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1 Introduction

In mathematics, fuzzy sets are sets whose elements have degrees of membership. Fuzzy sets
were introduced by Lotfi A. Zadeh[25] in 1965 as an extension of the classical notion of set and
after that D. Klaua investigated some properties of fuzzy sets ([10]). In classical set theory, the
membership of elements in a set is assessed in binary terms according to a bivalent condition —
an element either belongs or does not belong to the set. By contrast, fuzzy set theory permits
the gradual assessment of the membership of elements in a set; this is described with the aid of
a membership function valued in the real unit interval [0, 1]. Fuzzy sets generalize classical sets,
since the indicator functions of classical sets are special cases of the membership functions of
fuzzy sets, if the latter only take values O or 1 (see [5]). In fuzzy set theory, classical bivalent

sets are usually called crisp sets. The fuzzy set theory can be used in a wide range of domains in



which information is incomplete or imprecise, such as bioinformatics (see [16]). As a generaliza-
tion of a fuzzy set, the concept of an intuitionistic fuzzy set was introduced by K. T. Atanassov
[2, 3]. In mathematics, a join-semilattice (or upper semilattice) is a partially ordered set that
has a join (a least upper bound) for any nonempty finite subset. Dually, a meet-semilattice (or
lower semilattice) is a partially ordered set which has a meet (or greatest lower bound) for any
nonempty finite subset. Every join-semilattice is a meet-semilattice in the inverse order and vice
versa. Semilattices can also be defined algebraically: join and meet are associative, commutative,
idempotent binary operations, and any such operation induces a partial order (and the respective
inverse order) such that the result of the operation for any two elements is the least upper bound
(or greatest lower bound) of the elements with respect to this partial order. A lattice is a par-
tially ordered set that is both a meet- and join-semilattice with respect to the same partial order.
Algebraically, a lattice is a set with two associative, commutative idempotent binary operations
linked by corresponding absorption laws (see [1]). In mathematics, a ¢t-norm (also 7-norm or,
unabbreviated, triangular norm) is a kind of binary operation used in the framework of proba-
bilistic metric spaces and in multi-valued logic, specifically in fuzzy logic. A t-norm generalizes
intersection in a lattice and conjunction in logic. The name triangular norm refers to the fact that
in the framework of probabilistic metric spaces ¢-norms are used to generalize triangle inequal-
ity of ordinary metric spaces. In [11, 12], Kuroki have studied several properties of fuzzy left
(right) ideals, fuzzy bi-ideals and fuzzy interior ideals in semigroups. For more other study on the
fuzzy theory in semigroups, we refer to papers [7, 13, 17, 23, 24]. Hur et al. [9] have studied the
bifuzzy structure of subsemigroups with operators in semigroups. The author by using norms,
investigated some properties of fuzzy submodules, fuzzy subrings, fuzzy ideals of subtraction
semigroups, intuitionistic fuzzy subrings and ideals of a ring (see [20, 21, 19, 22]). The purpose
of this paper is to deal with the algebraic structure of {2-bifuzzy subsemigroups, 2-bifuzzy ideals
and (2-bifuzzy bi-ideals of semigroup S under norms. In Section 2, we summarize some basic
concepts which will be used throughout the paper. In Section 3, by using norms, we redefined
the concepts of (2-bifuzzy subsemigroups, {2-bifuzzy ideals and {2-bifuzzy bi-ideals of semigroup
S and under some conditions for S (as regular, completely regular, semilattice) will give some

related properties and new results.

2 Preliminaries

In this section, we recall some of the fundamental concepts and definition, which are necessary

for this paper.

Definition 2.1. (see [8]) Let (.5, *) be a mathematical system such that (a % b) x ¢ = a * (b* c) for

all a,b,c € S. Then x is called a ssociative and (S, ) is called a semigroup.

Definition 2.2. (see [8])
(1) A semigroup S is called regular if for all @ € S, there exists z € S such that a = axa.

(2) A semigroup S is called completely regular if for all a € S, there exists z € S such that
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a = axa and ar = xa.

(3) By a subsemigroup of a semigroup S we mean a nonempty subset A of S such that A2 C A,
and by a left (right) ideal of S we mean a non-empty subset A of S such that SA C A(AS C A).
By an ideal, we mean a nonempty subset of a semigroup S which is both a left and a right ideal
of S. A subsemigroup A of a semigroup S is called a bi-ideal of S if ASA C A.

Definition 2.3. (see [14]) A nonempty subset A of a semigroup S is called a generalized bi-ideal
of Sif ASAC A.

Definition 2.4. Let X a non-empty sets. A fuzzy subset ;1 of X is a function p : X — [0,1].
Denote by [0, 1]¥, the set of all fuzzy subset of X.

Definition 2.5. (see [4]) A t-norm T is a function 7" : [0, 1] x [0, 1] — [0, 1] having the following
four properties:

(T1) T(z,1) = x (neutral element),

(T2) T'(z,y) < T(z,z) if y < z (monotonicity),

(T3) T'(z,y) = T'(y, ) (commutativity),

(TH T(x,T(y,z)) = T(T(x,y), z) (associativity),

forall x,y,z € [0, 1].

It is clear that if z1 > x5 and y; > yo, then T'(z1,y1) > T(x9, y2).

Example 2.6. (1) Standard intersection 7-norm 7}, (z,y) = min{z, y}.
(2) Bounded sum 7-norm Ty(z,y) = max{0,x +y — 1}.
(3) algebraic product 7-norm T),(x,y) = xy.
(4) Drastic T-norm
y, ifx=1
Tp(x,y) =< =z, ify=1

0, otherwise.
(5) Nilpotent minimum 7’-norm

min{z,y}, ife+y>1
Tom(x,y) =
w(@,9) { 0, otherwise.

(6) Hamacher product 7-norm

0, fr=y=0
otherwise.

THo(xuy) = { zy

z+y—xy’
The drastic ¢-norm is the pointwise smallest ¢-norm and the minimum is the pointwise largest
t-norm: Tp(z,y) < T(z,y) < Twin(z,y) forall z,y € [0, 1].



Definition 2.7. (see [4]) A t-conorm C' is a function C' : [0,1] x [0,1] — [0, 1] having the
following four properties:

(C1) C(z,0) =

(C2) C(z,y) < C’(x,z)

(C3) C(x,y) = Cly, @),

(C4) C(z,Cy, 2)) = C(C(x,y), ) ,

forall z,y, z € [0, 1].

Example 2.8. (1) Standard union ¢-conorm C,,(z,y) = max{z, y}.
(2) Bounded sum t-conorm Cy(z,y) = min{1, z + y}.

(3) Algebraic sum ¢-conorm C)(z,y) = x +y — zy.

(4) Drastic T-conorm

y, ifx=0
Cp(z,y) =< =z, ify=0
1, otherwise,

dual to the drastic 7T-norm.

(5) Nilpotent maximum 7'-conorm , dual to the nilpotent minimum 7-norm:

max{z,y}, ifr4+y<l1
1, otherwise.
(6) Einstein sum (compare the velocity-addition formula under special relativity) Cy,(x,y) =
r+vy

14+ 2y
maximum and the drastic t-conorm: Cp.(z,y) < C(x,y) < Cp(x,y) for any t-conorm C' and

all z,y € [0, 1].
Recall that ¢-norm 7" (respectively, t-conorm C') is idempotent if for all z € [0, 1], T'(x,z) =

is a dual to one of the Hamacher ¢-norms. Note that all {-conorms are bounded by the

(respectively, C'(x, x) = z).

Definition 2.9. (see [19]) Let i1 € [0,1]° and z,y € S. We say that y is a fuzzy subsemigroup of
S with respect to a t-norm T if p(zy) > T'(u(x), p(y)).

Definition 2.10. (see [19]) A fuzzy set 4 in semigroup S is called a fuzzy ideal of S with respect
to a t-norm 7' if it satisfies the following axioms:

(1) p(zy) > T(p(x), 1(y)),
(2) p(zy) > uw(y),

(3) pu(ry) > p(x)

forall z,y € S.

Definition 2.11. (see [19]) A fuzzy set i in semigroup S is called a fuzzy bi-ideal of S with
respect to a t-norm 7' if it satisfies the following axioms:
() p(ay) = T(u(x), u(y)),

2) plzwy) > T(u(x), p(y))
for all x,w,y € S.



Definition 2.12. (see [2, 6]) Let X be a nonempty set. An intuitionistic fuzzy set is an object of
the form: A = {(z, ua(x),va(x)) : ¥ € X} such that pa,va € [0,1]% and for all z € X we
have (pa(z) + va(z)) € [0, 1]. This object is also called a bifuzzy set. For the sake of simplicity,
we shall use the symbol A = (X, pua,v4) forthe A = {(x, pa(x),va(x)) : x € X}.

Definition 2.13. (see [19]) A bifuzzy set A = (S, pua,v4) in a semigroup S is called bifuzzy
subsemigroup of S with respect to a t-norm 7" and a t-conorm C), if it satisfies:

(D) pa(zy) = T(pa(z), pay)),

() va(zy) < C(va(z),valy))

forall z,y € S.

Definition 2.14. (see [19]) A bifuzzy set A = (S, pa, v4) in a semigroup S is called bifuzzy ideal
of S with respect to a t-norm 7" and a t-conorm C/ if it satisfies:

(1) pa(zy) = T(pa(z), pay)),

(2) palzy) > pa(z),
(3) palzy) = paly),
@) va(zy) < C(valw),va(y)),
(5) va(zy) < valy),
(6) va(zy) < va(z)

forallz,y € S.

Definition 2.15. (see [19]) A bifuzzy set A = (S, pa,va) in a semigroup S is called bifuzzy
bi-ideal of S with respect to a ¢-norm 7" and a t-conorm C) if it satisfies:

(D) pa(zy) = T(pa(z), paly)),

) palzwy) = T(pa(x), pa(y)),
() valry) < Cvalx), valy)),
) va(rwy) < Cvalz), valy))
forall z,w,y € S.

Lemma 2.16. (see [18]) For a semigroup S the following conditions are equivalent:
(1) S is completely regular.

(2) S is a union of groups.

(3)a € a’Sa® foralla € S.

Lemma 2.17. (see [15]) A semigroup S is a semilattice of groups if and only if the set of all
bi-ideals of S is a semilattice under the multiplication of subsets.
3 Norms over ()-bifuzzy bi-ideals

In what follows let S and €2 denote a semigroup and a nonempty set, respectively, unless otherwise
specified.



Definition 3.1. An 2-bifuzzy set Ag in S is defined to be an object having the form
Ag = {((ZL‘, Oé), MAQ(:E’ Oé), VAQ(’I’ a)) : (ZL’, Oé) €5 X Q}’

where the function s, : S x Q — [0,1] and vs, : S x Q — [0, 1] define the degree of
membership and the degree of nonmembership of the element (z,a) € S x Qto Ag C S x €,
respectively, such that for all (z,a) € S x Q we have that (ua, (7, &) + va,(z,a)) € [0, 1]. We
shall use the symbol Ag = (S X €2, f1a,, va,,) for the Q-bifuzzy set

Ag = {((z, @), prag (z, ), va, (x, ) : (x,0) € S x Q}.

Definition 3.2. An Q-bifuzzy Aq = (S X Q, pa,,, V4, ) in S is called an Q-bifuzzy subsemigroup
of S under norms (7" and ('), if it satisfies:

(D) prag (2y, a) = T(pag (2, ), frag (¥, @),

(2) vag(zy, ) < C(vag(z, ), va,(y, ),

forall x,y € Sand o € €.

Definition 3.3. An Q-bifuzzy Ag = (S X Q, pia,, Va,) in S is called an 2-bifuzzy ideal of S
under norms (7" and (), if it satisfies:

(D) prag (zy, @) > T(pag (z, @), pag (y, @),

(2) pag (ry, @) > prag (z, @),
(3) pag(ry, @) > prag (z, ),
) vag(zy, @) < C(vag(z, ), va,(y, @),
(5) vag (zy, a) < vay(y, @),

(6) VAQ(xyaa) < VAQ('I705)
forall z,y € S and a € (2.

Lemma 3.4. Let S := {u|u : Q — S} such that for all u,v € S and o € Q we define

(uv) () = u(a)v(a). Then S is a semigroup.

Proof. Let u,v € S and a € Q. Then (uv)(a) = u(a)v(a) € S (as S is a semigroup) and so

S is a semigroup. O

Lemma 3.5. Let Aq = (S X , pa,, Va,) be an Q-bifuzzy subsemigroup of S under norms (T
and C). Define bifuzzy set ® = (S, g, va) in S by pe(u) = inf{ua, (u(a),a) | a € Q} and
ve(u) = sup{va,(u(a),a) |a € Q} such that u € S®. Then ® = (S, g, ve) is a bifuzzy
subsemigroup of S under norms (T and C).

Proof. Letu,v € S®. Then
po(uv) = inf{pag ((uv)(@), @) | a € Q} = inf{ua, (u(@)v(a), a) [ o € Q}
> Inf{T (pag (u(a), @), pag (v(@), @) | a € Q}
= T(inf{pag(u(a), a) [ € Q}, inf{pa, (v(a), @) | a € 2})
= T(ua(u), pa(v)).



Also
v (u0) = sup{v.a, (uv) (@), @) | @ € Q} = sup{va, (u(@)v(a), a) | a € 0}

< sup{C(vag (u(a), a),vay(v(a), ) | a € 2}
= C(sup{vag (u(@), @) | o € Q}, sup{wag (v(), a) [ o € 2})
= C(va(u),va(v)).
Thus ® = (S%, g, ve) will be a bifuzzy subsemigroup of S under norms (T and C). [l

Proposition 3.6. Let Aq = (S X, pa,, Va,,) be an Q-bifuzzy ideal of Sunder norms (T and C).
Then ® = (S, i, Vo) given in Lemma 3.5 will be a bifuzzy ideal of S under norms (T and O).

Proof. Let u,v € S% then from Lemma 3.5 we get that ug(uv) > T(pe(u), ue(v)) and
ve(uv) < C(pa(u), pa(v)). Now

pa(uv) = inf{pa, ((uo)(@), @) | a € O = inf{pa, (u(@)v(a), o) [ o € 2}

> inf{pag (u(a), @) | @ € O} = pig(c0).
Also
va(u) = sup{uaq (u0)(@), @) | & € O} = sup{wag (u(a)o(a),a) | o € O}
< sup{va, (u(a),a) | a € Q} = ve(u).

Similarly pg(uv) > pe(v) and ve(uv) < ve(v). Therefore & = (S, ug, ve) is a bifuzzy ideal
of S under norms (7" and C). O

Definition 3.7. An Q-bifuzzy set Ag = (S X Q, pa,, Va,,) in S is called an 2-bifuzzy bi-ideal of
S under norms (7" and C'), if it satisfying the following assertions:

(D) prag (zy, o) > T(pag (2, @), pag (v, @),

(2) pag (zwy, o) = T(pag(z, @), pag (y, @),

() vag(zy, a) < C(vay (@, ), vag(y, a)),

4 vag (mwy, a) < C(VAQ (ma a)? VAgq (ya Ck))

forall x,w,y € S and a € Q).

Example 3.8. Let A = (S, j14,v4) be a bifuzzy setin S and let Ag = (S x Q, pa,, V4, ) be an
Q-bifuzzy set in S defined by g, (u, @) = pa(u(a)) and va, (u, ) = v4(u(a)) for all u € S%
and o € (.

() If A = (S,pa,v4) be a bifuzzy subsemigroup of S under norms (7" and C), then Ag =
(S9 x Q, prag, va,) be an Q-bifuzzy subsemigroup of S** under norms (7" and C).

(2) If A = (S, 14, v4) be a bifuzzy bi-ideal of S under norms (T and C), then Aq = (S x
O, ftag, Vag) be an Q-bifuzzy bi-ideal of S under norms (7" and C).

Example 3.9. Let Q2 := {A = (S, ua, va) | Ais abifuzzy bi-ideal of S under norms (7" and C)}.
Define ¥ = (S x Q, uy, vy) as an -bifuzzy set in S by py(z, ppa) = pa(z) and vy (z, pa) =
va(z) forall x € S and A € Q. Then V¥ is an Q-bifuzzy bi-ideal of S under norms (7" and C').
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Example 3.10. Let S = {a, b} be a semigroup with the following Cayley table:

S Q2
Qo

a
b
alsolet Q = {1,2,3} and Aq = (S X Q, pa,, Va,) be an Q-bifuzzy set in S defined by

AQ:<5xQ,{(“ D (@2 (@3 b1 (.2 (b,3)}7

1 1 1 09 087 0.7

{(a,n (a,2) (a,3) (b,1) (,2) <b,3>}>
O’ 0 0 02703 04 '

Then Ag, is an Q-bifuzzy subsemigroup of S under norms (7'(x,y) = T,,,(x,y) = min{x, y} and
C(z,y) = Cplx,y) = max{z,y}) for all z,y € [0,1]. Since pa,(aba,3) = pa,(b,3) =
0.7 2 T(uag(a,3),pan(a,3)) = max{l,1} = 1, and va,(aba,2) = va,(b,2) = 0.3 &%
C(va,(a,2),va,)(a,2)) = max{0,0} = 0, so Ag is not an Q2-bifuzzy bi-ideal of S under norms
(T(xz,y) = Tr(x,y) = min{z,y} and C(z,y) = Cp(x,y) = max{x,y}) forall z,y € [0, 1].

Theorem 3.11. Let Ag = (S X Q, pa,, Va,) be an Q-bifuzzy set in S. Define a bifuzzy set
AG = (S, prag, vag) in S by paa(r) = pag (v, ) and vas (v) = va,(z, ) forall a € Q,x € S.
Then A§ is a bifuzzy bi-ideal of S under norms (T and C) if and only if Aq is an Q-bifuzzy
bi-ideal of S under norms (T and C').

Proof. Letx,w,y € S and « € ).

If A3 is a bifuzzy bi-ideal of .S under norms (7" and C'), then

(D) pag(zy, @) = pag (xy) = T(pag (), pag(y)) = T(pag (@, @), pag (y, @)).

() pag(rwy, a) = pag (zwy) = T(pag (), pag(y)) = T(pag(z, @), pag(y, ).

(3) vag(zy, o) = vag(zy) < Clvag(z), vag(y)) = Cvag (2, ), vag (y, @)).

(4) vag (rwy, ) = vag(zwy) < C(vag(x), vag(y)) = Cvag(z, @), va,(y, a)).

Thus Ag is an §2-bifuzzy bi-ideal of .S under norms (7" and C'). Conversely, let Ag, is an )-bifuzzy
bi-ideal of S under norms (7" and C'). Then

(1) pag (zy) = pag(xy, @) = T(pag (€, @), prag (y, @) = T(pag (), pag (y))-

() pag(rwy) = pag (zwy, a) = T(pag (z, ), pag (y, @) = T(pag (), pag (y)).

(3) vag(xy) = vag(zy, @) < Cvag(z, ), vag(y, @) = Cvag (@ ), Vag (y)).

(4) vag (zwy) = vag (rwy, o) < C(vag (2, ), vag(y, @) = Cvag (), vag (y))-

Therefore, A is a bifuzzy bi-ideal of S under norms (7" and C). O

Proposition 3.12. Let S be a group. If T and C' are idempotent, then every 2-bifuzzy bi-ideal of

S under norms (T and C') will be a constant function.

Proof. Let Aq = (S X §, f1a,, V4, ) 18 an §-bifuzzy bi-ideal of S under norms (7" and C) and e
is the identity element of S. Then for all x € S and a € {2 we obtain that

HAq (ZE, a) = Haq (61’6, Oé) > T(/’LAQ (6, Oé), /’LAQ(67 Oé)) = HKAq (6’ Ot)
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= HAgq (667 O./) = MAQ«JXE_l)(x_lx)? Oz) = :U’AQ<I<x_lx_l)x’ Oé)

> T(MAQ ([L’, a)? “Agz(x> a)) = “Asz(xa a)'

Thus pa, (x, @) = pa, (e, ). Also
Vag (T, ) = vag,(exe,a) < Clvag (e, ), va, (e, a)) = vag (e, a)

= vag(ee,a) = va,((z27) (27 '2), a) = vag (2(27 27 )z, @)
< C(VAQ<I7 Oé), VAQ(‘T7 Oé)) = VAQ(xa a)‘
Therefore, v4, (z, ) = va, (e, ). Hence Ag will be a constant function. O
Proposition 3.13. Let S be regular and Aq = (S X Q, pa,,va,) be an Q-bifuzzy set in S. If

conditions (3) and (4) in Definition 3.7 are hold, then Aq will be an Q2-bifuzzy bi-ideal of S under
norms (T and C).

Proof. Let x,y € S and a € ). Since S is regular, it follows that there exists a € .S, such that
y = yay, so that pag, (zy, @) = pag (x(yay)y, @) = pag(z(ya)y, o) > T(pag (v, @), prag (v, ).
Also v, (zy, o) = va,(z(yay)y, o) = va,(x(ya)y, o) < C(va,(z, ), va,(y,@)). This com-
pletes the proof. ]

Proposition 3.14. Let S be completely regular and Aq = (S X §, pia,,Va,) be an Q-bifuzzy
bi-ideal of S under norms (T and C). If T and C' be idempotents, then jia,(x, ) = ja, (22, @)
and va,(x,a) = va, (2%, a) forall z € S and o € Q.

Proof. Let x € S and a € €. Since S is completely regular, so there exists a € S such that

r = r?ax?. Then
HAg (Ia Oé) = HAq ($2CL$2, Oé) > T(:U’AQ (‘7’27 Oé), HAg (‘7/27 Oé))
= HAq (1‘2, Oé) = T(”I“Q(xa Oé), HAq (ZL’, Oé)) = Hagq (ZL’, Oé)
and s0 p1a, (7, @) = pa, (22, ). Also
Vag (T, Q) = va, (2%ar?, o) < C(va, (22, ), va, (72, @)
= VAQ(:L‘27 O./) < C(VAQ(m7 a)? VAQ('I;7 &)) = VAQ('I’ a)
and then va, (z, @) = v, (22, ). This completes the proof. O

Theorem 3.15. Let Ag = (S X Q, pag, va,,) be an Q-bifuzzy bi-ideal of S under norms (T and
C). If S is a semilattice of groups, then the followings conditions hold.

(1) pag (z,0) = pa, (22, @) and va, (v, @) = va, (22, ) forall x € S and a € Q.

(2) pag(zy, @) = pa,(yx, o) and va, (xy, o) = va, (yz, a) forall z,y € S and o € Q.



Proof. (1) If S is a semilattice of groups, then S is a union of groups and Lemma 2.16 gives
that S is completely regular. Now by Proposition 3.14 we have that 14, (7, @) = pa, (2%, ) and
Vag(z,a) = va, (2% ) forallz € S and « € Q.

(2) Let z,y € S and B[a| means the principal bi-ideal of S generated by a € S. By Lemma 2.17
we obtain (zy)* = (vyx)(yry) € Bleyr]Blyry] = Blyay|(Blayx))® C Blyry]SBlayr] C
yrySzyxr C yrSyx forall z,y € S. Then, there exists a € S such that (zy)® = (yx)a(yx). Sim-
ilarly, we obtain (yx)? = (zy)a(zy). Now for any o € Q we have 4, (zy, @) = pa, ((2y)3, o) =

MAQ((yx>a(yI)7 O‘) > T(:LLAQ (ya:, a)v HAgq (y:c, Oé)) = HAgq (yx, a)'
Also

Vaq (xy, Oz) = VAQ((wy)?)v a) = VAQ((yx)a(yx), Oz)
< C(vag (yz, ), vag (yz, o) = vag (yz, o).

Similarly, we have pa,(yz,a) > pa,(zy, ) and va, (yz, @) < va,(zy,«). This means that

fao (TY, @) = pag (yz, a) and va, (zy, a) = va, (yz, o). u
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