝑆. A subsemigroup 𝐴 of a semigroup 𝑆 is called a bi-ideal of 𝑆 if 𝐴𝑆𝐴 ⊆ 𝐴.

Definition 2.3. (see [14]) A nonempty subset 𝐴 of a semigroup 𝑆 is called a generalized bi-ideal
of 𝑆 if 𝐴𝑆𝐴 ⊆ 𝐴.

Definition 2.4. Let 𝑋 a non-empty sets. A fuzzy subset 𝜇 of 𝑋 is a function 𝜇 : 𝑋 → [0, 1].

Denote by [0, 1]𝑋 , the set of all fuzzy subset of 𝑋 .

Definition 2.5. (see [4]) A 𝑡-norm 𝑇 is a function 𝑇 : [0, 1]× [0, 1] → [0, 1] having the following
four properties:
(T1) 𝑇 (𝑥, 1) = 𝑥 (neutral element),
(T2) 𝑇 (𝑥, 𝑦) ≤ 𝑇 (𝑥, 𝑧) if 𝑦 ≤ 𝑧 (monotonicity),
(T3) 𝑇 (𝑥, 𝑦) = 𝑇 (𝑦, 𝑥) (commutativity),
(T4) 𝑇 (𝑥, 𝑇 (𝑦, 𝑧)) = 𝑇 (𝑇 (𝑥, 𝑦), 𝑧) (associativity),
for all 𝑥, 𝑦, 𝑧 ∈ [0, 1].

It is clear that if 𝑥1 ≥ 𝑥2 and 𝑦1 ≥ 𝑦2, then 𝑇 (𝑥1, 𝑦1) ≥ 𝑇 (𝑥2, 𝑦2).

Example 2.6. (1) Standard intersection 𝑇 -norm 𝑇𝑚(𝑥, 𝑦) = min{𝑥, 𝑦}.
(2) Bounded sum 𝑇 -norm 𝑇𝑏(𝑥, 𝑦) = max{0, 𝑥 + 𝑦 − 1}.
(3) algebraic product 𝑇 -norm 𝑇𝑝(𝑥, 𝑦) = 𝑥𝑦.

(4) Drastic 𝑇 -norm

𝑇𝐷(𝑥, 𝑦) =

⎧⎪⎨⎪⎩
𝑦, if 𝑥 = 1

𝑥, if 𝑦 = 1

0, otherwise.

(5) Nilpotent minimum 𝑇 -norm

𝑇𝑛𝑀(𝑥, 𝑦) =

{︃
min{𝑥, 𝑦}, if 𝑥 + 𝑦 > 1

0, otherwise.

(6) Hamacher product 𝑇 -norm

𝑇𝐻0(𝑥, 𝑦) =

{︃
0, if 𝑥 = 𝑦 = 0

𝑥𝑦
𝑥+𝑦−𝑥𝑦

, otherwise.

The drastic 𝑡-norm is the pointwise smallest 𝑡-norm and the minimum is the pointwise largest
𝑡-norm: 𝑇𝐷(𝑥, 𝑦) ≤ 𝑇 (𝑥, 𝑦) ≤ 𝑇min(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ [0, 1].
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Definition 2.7. (see [4]) A 𝑡-conorm 𝐶 is a function 𝐶 : [0, 1] × [0, 1] → [0, 1] having the
following four properties:
(C1) 𝐶(𝑥, 0) = 𝑥 ,
(C2) 𝐶(𝑥, 𝑦) ≤ 𝐶(𝑥, 𝑧) if 𝑦 ≤ 𝑧 ,
(C3) 𝐶(𝑥, 𝑦) = 𝐶(𝑦, 𝑥) ,
(C4) 𝐶(𝑥,𝐶(𝑦, 𝑧)) = 𝐶(𝐶(𝑥, 𝑦), 𝑧) ,
for all 𝑥, 𝑦, 𝑧 ∈ [0, 1].

Example 2.8. (1) Standard union 𝑡-conorm 𝐶𝑚(𝑥, 𝑦) = max{𝑥, 𝑦}.
(2) Bounded sum 𝑡-conorm 𝐶𝑏(𝑥, 𝑦) = min{1, 𝑥 + 𝑦}.
(3) Algebraic sum 𝑡-conorm 𝐶𝑝(𝑥, 𝑦) = 𝑥 + 𝑦 − 𝑥𝑦.

(4) Drastic 𝑇 -conorm

𝐶𝐷(𝑥, 𝑦) =

⎧⎪⎨⎪⎩
𝑦, if 𝑥 = 0

𝑥, if 𝑦 = 0

1, otherwise,

dual to the drastic 𝑇 -norm.
(5) Nilpotent maximum 𝑇 -conorm , dual to the nilpotent minimum 𝑇 -norm:

𝐶𝑛𝑀(𝑥, 𝑦) =

{︃
max{𝑥, 𝑦}, if 𝑥 + 𝑦 < 1

1, otherwise.

(6) Einstein sum (compare the velocity-addition formula under special relativity) 𝐶𝐻2(𝑥, 𝑦) =
𝑥 + 𝑦

1 + 𝑥𝑦
is a dual to one of the Hamacher 𝑡-norms. Note that all 𝑡-conorms are bounded by the

maximum and the drastic t-conorm: 𝐶max(𝑥, 𝑦) ≤ 𝐶(𝑥, 𝑦) ≤ 𝐶𝐷(𝑥, 𝑦) for any 𝑡-conorm 𝐶 and
all 𝑥, 𝑦 ∈ [0, 1].

Recall that 𝑡-norm 𝑇 (respectively, 𝑡-conorm 𝐶) is idempotent if for all 𝑥 ∈ [0, 1], 𝑇 (𝑥, 𝑥) = 𝑥

(respectively, 𝐶(𝑥, 𝑥) = 𝑥).

Definition 2.9. (see [19]) Let 𝜇 ∈ [0, 1]𝑆 and 𝑥, 𝑦 ∈ 𝑆. We say that 𝜇 is a fuzzy subsemigroup of
𝑆 with respect to a 𝑡-norm 𝑇 if 𝜇(𝑥𝑦) ≥ 𝑇 (𝜇(𝑥), 𝜇(𝑦)).

Definition 2.10. (see [19]) A fuzzy set 𝜇 in semigroup 𝑆 is called a fuzzy ideal of 𝑆 with respect
to a 𝑡-norm 𝑇 if it satisfies the following axioms:
(1) 𝜇(𝑥𝑦) ≥ 𝑇 (𝜇(𝑥), 𝜇(𝑦)),

(2) 𝜇(𝑥𝑦) ≥ 𝜇(𝑦),

(3) 𝜇(𝑥𝑦) ≥ 𝜇(𝑥)

for all 𝑥, 𝑦 ∈ 𝑆.

Definition 2.11. (see [19]) A fuzzy set 𝜇 in semigroup 𝑆 is called a fuzzy bi-ideal of 𝑆 with
respect to a 𝑡-norm 𝑇 if it satisfies the following axioms:
(1) 𝜇(𝑥𝑦) ≥ 𝑇 (𝜇(𝑥), 𝜇(𝑦)),

(2) 𝜇(𝑥𝑤𝑦) ≥ 𝑇 (𝜇(𝑥), 𝜇(𝑦))

for all 𝑥,𝑤, 𝑦 ∈ 𝑆.
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Definition 2.12. (see [2, 6]) Let 𝑋 be a nonempty set. An intuitionistic fuzzy set is an object of
the form: 𝐴 = {(𝑥, 𝜇𝐴(𝑥), 𝜈𝐴(𝑥)) : 𝑥 ∈ 𝑋} such that 𝜇𝐴, 𝜈𝐴 ∈ [0, 1]𝑋 and for all 𝑥 ∈ 𝑋 we
have (𝜇𝐴(𝑥) + 𝜈𝐴(𝑥)) ∈ [0, 1]. This object is also called a bifuzzy set. For the sake of simplicity,
we shall use the symbol 𝐴 = (𝑋,𝜇𝐴, 𝜈𝐴) for the 𝐴 = {(𝑥, 𝜇𝐴(𝑥), 𝜈𝐴(𝑥)) : 𝑥 ∈ 𝑋}.

Definition 2.13. (see [19]) A bifuzzy set 𝐴 = (𝑆, 𝜇𝐴, 𝜈𝐴) in a semigroup 𝑆 is called bifuzzy
subsemigroup of 𝑆 with respect to a 𝑡-norm 𝑇 and a 𝑡-conorm 𝐶, if it satisfies:
(1) 𝜇𝐴(𝑥𝑦) ≥ 𝑇 (𝜇𝐴(𝑥), 𝜇𝐴(𝑦)),

(2) 𝜈𝐴(𝑥𝑦) ≤ 𝐶(𝜈𝐴(𝑥), 𝜈𝐴(𝑦))

for all 𝑥, 𝑦 ∈ 𝑆.

Definition 2.14. (see [19]) A bifuzzy set 𝐴 = (𝑆, 𝜇𝐴, 𝜈𝐴) in a semigroup 𝑆 is called bifuzzy ideal
of 𝑆 with respect to a 𝑡-norm 𝑇 and a 𝑡-conorm 𝐶, if it satisfies:
(1) 𝜇𝐴(𝑥𝑦) ≥ 𝑇 (𝜇𝐴(𝑥), 𝜇𝐴(𝑦)),

(2) 𝜇𝐴(𝑥𝑦) ≥ 𝜇𝐴(𝑥),

(3) 𝜇𝐴(𝑥𝑦) ≥ 𝜇𝐴(𝑦),

(4) 𝜈𝐴(𝑥𝑦) ≤ 𝐶(𝜈𝐴(𝑥), 𝜈𝐴(𝑦)),

(5) 𝜈𝐴(𝑥𝑦) ≤ 𝜈𝐴(𝑦),

(6) 𝜈𝐴(𝑥𝑦) ≤ 𝜈𝐴(𝑥)

for all 𝑥, 𝑦 ∈ 𝑆.

Definition 2.15. (see [19]) A bifuzzy set 𝐴 = (𝑆, 𝜇𝐴, 𝜈𝐴) in a semigroup 𝑆 is called bifuzzy
bi-ideal of 𝑆 with respect to a 𝑡-norm 𝑇 and a 𝑡-conorm 𝐶, if it satisfies:
(1) 𝜇𝐴(𝑥𝑦) ≥ 𝑇 (𝜇𝐴(𝑥), 𝜇𝐴(𝑦)),

(2) 𝜇𝐴(𝑥𝑤𝑦) ≥ 𝑇 (𝜇𝐴(𝑥), 𝜇𝐴(𝑦)),

(3) 𝜈𝐴(𝑥𝑦) ≤ 𝐶(𝜈𝐴(𝑥), 𝜈𝐴(𝑦)),

(4) 𝜈𝐴(𝑥𝑤𝑦) ≤ 𝐶(𝜈𝐴(𝑥), 𝜈𝐴(𝑦))

for all 𝑥,𝑤, 𝑦 ∈ 𝑆.

Lemma 2.16. (see [18]) For a semigroup 𝑆 the following conditions are equivalent:
(1) 𝑆 is completely regular.
(2) 𝑆 is a union of groups.
(3) 𝑎 ∈ 𝑎2𝑆𝑎2 for all 𝑎 ∈ 𝑆.

Lemma 2.17. (see [15]) A semigroup 𝑆 is a semilattice of groups if and only if the set of all
bi-ideals of 𝑆 is a semilattice under the multiplication of subsets.

3 Norms over Ω-bifuzzy bi-ideals

In what follows let 𝑆 and Ω denote a semigroup and a nonempty set, respectively, unless otherwise
specified.
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Definition 3.1. An Ω-bifuzzy set 𝐴Ω in 𝑆 is defined to be an object having the form

𝐴Ω = {((𝑥, 𝛼), 𝜇𝐴Ω
(𝑥, 𝛼), 𝜈𝐴Ω

(𝑥, 𝛼)) : (𝑥, 𝛼) ∈ 𝑆 × Ω},

where the function 𝜇𝐴Ω
: 𝑆 × Ω → [0, 1] and 𝜈𝐴Ω

: 𝑆 × Ω → [0, 1] define the degree of
membership and the degree of nonmembership of the element (𝑥, 𝛼) ∈ 𝑆 × Ω to 𝐴Ω ⊂ 𝑆 × Ω,

respectively, such that for all (𝑥, 𝛼) ∈ 𝑆 × Ω we have that (𝜇𝐴Ω
(𝑥, 𝛼) + 𝜈𝐴Ω

(𝑥, 𝛼)) ∈ [0, 1]. We
shall use the symbol 𝐴Ω = (𝑆 × Ω, 𝜇𝐴Ω

, 𝜈𝐴Ω
) for the Ω-bifuzzy set

𝐴Ω = {((𝑥, 𝛼), 𝜇𝐴Ω
(𝑥, 𝛼), 𝜈𝐴Ω

(𝑥, 𝛼)) : (𝑥, 𝛼) ∈ 𝑆 × Ω}.

Definition 3.2. An Ω-bifuzzy 𝐴Ω = (𝑆×Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) in 𝑆 is called an Ω-bifuzzy subsemigroup
of 𝑆 under norms (𝑇 and 𝐶), if it satisfies:
(1) 𝜇𝐴Ω

(𝑥𝑦, 𝛼) ≥ 𝑇 (𝜇𝐴Ω
(𝑥, 𝛼), 𝜇𝐴Ω

(𝑦, 𝛼)),

(2) 𝜈𝐴Ω
(𝑥𝑦, 𝛼) ≤ 𝐶(𝜈𝐴Ω

(𝑥, 𝛼), 𝜈𝐴Ω
(𝑦, 𝛼)),

for all 𝑥, 𝑦 ∈ 𝑆 and 𝛼 ∈ Ω.

Definition 3.3. An Ω-bifuzzy 𝐴Ω = (𝑆 × Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) in 𝑆 is called an Ω-bifuzzy ideal of 𝑆
under norms (𝑇 and 𝐶), if it satisfies:
(1) 𝜇𝐴Ω

(𝑥𝑦, 𝛼) ≥ 𝑇 (𝜇𝐴Ω
(𝑥, 𝛼), 𝜇𝐴Ω

(𝑦, 𝛼)),

(2) 𝜇𝐴Ω
(𝑥𝑦, 𝛼) ≥ 𝜇𝐴Ω

(𝑥, 𝛼),

(3) 𝜇𝐴Ω
(𝑥𝑦, 𝛼) ≥ 𝜇𝐴Ω

(𝑥, 𝛼),

(4) 𝜈𝐴Ω
(𝑥𝑦, 𝛼) ≤ 𝐶(𝜈𝐴Ω

(𝑥, 𝛼), 𝜈𝐴Ω
(𝑦, 𝛼)),

(5) 𝜈𝐴Ω
(𝑥𝑦, 𝛼) ≤ 𝜈𝐴Ω

(𝑦, 𝛼),

(6) 𝜈𝐴Ω
(𝑥𝑦, 𝛼) ≤ 𝜈𝐴Ω

(𝑥, 𝛼)

for all 𝑥, 𝑦 ∈ 𝑆 and 𝛼 ∈ Ω.

Lemma 3.4. Let 𝑆Ω := {𝑢 | 𝑢 : Ω → 𝑆} such that for all 𝑢, 𝑣 ∈ 𝑆Ω and 𝛼 ∈ Ω we define
(𝑢𝑣)(𝛼) = 𝑢(𝛼)𝑣(𝛼). Then 𝑆Ω is a semigroup.

Proof. Let 𝑢, 𝑣 ∈ 𝑆Ω and 𝛼 ∈ Ω. Then (𝑢𝑣)(𝛼) = 𝑢(𝛼)𝑣(𝛼) ∈ 𝑆 (as 𝑆 is a semigroup) and so
𝑆Ω is a semigroup.

Lemma 3.5. Let 𝐴Ω = (𝑆 × Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) be an Ω-bifuzzy subsemigroup of 𝑆 under norms (𝑇
and 𝐶). Define bifuzzy set Φ = (𝑆Ω, 𝜇Φ, 𝜈Φ) in 𝑆Ω by 𝜇Φ(𝑢) = inf{𝜇𝐴Ω

(𝑢(𝛼), 𝛼) | 𝛼 ∈ Ω} and
𝜈Φ(𝑢) = sup{𝜈𝐴Ω

(𝑢(𝛼), 𝛼) | 𝛼 ∈ Ω} such that 𝑢 ∈ 𝑆Ω. Then Φ = (𝑆Ω, 𝜇Φ, 𝜈Φ) is a bifuzzy
subsemigroup of 𝑆Ω under norms (𝑇 and 𝐶).

Proof. Let 𝑢, 𝑣 ∈ 𝑆Ω. Then

𝜇Φ(𝑢𝑣) = inf{𝜇𝐴Ω
((𝑢𝑣)(𝛼), 𝛼) | 𝛼 ∈ Ω} = inf{𝜇𝐴Ω

(𝑢(𝛼)𝑣(𝛼), 𝛼) | 𝛼 ∈ Ω}

≥ inf{𝑇 (𝜇𝐴Ω
(𝑢(𝛼), 𝛼), 𝜇𝐴Ω

(𝑣(𝛼), 𝛼)) | 𝛼 ∈ Ω}

= 𝑇 (inf{𝜇𝐴Ω
(𝑢(𝛼), 𝛼) | 𝛼 ∈ Ω}, inf{𝜇𝐴Ω

(𝑣(𝛼), 𝛼) | 𝛼 ∈ Ω})

= 𝑇 (𝜇Φ(𝑢), 𝜇Φ(𝑣)).
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Also

𝜈Φ(𝑢𝑣) = sup{𝜈𝐴Ω
((𝑢𝑣)(𝛼), 𝛼) | 𝛼 ∈ Ω} = sup{𝜈𝐴Ω

(𝑢(𝛼)𝑣(𝛼), 𝛼) | 𝛼 ∈ Ω}

≤ sup{𝐶(𝜈𝐴Ω
(𝑢(𝛼), 𝛼), 𝜈𝐴Ω

(𝑣(𝛼), 𝛼)) | 𝛼 ∈ Ω}

= 𝐶(sup{𝜈𝐴Ω
(𝑢(𝛼), 𝛼) | 𝛼 ∈ Ω}, sup{𝜈𝐴Ω

(𝑣(𝛼), 𝛼) | 𝛼 ∈ Ω})

= 𝐶(𝜈Φ(𝑢), 𝜈Φ(𝑣)).

Thus Φ = (𝑆Ω, 𝜇Φ, 𝜈Φ) will be a bifuzzy subsemigroup of 𝑆Ω under norms (𝑇 and 𝐶).

Proposition 3.6. Let 𝐴Ω = (𝑆×Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) be an Ω-bifuzzy ideal of 𝑆under norms (𝑇 and 𝐶).
Then Φ = (𝑆Ω, 𝜇Φ, 𝜈Φ) given in Lemma 3.5 will be a bifuzzy ideal of 𝑆Ω under norms (𝑇 and 𝐶).

Proof. Let 𝑢, 𝑣 ∈ 𝑆Ω then from Lemma 3.5 we get that 𝜇Φ(𝑢𝑣) ≥ 𝑇 (𝜇Φ(𝑢), 𝜇Φ(𝑣)) and
𝜈Φ(𝑢𝑣) ≤ 𝐶(𝜇Φ(𝑢), 𝜇Φ(𝑣)). Now

𝜇Φ(𝑢𝑣) = inf{𝜇𝐴Ω
((𝑢𝑣)(𝛼), 𝛼) | 𝛼 ∈ Ω} = inf{𝜇𝐴Ω

(𝑢(𝛼)𝑣(𝛼), 𝛼) | 𝛼 ∈ Ω}

≥ inf{𝜇𝐴Ω
(𝑢(𝛼), 𝛼) | 𝛼 ∈ Ω} = 𝜇Φ(𝑢).

Also
𝜈Φ(𝑢𝑣) = sup{𝜈𝐴Ω

((𝑢𝑣)(𝛼), 𝛼) | 𝛼 ∈ Ω} = sup{𝜈𝐴Ω
(𝑢(𝛼)𝑣(𝛼), 𝛼) | 𝛼 ∈ Ω}

≤ sup{𝜈𝐴Ω
(𝑢(𝛼), 𝛼) | 𝛼 ∈ Ω} = 𝜈Φ(𝑢).

Similarly 𝜇Φ(𝑢𝑣) ≥ 𝜇Φ(𝑣) and 𝜈Φ(𝑢𝑣) ≤ 𝜈Φ(𝑣). Therefore Φ = (𝑆Ω, 𝜇Φ, 𝜈Φ) is a bifuzzy ideal
of 𝑆Ω under norms (𝑇 and 𝐶).

Definition 3.7. An Ω-bifuzzy set 𝐴Ω = (𝑆 ×Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) in 𝑆 is called an Ω-bifuzzy bi-ideal of
𝑆 under norms (𝑇 and 𝐶), if it satisfying the following assertions:
(1) 𝜇𝐴Ω

(𝑥𝑦, 𝛼) ≥ 𝑇 (𝜇𝐴Ω
(𝑥, 𝛼), 𝜇𝐴Ω

(𝑦, 𝛼)),

(2) 𝜇𝐴Ω
(𝑥𝑤𝑦, 𝛼) ≥ 𝑇 (𝜇𝐴Ω

(𝑥, 𝛼), 𝜇𝐴Ω
(𝑦, 𝛼)),

(3) 𝜈𝐴Ω
(𝑥𝑦, 𝛼) ≤ 𝐶(𝜈𝐴Ω

(𝑥, 𝛼), 𝜈𝐴Ω
(𝑦, 𝛼)),

(4) 𝜈𝐴Ω
(𝑥𝑤𝑦, 𝛼) ≤ 𝐶(𝜈𝐴Ω

(𝑥, 𝛼), 𝜈𝐴Ω
(𝑦, 𝛼))

for all 𝑥,𝑤, 𝑦 ∈ 𝑆 and 𝛼 ∈ Ω.

Example 3.8. Let 𝐴 = (𝑆, 𝜇𝐴, 𝜈𝐴) be a bifuzzy set in 𝑆 and let 𝐴Ω = (𝑆Ω × Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) be an
Ω-bifuzzy set in 𝑆Ω defined by 𝜇𝐴Ω

(𝑢, 𝛼) = 𝜇𝐴(𝑢(𝛼)) and 𝜈𝐴Ω
(𝑢, 𝛼) = 𝜈𝐴(𝑢(𝛼)) for all 𝑢 ∈ 𝑆Ω

and 𝛼 ∈ Ω.

(1) If 𝐴 = (𝑆, 𝜇𝐴, 𝜈𝐴) be a bifuzzy subsemigroup of 𝑆 under norms (𝑇 and 𝐶), then 𝐴Ω =

(𝑆Ω × Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) be an Ω-bifuzzy subsemigroup of 𝑆Ω under norms (𝑇 and 𝐶).
(2) If 𝐴 = (𝑆, 𝜇𝐴, 𝜈𝐴) be a bifuzzy bi-ideal of 𝑆 under norms (𝑇 and 𝐶), then 𝐴Ω = (𝑆Ω ×
Ω, 𝜇𝐴Ω

, 𝜈𝐴Ω
) be an Ω-bifuzzy bi-ideal of 𝑆Ω under norms (𝑇 and 𝐶).

Example 3.9. Let Ω := {𝐴 = (𝑆, 𝜇𝐴, 𝜈𝐴) | 𝐴 is a bifuzzy bi-ideal of 𝑆 under norms (𝑇 and 𝐶)}.
Define Ψ = (𝑆 × Ω, 𝜇Ψ, 𝜈Ψ) as an Ω-bifuzzy set in 𝑆 by 𝜇Ψ(𝑥, 𝜇𝐴) = 𝜇𝐴(𝑥) and 𝜈Ψ(𝑥, 𝜇𝐴) =

𝜈𝐴(𝑥) for all 𝑥 ∈ 𝑆 and 𝐴 ∈ Ω. Then Ψ is an Ω-bifuzzy bi-ideal of 𝑆 under norms (𝑇 and 𝐶).
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Example 3.10. Let 𝑆 = {𝑎, 𝑏} be a semigroup with the following Cayley table:

𝑎 𝑏

𝑎 𝑎 𝑏

𝑏 𝑏 𝑎

also let Ω = {1, 2, 3} and 𝐴Ω = (𝑆 × Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) be an Ω-bifuzzy set in 𝑆 defined by

𝐴Ω =

(︃
𝑆 × Ω,

{︂
(𝑎, 1)

1
,
(𝑎, 2)

1
,
(𝑎, 3)

1
,
(𝑏, 1)

0.9
,
(𝑏, 2)

0.8
,
(𝑏, 3)

0.7

}︂
,

{︂
(𝑎, 1)

0
,
(𝑎, 2)

0
,
(𝑎, 3)

0
,
(𝑏, 1)

0.2
,
(𝑏, 2)

0.3
,
(𝑏, 3)

0.4

}︂)︃
.

Then 𝐴Ω is an Ω-bifuzzy subsemigroup of 𝑆 under norms (𝑇 (𝑥, 𝑦) = 𝑇𝑚(𝑥, 𝑦) = min{𝑥, 𝑦} and
𝐶(𝑥, 𝑦) = 𝐶𝑚(𝑥, 𝑦) = max{𝑥, 𝑦}) for all 𝑥, 𝑦 ∈ [0, 1]. Since 𝜇𝐴Ω

(𝑎𝑏𝑎, 3) = 𝜇𝐴Ω
(𝑏, 3) =

0.7 � 𝑇 (𝜇𝐴Ω
(𝑎, 3), 𝜇𝐴Ω

(𝑎, 3)) = max{1, 1} = 1, and 𝜈𝐴Ω
(𝑎𝑏𝑎, 2) = 𝜈𝐴Ω

(𝑏, 2) = 0.3 

𝐶(𝜈𝐴Ω

(𝑎, 2), 𝜈𝐴Ω
)(𝑎, 2)) = max{0, 0} = 0, so 𝐴Ω is not an Ω-bifuzzy bi-ideal of 𝑆 under norms

(𝑇 (𝑥, 𝑦) = 𝑇𝑚(𝑥, 𝑦) = min{𝑥, 𝑦} and 𝐶(𝑥, 𝑦) = 𝐶𝑚(𝑥, 𝑦) = max{𝑥, 𝑦}) for all 𝑥, 𝑦 ∈ [0, 1].

Theorem 3.11. Let 𝐴Ω = (𝑆 × Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) be an Ω-bifuzzy set in 𝑆. Define a bifuzzy set
𝐴𝛼

Ω = (𝑆, 𝜇𝐴𝛼
Ω
, 𝜈𝐴𝛼

Ω
) in 𝑆 by 𝜇𝐴𝛼

Ω
(𝑥) = 𝜇𝐴Ω

(𝑥, 𝛼) and 𝜈𝐴𝛼
Ω
(𝑥) = 𝜈𝐴Ω

(𝑥, 𝛼) for all 𝛼 ∈ Ω, 𝑥 ∈ 𝑆.

Then 𝐴𝛼
Ω is a bifuzzy bi-ideal of 𝑆 under norms (𝑇 and 𝐶) if and only if 𝐴Ω is an Ω-bifuzzy

bi-ideal of 𝑆 under norms (𝑇 and 𝐶).

Proof. Let 𝑥,𝑤, 𝑦 ∈ 𝑆 and 𝛼 ∈ Ω.

If 𝐴𝛼
Ω is a bifuzzy bi-ideal of 𝑆 under norms (𝑇 and 𝐶), then

(1) 𝜇𝐴Ω
(𝑥𝑦, 𝛼) = 𝜇𝐴𝛼

Ω
(𝑥𝑦) ≥ 𝑇 (𝜇𝐴𝛼

Ω
(𝑥), 𝜇𝐴𝛼

Ω
(𝑦)) = 𝑇 (𝜇𝐴Ω

(𝑥, 𝛼), 𝜇𝐴Ω
(𝑦, 𝛼)).

(2) 𝜇𝐴Ω
(𝑥𝑤𝑦, 𝛼) = 𝜇𝐴𝛼

Ω
(𝑥𝑤𝑦) ≥ 𝑇 (𝜇𝐴𝛼

Ω
(𝑥), 𝜇𝐴𝛼

Ω
(𝑦)) = 𝑇 (𝜇𝐴Ω

(𝑥, 𝛼), 𝜇𝐴Ω
(𝑦, 𝛼)).

(3) 𝜈𝐴Ω
(𝑥𝑦, 𝛼) = 𝜈𝐴𝛼

Ω
(𝑥𝑦) ≤ 𝐶(𝜈𝐴𝛼

Ω
(𝑥), 𝜈𝐴𝛼

Ω
(𝑦)) = 𝐶(𝜈𝐴Ω

(𝑥, 𝛼), 𝜈𝐴Ω
(𝑦, 𝛼)).

(4) 𝜈𝐴Ω
(𝑥𝑤𝑦, 𝛼) = 𝜈𝐴𝛼

Ω
(𝑥𝑤𝑦) ≤ 𝐶(𝜈𝐴𝛼

Ω
(𝑥), 𝜈𝐴𝛼

Ω
(𝑦)) = 𝐶(𝜈𝐴Ω

(𝑥, 𝛼), 𝜈𝐴Ω
(𝑦, 𝛼)).

Thus 𝐴Ω is an Ω-bifuzzy bi-ideal of 𝑆 under norms (𝑇 and 𝐶). Conversely, let 𝐴Ω is an Ω-bifuzzy
bi-ideal of 𝑆 under norms (𝑇 and 𝐶). Then
(1) 𝜇𝐴𝛼

Ω
(𝑥𝑦) = 𝜇𝐴Ω

(𝑥𝑦, 𝛼) ≥ 𝑇 (𝜇𝐴Ω
(𝑥, 𝛼), 𝜇𝐴Ω

(𝑦, 𝛼)) = 𝑇 (𝜇𝐴𝛼
Ω
(𝑥), 𝜇𝐴𝛼

Ω
(𝑦)).

(2) 𝜇𝐴𝛼
Ω
(𝑥𝑤𝑦) = 𝜇𝐴Ω

(𝑥𝑤𝑦, 𝛼) ≥ 𝑇 (𝜇𝐴Ω
(𝑥, 𝛼), 𝜇𝐴Ω

(𝑦, 𝛼)) = 𝑇 (𝜇𝐴𝛼
Ω
(𝑥), 𝜇𝐴𝛼

Ω
(𝑦)).

(3) 𝜈𝐴𝛼
Ω
(𝑥𝑦) = 𝜈𝐴Ω

(𝑥𝑦, 𝛼) ≤ 𝐶(𝜈𝐴Ω
(𝑥, 𝛼), 𝜈𝐴Ω

(𝑦, 𝛼)) = 𝐶(𝜈𝐴𝛼
Ω
(𝑥), 𝜈𝐴𝛼

Ω
(𝑦)).

(4) 𝜈𝐴𝛼
Ω
(𝑥𝑤𝑦) = 𝜈𝐴Ω

(𝑥𝑤𝑦, 𝛼) ≤ 𝐶(𝜈𝐴Ω
(𝑥, 𝛼), 𝜈𝐴Ω

(𝑦, 𝛼)) = 𝐶(𝜈𝐴𝛼
Ω
(𝑥), 𝜈𝐴𝛼

Ω
(𝑦)).

Therefore, 𝐴𝛼
Ω is a bifuzzy bi-ideal of 𝑆 under norms (𝑇 and 𝐶).

Proposition 3.12. Let 𝑆 be a group. If 𝑇 and 𝐶 are idempotent, then every Ω-bifuzzy bi-ideal of
S under norms (𝑇 and 𝐶) will be a constant function.

Proof. Let 𝐴Ω = (𝑆 × Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) is an Ω-bifuzzy bi-ideal of 𝑆 under norms (𝑇 and 𝐶) and 𝑒

is the identity element of 𝑆. Then for all 𝑥 ∈ 𝑆 and 𝛼 ∈ Ω we obtain that

𝜇𝐴Ω
(𝑥, 𝛼) = 𝜇𝐴Ω

(𝑒𝑥𝑒, 𝛼) ≥ 𝑇 (𝜇𝐴Ω
(𝑒, 𝛼), 𝜇𝐴Ω

(𝑒, 𝛼)) = 𝜇𝐴Ω
(𝑒, 𝛼)
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= 𝜇𝐴Ω
(𝑒𝑒, 𝛼) = 𝜇𝐴Ω

((𝑥𝑥−1)(𝑥−1𝑥), 𝛼) = 𝜇𝐴Ω
(𝑥(𝑥−1𝑥−1)𝑥, 𝛼)

≥ 𝑇 (𝜇𝐴Ω
(𝑥, 𝛼), 𝜇𝐴Ω

(𝑥, 𝛼)) = 𝜇𝐴Ω
(𝑥, 𝛼).

Thus 𝜇𝐴Ω
(𝑥, 𝛼) = 𝜇𝐴Ω

(𝑒, 𝛼). Also

𝜈𝐴Ω
(𝑥, 𝛼) = 𝜈𝐴Ω

(𝑒𝑥𝑒, 𝛼) ≤ 𝐶(𝜈𝐴Ω
(𝑒, 𝛼), 𝜈𝐴Ω

(𝑒, 𝛼)) = 𝜈𝐴Ω
(𝑒, 𝛼)

= 𝜈𝐴Ω
(𝑒𝑒, 𝛼) = 𝜈𝐴Ω

((𝑥𝑥−1)(𝑥−1𝑥), 𝛼) = 𝜈𝐴Ω
(𝑥(𝑥−1𝑥−1)𝑥, 𝛼)

≤ 𝐶(𝜈𝐴Ω
(𝑥, 𝛼), 𝜈𝐴Ω

(𝑥, 𝛼)) = 𝜈𝐴Ω
(𝑥, 𝛼).

Therefore, 𝜈𝐴Ω
(𝑥, 𝛼) = 𝜈𝐴Ω

(𝑒, 𝛼). Hence 𝐴Ω will be a constant function.

Proposition 3.13. Let 𝑆 be regular and 𝐴Ω = (𝑆 × Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) be an Ω-bifuzzy set in 𝑆. If
conditions (3) and (4) in Definition 3.7 are hold, then 𝐴Ω will be an Ω-bifuzzy bi-ideal of 𝑆 under
norms (𝑇 and 𝐶).

Proof. Let 𝑥, 𝑦 ∈ 𝑆 and 𝛼 ∈ Ω. Since 𝑆 is regular, it follows that there exists 𝑎 ∈ 𝑆, such that
𝑦 = 𝑦𝑎𝑦, so that 𝜇𝐴Ω

(𝑥𝑦, 𝛼) = 𝜇𝐴Ω
(𝑥(𝑦𝑎𝑦)𝑦, 𝛼) = 𝜇𝐴Ω

(𝑥(𝑦𝑎)𝑦, 𝛼) ≥ 𝑇 (𝜇𝐴Ω
(𝑥, 𝛼), 𝜇𝐴Ω

(𝑦, 𝛼)).

Also 𝜈𝐴Ω
(𝑥𝑦, 𝛼) = 𝜈𝐴Ω

(𝑥(𝑦𝑎𝑦)𝑦, 𝛼) = 𝜈𝐴Ω
(𝑥(𝑦𝑎)𝑦, 𝛼) ≤ 𝐶(𝜈𝐴Ω

(𝑥, 𝛼), 𝜈𝐴Ω
(𝑦, 𝛼)). This com-

pletes the proof.

Proposition 3.14. Let 𝑆 be completely regular and 𝐴Ω = (𝑆 × Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) be an Ω-bifuzzy
bi-ideal of 𝑆 under norms (𝑇 and 𝐶). If 𝑇 and 𝐶 be idempotents, then 𝜇𝐴Ω

(𝑥, 𝛼) = 𝜇𝐴Ω
(𝑥2, 𝛼)

and 𝜈𝐴Ω
(𝑥, 𝛼) = 𝜈𝐴Ω

(𝑥2, 𝛼) for all 𝑥 ∈ 𝑆 and 𝛼 ∈ Ω.

Proof. Let 𝑥 ∈ 𝑆 and 𝛼 ∈ Ω. Since 𝑆 is completely regular, so there exists 𝑎 ∈ 𝑆 such that
𝑥 = 𝑥2𝑎𝑥2. Then

𝜇𝐴Ω
(𝑥, 𝛼) = 𝜇𝐴Ω

(𝑥2𝑎𝑥2, 𝛼) ≥ 𝑇 (𝜇𝐴Ω
(𝑥2, 𝛼), 𝜇𝐴Ω

(𝑥2, 𝛼))

= 𝜇𝐴Ω
(𝑥2, 𝛼) ≥ 𝑇 (𝜇𝐴Ω

(𝑥, 𝛼), 𝜇𝐴Ω
(𝑥, 𝛼)) = 𝜇𝐴Ω

(𝑥, 𝛼)

and so 𝜇𝐴Ω
(𝑥, 𝛼) = 𝜇𝐴Ω

(𝑥2, 𝛼). Also

𝜈𝐴Ω
(𝑥, 𝛼) = 𝜈𝐴Ω

(𝑥2𝑎𝑥2, 𝛼) ≤ 𝐶(𝜈𝐴Ω
(𝑥2, 𝛼), 𝜈𝐴Ω

(𝑥2, 𝛼))

= 𝜈𝐴Ω
(𝑥2, 𝛼) ≤ 𝐶(𝜈𝐴Ω

(𝑥, 𝛼), 𝜈𝐴Ω
(𝑥, 𝛼)) = 𝜈𝐴Ω

(𝑥, 𝛼)

and then 𝜈𝐴Ω
(𝑥, 𝛼) = 𝜈𝐴Ω

(𝑥2, 𝛼). This completes the proof.

Theorem 3.15. Let 𝐴Ω = (𝑆 × Ω, 𝜇𝐴Ω
, 𝜈𝐴Ω

) be an Ω-bifuzzy bi-ideal of 𝑆 under norms (𝑇 and
𝐶). If 𝑆 is a semilattice of groups, then the followings conditions hold.
(1) 𝜇𝐴Ω

(𝑥, 𝛼) = 𝜇𝐴Ω
(𝑥2, 𝛼) and 𝜈𝐴Ω

(𝑥, 𝛼) = 𝜈𝐴Ω
(𝑥2, 𝛼) for all 𝑥 ∈ 𝑆 and 𝛼 ∈ Ω.

(2) 𝜇𝐴Ω
(𝑥𝑦, 𝛼) = 𝜇𝐴Ω

(𝑦𝑥, 𝛼) and 𝜈𝐴Ω
(𝑥𝑦, 𝛼) = 𝜈𝐴Ω

(𝑦𝑥, 𝛼) for all 𝑥, 𝑦 ∈ 𝑆 and 𝛼 ∈ Ω.
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Proof. (1) If 𝑆 is a semilattice of groups, then 𝑆 is a union of groups and Lemma 2.16 gives
that 𝑆 is completely regular. Now by Proposition 3.14 we have that 𝜇𝐴Ω

(𝑥, 𝛼) = 𝜇𝐴Ω
(𝑥2, 𝛼) and

𝜈𝐴Ω
(𝑥, 𝛼) = 𝜈𝐴Ω

(𝑥2, 𝛼) for all 𝑥 ∈ 𝑆 and 𝛼 ∈ Ω.

(2) Let 𝑥, 𝑦 ∈ 𝑆 and 𝐵[𝑎] means the principal bi-ideal of 𝑆 generated by 𝑎 ∈ 𝑆. By Lemma 2.17
we obtain (𝑥𝑦)3 = (𝑥𝑦𝑥)(𝑦𝑥𝑦) ∈ 𝐵[𝑥𝑦𝑥]𝐵[𝑦𝑥𝑦] = 𝐵[𝑦𝑥𝑦](𝐵[𝑥𝑦𝑥])2 ⊆ 𝐵[𝑦𝑥𝑦]𝑆𝐵[𝑥𝑦𝑥] ⊆
𝑦𝑥𝑦𝑆𝑥𝑦𝑥 ⊆ 𝑦𝑥𝑆𝑦𝑥 for all 𝑥, 𝑦 ∈ 𝑆. Then, there exists 𝑎 ∈ 𝑆 such that (𝑥𝑦)3 = (𝑦𝑥)𝑎(𝑦𝑥). Sim-
ilarly, we obtain (𝑦𝑥)3 = (𝑥𝑦)𝑎(𝑥𝑦). Now for any 𝛼 ∈ Ω we have 𝜇𝐴Ω

(𝑥𝑦, 𝛼) = 𝜇𝐴Ω
((𝑥𝑦)3, 𝛼) =

𝜇𝐴Ω
((𝑦𝑥)𝑎(𝑦𝑥), 𝛼) ≥ 𝑇 (𝜇𝐴Ω

(𝑦𝑥, 𝛼), 𝜇𝐴Ω
(𝑦𝑥, 𝛼)) = 𝜇𝐴Ω

(𝑦𝑥, 𝛼).

Also
𝜈𝐴Ω

(𝑥𝑦, 𝛼) = 𝜈𝐴Ω
((𝑥𝑦)3, 𝛼) = 𝜈𝐴Ω

((𝑦𝑥)𝑎(𝑦𝑥), 𝛼)

≤ 𝐶(𝜈𝐴Ω
(𝑦𝑥, 𝛼), 𝜈𝐴Ω

(𝑦𝑥, 𝛼)) = 𝜈𝐴Ω
(𝑦𝑥, 𝛼).

Similarly, we have 𝜇𝐴Ω
(𝑦𝑥, 𝛼) ≥ 𝜇𝐴Ω

(𝑥𝑦, 𝛼) and 𝜈𝐴Ω
(𝑦𝑥, 𝛼) ≤ 𝜈𝐴Ω

(𝑥𝑦, 𝛼). This means that
𝜇𝐴Ω

(𝑥𝑦, 𝛼) = 𝜇𝐴Ω
(𝑦𝑥, 𝛼) and 𝜈𝐴Ω

(𝑥𝑦, 𝛼) = 𝜈𝐴Ω
(𝑦𝑥, 𝛼).
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