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Abstract The well-known Karush-Kuhn-Tucker theorem can be used, as in the
fuzzy case, to find the trapezoidal approximation of a given intuitionistic fuzzy
number. The method is quite technical such that obtaining the trapezoidal
approximation of an intuitionistic fuzzy numbers from the trapezoidal
approximation of a fuzzy number is proposed in the present paper. Among the
advantages of this method is the immediate extension of important properties in
fuzzy case to intuitionistic fuzzy case.
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1 Introduction

As a generalization of the concept of fuzzy set, the notion of intuitionistic fuzzy set
was introduced (see [1], [2]). In the present paper we refer to intuitionistic fuzzy
numbers (see [8]), which are particular intuitionistic fuzzy sets and extensions of
fuzzy numbers as well.

We approximate fuzzy numbers by real numbers, real intervals, triangular or
trapezoidal fuzzy numbers because in this way it is easy to handle and to have nat-
ural interpretations of the results. In [10] the problem of finding nearest trapezoidal
approximation of a fuzzy number and in [4] the problem of finding the nearest trape-
zoidal approximation of a fuzzy number preserving the expected interval, with re-
spect to the same average Euclidean distance, are solved. The Karush-Kuhn-Tucker
theorem (proposed in this topic by Grzegorzewski and Mréwka [9]) is used in [5] to
find the nearest trapezoidal fuzzy number to an intuitionistic fuzzy number, preserv-
ing the expected value. The same method is suitable to find the nearest trapezoidal
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fuzzy number to an intuitionistic fuzzy number (without condition), with respect
to intuitionistic fuzzy version of average Euclidean distance. The procedure is quite
technical and complicated such that a method to obtain trapezoidal approximations
of intuitionistic fuzzy numbers from trapezoidal approximations of fuzzy numbers is
elaborated in this paper.

2 Fuzzy numbers and intuitionistic fuzzy num-
bers

This section contains some basic on fuzzy numbers and intuitionistic fuzzy numbers.
We consider the following well-known description of a fuzzy number u:

0, if x < ay,
Ly(z), ifa <z <ay,
u(x) = 1, if ay <z < as, (1)
ro (), ifaz <z <ay,
0, if ay <z,

where ay, as, as,ay € R, 1, : [a1,as] — [0,1] is a nondecreasing continuous function,
L. (a1) = 0,1, (a2) = 1, called the left side of the fuzzy number u and r, : [ag, as] —
[0, 1] is a nonincreasing continuous function, r, (a3) = 1,7, (as) = 0, called the right
side of the fuzzy number u. The a-cut, a € ]0, 1], of a fuzzy number wu is the crisp
set defined as

Uy ={r €R:u(z) > a}.

The support or 0-cut ug of a fuzzy number u is defined as the closure of the set
{z € R:u(x) >0}, that is

uy={z € R:u(x) >0}
Every a-cut, a € [0, 1], of a fuzzy number u is a closed interval
o = [ug (@), ug ()],
where

ur (o) =inf{zr e R:u(z) > a},

ug (o) =sup{r e R:u(x) > o}
for any a € ]0,1]. If the sides of the fuzzy number u are strictly monotone then
one can see easily that u; and ug are inverse functions of [, and r,, respectively.

Throughout in this paper we consider fuzzy numbers with strictly monotone sides.
We denote by F' (R) the set of fuzzy numbers.
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If w:R —[0,1] is a fuzzy set such that 1 —w (1 —w) (z) =1 —w(x),Vz € R)
is a fuzzy number and we denote
wo={r€eR:w(x)<a},acll]]
w ={reR:w((z) <1},

then

Wa = (]‘ - w)l—a’

for every o € [0,1]. The set w, is a closed interval [wy, (a),wg (a)], for every
a € [0,1].

Fuzzy numbers with simple membership functions are preferred in practice. The
most used such fuzzy numbers are so-called trapezoidal fuzzy numbers given by

0, if x < tl,

T—t :

t27t117 lf tl S x S t27
T(l’): 1, 1ft2§x§t3,

ty—x :

tfft37 if t3 S X S t47

0, if t4 < xZ,

where t1,1q,t3,t4 € R. When t, = t3 we obtain so-called triangular fuzzy numbers,
when t; = ¢ and t3 = t; we obtain closed intervals and in the case t; = t3 =
ts = t4 we obtain crisp numbers (by convention, we ignore the situations where
the denominator is equal to zero). We denote T = (t1,to,t3,t4) a trapezoidal fuzzy
number as above and F7? (R) the set of all trapezoidal fuzzy numbers. It is easily to
see that Ty, (a) =t + (t2 — t1) @ and Tg () = t4 — (t4 — t3) @, for every a € [0, 1].

Let u,v € F(R),u, = [ug (a),ug ()], va = [vr (@),vg(a)],a € [0,1] and
A € R. We consider the sum u + v and the scalar multiplication A - u by

(u+v), =uq + v, = [u (@) + v () ,ug (@) + vg ()] (2)
and

_ | Pur (o), Mg (o)], ifA>0,
(A-u)y = At = { Dup (@) Ay, ()], i A < 0, (3)

respectively, for every a € [0,1]. In the case of the trapezoidal fuzzy numbers
T= (tl,tg, ts, t4> and S = (81, S9, 83, 84) we obtain

T—|—S: (tl +Sl,t2+82,t3+83,t4+84)
and

AT = ()‘t17)\t27>\t3,)\t4), if A > 0,
(Atg, At3, Atg, Aty), i A <0,
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Definition 1 (/1], [2]) Let X # 0 be a given set. An intuitionistic fuzzy set in X
is an object A given by

A={(z,pa(2),va(2));0 € X},
where p1a 2 X — [0,1] and vy : X — [0, 1] satisfy the condition
0<pa(x)+rva(z) <1,
for every x € X.

Definition 2 An intuitionistic fuzzy set A = {{x, pua (z),va (x));x € R} such that
wa and 1 —va are fuzzy numbers, where

(1 —va)(x)=1—vs(z),Vz €R,
15 called an intuitionistic fuzzy number.

We denote by A = (ua,v4) an intuitionistic fuzzy number and by [F (R) the
set of all intuitionistic fuzzy numbers. It is obvious that any fuzzy number u can be
represented as an intuitionistic fuzzy number by (u, 1 — u).

With respect to the a-cuts of the fuzzy number 1 — v, the following equalities
are immediate:

(1 —va)p (@) =va, (1 —a) (4)
and
(1 =va)g(a) =va, (1 -a), (5)

for every o € [0, 1].
We define the addition A+ B € IF (R) of A = (ua,va),B = (up,vg) € IF (R)
by
A+ B = (pasp,varn)

where parp = pa + pup and v4, g is given by
l—varp=0—-va)+ (1 —vp).

We define the scalar multiplication A+ A € IF (R) of A = (ua,va) € IF(R), A €R
by
A A= (uxra,Vxa),

where x4 = A - g and vy 4 is given by

1—1/)“4:)\-(1—1/14).
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A distance on the set of fuzzy numbers, called average Fuclidean distance, is
defined by (see, e. g., [4])

d? (u,v) = /0 (ur, (a) — vp, (@) dov + /0 (ug (o) — vg (@) day,

where v and v are arbitrary fuzzy numbers with a-cuts u, = [ur (), ug («)] and
Vo = [UL (a) y UR (Oé)] ORS {07 1]
In the intuitionistic fuzzy case the distance d becomes (see [3])

PAB) =2 [ (ua (@)= s, (@) da+ 2 [ (wan (@) — sy (0))2do
2 0 2 0
3 | wa @) =vm, (@) a5 [ way (@) = vy (@) do

where A = (pua,v4) € IF (R) and B = (up,vp) € [F (R).

3 'Trapezoidal approximation of fuzzy numbers

The nearest trapezoidal fuzzy number to a given fuzzy number u, or the trape-
zoidal approximation of w, denoted by T, (u), is the trapezoidal fuzzy number
which minimizes d(u,T), where T € FT (R). The following result (with other
notations: [, = fol ug () da, ue = fol ug (@) da, v, = 12 fol (= 3) ur (@) da,
Yo = —12 fol (o — 1) ug () dor) was already proved in paper [10], Theorem 4.4 (see
also [6], Corollary 8).

Theorem 3 Let u,u, = [ug (o) ,ur ()], € [0,1], be a fuzzy number and

Ta(u) = (t1 (u) ,ta (u) , t3 (u)  ts (u)),

the nearest (with respect to the metric d) trapezoidal fuzzy number to fuzzy number
u.

() If

1 1 1 1
—/ uL(a)da+/ uR(oz)doH—S/ auL(a)da—S/ aug (o) da <0
0 0 0 0

then

tl(u):4/01uL(a)da—6/olozuL(a)da,
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2/ ur, ( da+6/ aur, (a) da,
0 0
1

(u) = 2/ ug ( da+6/ aug (a) da,
0 0

/0 ur () da — 6/0 aug (o) da.

~

/\

\_/
I
S

and

1
/ L (« da—f—S/ a)do — 3/ a)da — 5/ aug (o) da >0
0 0 0

then
! 1 ! 9 [l 1
tl(u):§/0 uL(a)da+§/O uR(a)da—§/0 auL(a)da—§/0 aug (a) da,

):—/OluL(a)da—/oluR(a)da

1
3/ aug, (a)da+3/ aug (a) dao,
101 7 g 3 [ 9 [
t4(u):—/ uL(a)da+—/ uR(a)da——/ auL(a)da——/ aug (a) do;
2 Jo 2 Jo 2 Jo 2 Jo

(idi) If
—/OluL(a)da—3/01uR(a)da+3/olauL(a)doz+5/olozuR(a)da>O

then

tz (U) = tg(

- 8
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(iv) If
3/01uL(a)doz+/01uR(04)da—5/01auL(04)d04—3/0104uR(04)d04>O

then

tl(u):tg(u):tg(u):%l/olu (a)da—g/olu (a)da+g/01auR(a)da,

2 16 18

t4(u):—g/0 L (a )da—i-g i ug (a )da—g i auR(a)da.

4 Properties of average Euclidean distance on in-
tuitionistic fuzzy numbers

The following properties are important in the proof of the main result.

Theorem 4 Let A = (ua,va) € I[F(R),B = (ug,vp) € IF (R) and u € F (R).
Then

(i)

P (A, B) = L (ua ) + 5 (1= va, 1= vp); (6)
(i)
&* (A, u) = d? (%.MA+%-(1—VA),U) —|—i/0 (1a, (@) — (1 —va), (@) da

1

1 | im0 = (1 = va)p (@) o Y

Proof. (i) The definition of distance d and relations (4) and (5) lead to
d*(1 —va, 1 —vp)

/ (1= va)r(a) — (1 = vp)r(@) da

+ [a-u

( Jr(a) = (
/ (1—va)(1—a)— (1 —vp)L(l —a))ida
(1—a)

1
/ 1—I/A
0

[ o) = von@)da + [ wagfa) - viyla)

1 —vp)r(a))*da

o

(1 — I/B)R(l — Oé))ZdOt

+

=]
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hence ] ]
d2<A, B) = §d2(,uA7/JJB) + §d2(1 — V4, 1-— VB)-

(77) Because u € F'(R) can be represented as an intuitionistic fuzzy number by
(u,1 — u) and taking into account the above result we obtain

(A, )

- %d2(,uA,u) + %dz(l — V4, u)

_ % ( /0 1(%(@ —ug(a))da + /O 1(uAR(a) - uR(a)>2da)

N % (/01((1 —va)p(a) — ug(e))2da + /01((1 —va)r(a) - UR(a>>2da)
! / (@) = @) + (1= wa)1(0) — g (@)?) da

+1 / ((hanl) — un(@)? + (1 = v)r(@) — un()?) da

2
1

1 ((EMAL(Q) + %(1 —va)p()) — uL(oz))2 do

+

S— S—.

N
—~
N |
=
b
=

() + %(1 —va)r(a)) — uR(a))2 do

1 | @) = (=@ da+ [ Guagle) = (1= wa)ate))*da
= (5t =) g [ e - (0= ()P da

1 | ante) = (1= va(a))* do.

|

5 Trapezoidal approximation of intuitionistic fuzzy
numbers

The nearest trapezoidal fuzzy number to a given intuitionistic fuzzy number A, or
the trapezoidal approximation of A, denoted by 75 (A), is the trapezoidal fuzzy

number which minimizes d2(A, T), where T € FT (R).
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Theorem 5 If A = (ua,va) is an intuitionistic fuzzy number then

1

TJ(A):TC,(;MA%-Q—UA)).

Proof. Taking into account (7) we obtain cﬁ(A, T), where T € FT (R), is mini-
mum if and only if d? (3 - pa + 3 - (1 — v4),T), where T' € F* (R), is minimum. But
d? (% A+ % (11— I/A),T) is minimum if and only if T'= T}, (% A+ % (11— VA)).

u
Let A = (ua,v4) be an intuitionistic fuzzy number,
(Ha)g = [pa, (@), pag ()],
(I/A)a = [VAL (Oé>7VAR (a)] S [07 1] :
We denote
1 1
mp = / HAp (O[) dO[, mpr = / MAR (Oé) dOé,
e 1
nr :/ va, (a)da,ng :/ va, (o) da,
1 -
My, :/ afia, (a)da,MR:/ afia, (o) da,
1 1
Ny = / avy, (a)da, Ngp = / avy,, (a) da.
0 0

As an immediate consequence of Theorem 5 and Theorem 3 we obtain the following
result:

Theorem 6 Let A = (j1a,v4) be an intuitionistic fuzzy number and
T;(A) = (t1 (A) , t2 (A) 13 (A) 14 (A))

the nearest (with respect to the metric d ) trapezoidal fuzzy number to A.

(@) If
mL—mR—3ML—|—3MR—2nL—|—2nR—|—3NL—3NR ZO,

then

(A) = 2my, — 3My, — ny, + 3N,

(A) = —myp + 3Mp + 2n;, — 3Ny,
t3(A) = —mpr + 3Mpg + 2ng — 3Ng,

(A) =2mpg — 3Mpg — ng + 3Ng;
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(ii) If
myp —mpg — 3Mp +3Mpgr — 2ny, + 2ng + 3N, — 3Ng < 0,

3mL—{—mR—5ML—BMR—QnL—2nR—|—5NL+3NR SO,
—my —3mg+ 3Mp +5Mpgr + 2ny, + 2ng — 3N, — 5N <0

then
7 1 9 3 1 1 9 3
tl(A):ZmL—i_ZmR_ZIML_ZMR_§HL_§TLR+ZNL+ZNR’
1 1 3 3 3 3
tg(A):tg(A):—§mL—§mR+§ML+§MR—I—nL+nR—§NL—ENR,
1 7 3 9 1 1 3 9
ty(A) = >my + ~mp — My — Mg — =np — =np + ~Np + > Ng;
1 (A) 4mL+4mR e = g Mr 2nL 2nR+4 L+4 R}
(idi) If
—myp — 3mp + 3Mp, +5Mp + 2n;, + 2np — 3N, — 5N >0
then
8 1 9 1 1 9
£ (A) = Smy — =mp— My — =np — =g+ 2N
1(A) 5mL 5mR 5L 5nL 5nR+5 L
1 2 3 2 2 3
t2(A) =t3(A) =1, (A) = _gmL + ng + SML + gnL + gnR - gNL~
(iv) If
3my +mpr —5Mp — 3Mgr — 2n;, — 2ng + 5N, + 3Nr > 0
then
2 1 3 2 2 3
th(A) =1ty (A) =13 (A) = = - = -M - -np — =N,
1(A4) =12 (A) = t3(A) 5L 5mR+5 R+5nL+5nR 5 VR,
1 8 9 1 1 9
t4(A):—gmL+ng—gMR—gnL—gnR+gNR.

6 Properties of the trapezoidal approximation of

intuitionistic fuzzy numbers

The approximation operator of fuzzy numbers by trapezoidal fuzzy numbers T} :
F(R) —FT(R) has the properties of translation invariance (i.e., Ty(u+2) = Ty(u)+z,
for every z € R and u € F(R)), scale invariance (i.e., Ty(A-u) = X - Ty(u), for every
A € Rand v € F(R)) and continuity (i.e., V(¢ >0),3(0 >0) : d(A,B) < § =
d(T;(A),T;(B)) < ¢€). Theorem 5 help us to obtain the same properties for the

approximation operator T : [ F(R) —F7(R).
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Theorem 7 (i)
TJ(A +2z) = TJ(A) + z

for every z € R and A € IF(R);
(i)
Ty 4) = A-Ty(A)

for every A € R and A € IF(R);
(iti) Ty is continuous, i.e.,
V(e>0),3(6>0):d(A B) <d=d(T;(A),T;(B)) <.

Proof. (i) Let A= (ua,va) € IF(R) and z € R. According to the definition of
addition and taking into account Theorem 5 we have

TJ(A—FZ)

= TJ((MA+Z7VA+Z>)

=T (5 Guat2) 4 5 (A= v+ 2))
et
=14 <%',UA+%'(1—VA)> +z

= TJ(A) + z.

(17) Let A = (ua,va) € IF(R) and A € R. The definition of the scalar multipli-
cation, Theorem 5 and the property of scale invariance in the fuzzy case implies

Ti(A- A)
= TJ((MA-A> Vxa))

1 1
:Td(i)\‘ﬂA‘Fi)\'(l_VA))

:Td(/\'<1',uA+1'(1_VA))>

2 2

1 1
Z/\'Td<§'MA+§~(1—VA)>
— A TH(A).

(1ii) Let A = (ua,va) € IF(R) and B = (up,vp) € IF(R). According with
Theorem 5 we get

1 1

THA) =1y (§'NA+§ (1 —VA))
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and
1 1

T(Z(B)ZTd(;MBJr;(l—VB))-

Because the operator Ty is Lipschitz with constant 1 ([10], Proposition 6.5) we obtain

1T (3onnt 5 =) ) T (3ot 5 (1= ww))

1 1 1

1
Sd(i’““5'(1_”A)’§'“B+§'(1_”B))'

On the other hand,

juay0) + 51 = va)u(0) = gpam, @) = (1~ ve)ufa) ) da
b [ (Gran(@) + 500 = vahn(a) = jumyla) = 31~ vidala) ) da

_ i/o (ra, (@) = pp, (@) + (1 —va)p(e) = (1 = vp) (@) da
+ }L/O (pap(a) = ppa(@) + (1 —va)r(a) — (1 — vp)r(e))* do
< %/0 (pa, (@) = pp, (@) da + %/0 (1 =va)r(@) = (1 = vp)L(a))” da
N %/O (ian (@) — i, (@) dax + %/0 (1 =va)r(a) = (1 —vp)r(a))” do
= %(f(ﬂA,ﬂB) + %dQ(l —va, 1= vg)
= (A, B)

We get 5

d (T5(A), Ty A)) = d (T5(A), Ty(A)) < d(A, B),

that is T} is continuous with respect to distance d m
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