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1 Introduction

After Zadeh defined fuzzy set theory in 1965, many different generalization of this theory have
been defined in the literature. One of the most remarkable among these generalizations is the
intuitionistic fuzzy set theory, which includes the degrees of membership and uncertainty in
addition to the membership degree defined in the fuzzy set theory. Intuitionistic fuzzy set (IFS, for
short) was introduced by Atanassov in 1983 [2]. This theory has been found quite successful in
dealing with imperfect knowledge owing to its membership, non-membership and uncertainty
degrees. On the other hand, the concept of fuzzy topological space was defined by Chang in 1968
as a collection of fuzzy sets [4]. Fuzzifying of topology concept was made by Sostak in 1985
[14]. In his definition, openness and closeness of fuzzy sets are graded among O and 1. In [5],
Coker and Demirci introduced the concept of intuitionistic fuzzy set in Sostak’s sense and gave
fundamental definitions and properties of it.

Aiming to define a suitable set theory for handling situation which can change depending
on the time, temporal intuitionistic fuzzy set theory is defined by Atanassov in 1991 [1]. In recent
years, some fundamental concepts have been defined by several authors. Yilmaz and Cuvalcioglu
[15] defined level operators on TIFSs. Sostak’s mean temporal intuitionistic fuzzy topology and
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was defined by Kutlu and Bilgin [9]. Several compactness of temporal intuitionistic fuzzy
topology in Sostak’s sense and was defined by Kutlu, Ramadan and Bilgin [10]. Also distance
and similarity, entropy and inclusion measures of TIFSs were defined and investigated some
fundamental properties by Kutlu, Atan and Bilgin [8]. On the other hand, the separation axioms
in the fuzzy and intuitionistic fuzzy topologies described by Chang and Sostak’s sense are
discussed in the following articles [7, 12, 13, 14, 15, 16].

The rest of this study is organized as follows. In section 2, basic definitions of intuitionistic
fuzzy sets and temporal intuitionistic fuzzy sets are given. In section 3, temporal and overall
intuitionistic fuzzy point are defined and given some properties of them. Also concepts of (¢,
B.)—Ti(i=0,1,2) temporal and (&, ) — Ti (i = 0, 1, 2) overall separation axioms for temporal
intuitionistic fuzzy topology in Sostak sense are defined and investigated some fundamental
properties of them.

2 Preliminaries

Definition 2.1 [2] An intuitionistic fuzzy set in a non-empty set X is given by a set of ordered
triples A = {{x, ua(x), va(x)) | x € X} where ma(x) : X > I, wva(x)) : X > I, and I = [0, 1], are
functions such that 0 < ua(x) + va(x) < 1 for all x € X. For x € X, ua(x) and va(x) represent the
degree of membership and degree of non-membership of x to A, respectively. For each x € X;
intuitionistic fuzzy index of x in A is defined as 7 (x) = 1 — ua(x) — va(x). 7 is the called degree
of hesitation or indeterminacy.

By IFS®, we denote to the set of all intuitionistic fuzzy sets defined on X.
Definition 2.2 [2] Let A, B € IFSY. Then,

(i) AcBe u,(x)<u,(x) and v, (x)2v,(x)forVxe X,

(ii) A=Be AcB and BC A,

(iii) A° ={(x,v, (x), 1, (x)) 1xe X},

(1v)ﬂA {(x /\,uA x),v (x))lxe X},

v) UA {(x v,uA x), A (x))lxe X},

(vi) 0={(x,0,1)| xe X} and 1={(x,1,0)Ixe X}.
Definition 2.3 [2, 5]. Let a and b be two real numbers in [0, 1] satisfying the inequality a + b < 1.
Then, the pair {(a, b) is called an intuitionistic fuzzy pair. Let (a1, b1) and (a2, b2) be two
intuitionistic fuzzy pair (briefly IF-pair). Then define

(1) <al, > <a2,b > < a <a,and b, 2b,,

(i1) <al, 1> = <a2,b2> & a,=a, and b, =b,,

(1) If {<ai,bl.> jie J } is a family of intuitionistic fuzzy pairs, then v<ai,bi> = <vai, /\b[> and

/\<ai,bi> =</\ai,vbi>,
(iv) The complement of <a,b> is defined by <a,b> = <b, a>,
(v) 1" =(1,0) and 0" =(0,1).
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Definition 2.5 [1]. Let X be a universe and 7 be a non-empty time-moment set. We call the
elements of 7 “time moments”. Based on the definition of IFS, a temporal intuitionistic fuzzy set
(TIFES) A is defined as the following:

A(T) ={(xp, (x.1),v, (x.2)) 1 (x,1) € X XT}

where:
(a) Ac X is afixed set

() u,(x,t)+v,(x,1)<1 forevery (x,1)e X XT
(¢) u,(x,t) and v, (x,t) are the degrees of membership and non-membership, respectively,

of the element xe X at the time moment te T

By TIFS*D, we denote to the set of all TIFSs over nonempty set X and time-moment set 7. For
brevity, we write A instead of A(7). The hesitation degree of a TIFS is defined as

7, (x,1)=1—u, (x,t)—Vv,(x,7). Obviously, every ordinary IFS can be regarded as TIFS for
which T is a singleton set. All operations and operators on IFS can be defined for TIFSs.

Definition 2.6 [3]. Let
A(T") :{<x,ﬂ,4 (x,1),v, (x,t)> (x,1)€e XxT’}
and
B(T") ={(x, sty (x.1).v, (x.0))1 (x.t) € X XT"},
where T"and T” have finite number of distinct time-elements or they are time intervals. Then,

A(T)NB(T") = {(x,min (fZ, (x.1)., (x.t)).max(V, (x,1),V, (x.,0)) | (x,t) e X x(T"UT")},
A(T)UB(T”) = {(x,max (&, (x,t) .1, (x.t)).min (V, (x,2).7, (x.) ) 1 (x,t)e Xx(T"UT")}.

Also from the definition of subset in IFS theory, subsets of TIFS can be defined in the
following way: A(T)cB(T") & @H,(x1)<h,(xt) and V,(x,1)2V,(x,1) for every

(x,t)e X X(T"UT”), where

_ {,UA()C,I), ifteT’ Uy (x,t), ifteT”

l[l x’t = ” ’ . ’ »
(1) 0, ifteT"-T 0, ifteT'-T

and ﬁB(x,t):{

V(x1), ifteT’

17A(x’t):{ !

1, ifteT”-T’

Vy(x.), if teT”

and ¥, (x,1) :{ 5

1, ifteT’-T

It is obviously seen that if T°=T"; &, (x1)=p,(x1), Hy(x1)=p,(x1), V,(x1)

=v,(x1), V(x1)=Vv,(x1).
Let J be an arbitrary index set. Then we define that 7 = (7, , where T; is a time set for each
ieJ
i € J. Thus, we can extend the definition of union and intersection of TIFSs family
F ={A(Ti) =(x,u, (x.1),v, (x.1) )Ixe XXT,ie J} as follows:

JA(T) ={(x, max (Z, (x.t)),min (¥, (x.1)): (x.r)e X ><T) ,

Py ieJ ieJ
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NAT)={(x min(z, (x.1)).max (7, (x.0)I(x.0)e XxT),

; ieJ ieJ
ieJ
where
v, (x1), ifteT,

and Vv, (x,t):{ '

1, ifteT-T,.

My (%), ifteT,
0, ifte T—Tj,

ﬁA/ (x’t) :{

Definition 2.7 [9]. 0' and 1' € TIFS®? are defined as: 0' ={(x,0,1): (x,t)e X xT} and
l’={(x,1,0):(x,t)e XXT} for each time moment f, ie., g, (x,¢)=0, v (x)=1 and

u, (x.t)=1,v, (x,1)=0 foreach (x,r)e X xXT .
Definition 2.8 [9]. A temporal intuitionistic fuzzy topology in Sostak’s sense (briefly, ST-TIFS)
on a non-empty set X is an IFF 7 defined with 7, (A)= ( a4, (A),v, (A)) on X, satisfying the
following axioms for each time moment #:
L 7(0)=1"and 7,(1')=1",
L. 7,(ANA)27(A)A7 (A,) forany sets A,A, e TIFSY"),
; (x.1)
1. TZ(UA)ZQ(TZ(A.))for {Alie J} cTIFS™".

The pair (X,7,) is called temporal intuitionistic fuzzy topological space in Sostak sense.
For any A € TIFS™", the number £, (A) is called instant openness degree of A at time-moment

t, while v, (A) is called instant non-openness degree of A at time-moment 7.

In this definition, it is worth to note that the instant openness and the instant non-openness
degree change with depending on both time and TIFS.

It is worth to note that for singleton time set (X, 7;) is an intuitionistic fuzzy topology in
Sostak’s sense.

Theorem 2.9 [9]. Let (X, 7)) be a ST-TIFS on X and T be a time-moment set. Then (X, A7) defined
by Az, (A)= (miTn #, (A),maxv, (A)) is an intuitionistic fuzzy topology on TIFS™") in
Sostak’s sense.

Definition 2.10 [10]. Let (X, 7) and (¥, @) be ST-TIFSs respectively for non-empty sets X, Y,
time sets 7"and T”. Let f:X — Y be a function. Then,

(i) The pre-image of B € TIFSY'T") under f at time moment # is defined as
£7(B) :{(x,ﬁB (f(x),t),VB (f(x),t))lxe X } ,
where

_ g (f(x)r) . teT”
(f(x)’t)_{ 0 . teT'-T"

and

| , teT’ =T

{VB(f(x),t) . teT”

(i) The image of Ae TIFS"™") under fat time moment  is defined as
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F(A)={(3. £ (@) (1), £(7) (y1)1yer |
where

f(ﬁA)(y,t)={f(”A())(y”), teT’

, teT’ =T’
and
_ 1-f(1-v,)(y.t), teT
1) =
O R
If T’=T", It is clearly understood that f‘l(B):{(x,,uB(f(x),t),VB(f(x),t))Ixe X} and

F(A)={(0 f (1) nt). £ (V) (30) 1 ye Y ]
Let (X, %) and (Y, ¢) be ST-TIFSs for non-empty sets X, ¥ and time set 7. If
T (f (B )) >¢ (B) for r € T and each B € TIFS™P, fis called temporal intuitionistic fuzzy

t

continuous function at time moment ¢. If fis temporal intuitionistic fuzzy continuous function at
each time moment, f'is called overall intuitionistic fuzzy continuous function.

On the other hand, If ¢ (f(A))27,(A) fort € T and each A € TIFS" T, fis called

temporal intuitionistic fuzzy open function at time moment ¢. If fis temporal intuitionistic fuzzy
open function at each time moment, fis called overall intuitionistic fuzzy open function.

3 Main results
Definition 3.1: Let (e, §)€ I, ® I, . An temporal intuitionistic fuzzy point (T-IFP) X, p) atfixed

. . . 1 <a’ ﬁ>’ X = y .
time moment 7o is an TIFS of X defined by x{,, , (¥)= . In this, x called the
: <O, 1> , X#Y

support of x* 5) and orand S are called the value and the non-value of Xy p) At fixed time moment

(a.
to, respectively.
A T-IFP x(’;ﬁ) is said to belong to an TIFS A:{(x,,uA(x,t),VA(x,t))I(x,t)e XXT},
denoted by x¢, , € A, if g, (x,0,) 2 and v, (x,2,)< B
On the other hand, Let <a',, ,Bt>e I,®1, for every time moment r € 7. An overall
intuitionistic fuzzy point (O-IFP) x(’a”
{<04,/)’,>, x=y
<O, 1>, X#Y

value and the non-value of X p) At time moment ¢, respectively.

5) atevery time moment ¢ is an T-IFS of X defined by

t

X 5 (V)= . In this, x called the support of x{, , and @, and 3, are called the

Example 3.2: Let X = [0, 4] and T = [0, 5]. Then the T-IFP 1(2 is shown as

05,02)
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0.8+

0.6

- 2
04 = value of 1(045 02)

2
non-value of 1(045’042) l |2

1 .
On the other hand, the O-IFP lza ) Where @ =—— and f =L for every t € Tis
o 1+2¢ 1+1

shown as

(0.8

0.6

[ 2
—» value of l(a,,ﬁ,)

044

0.2
h]

2

f 1 1 x

value of l(za/ 8 0

The properties defined for the fuzzy point by Deng in [6] are also preserved for T-IFP as
follows:

Proposition 3.3: Let X be non-empty set and 7 be a time set, the following statements are satisfied
for A, Aie TIFS*?D, o, e I, and B, B e I;

1. A= U x(tap/i)’

X(“r~ﬁf)EA
2. xP el JA = x €A for3iel,
oy € UA = 3 & A for 3,
3. x" . e[)A = x eAforViel,
() €1 ] (5]

4. XIZO € x,l )<:>x1=x2 and<0{,ﬂ,ﬁ[0>s<a;,ﬁ;>,

@y -By ) 2(0’;0 v

5. XIZO )e xzzU )and XZEO, ) € A for Vie J = x € ﬂAl. ,

aro 'ﬂf@ al/o vﬂti) a,o, 0 (aloyﬁfo) -
fo 1y ’, ’,
6 X ) €A Xy 5 €A TOr Aa,.B,)>(a.B,),
7. A#0 & F xP° cA
- (0!,0, fo)

26



Definition 3.4: Let (X, 7) be a ST-TIFS on X and 7 be a time-moment set, <0{,0 B, > el,®]I, for

time moment #9. Then,
1. ST-TIFS (X, 1) is called temporal (o, 3,) — To at time moment o, if there exist U e TIFS"*")
for every distinct T-IFPs x(’j’s) and y(’(;*’ﬁ) satisfying these conditions :

a. T’o (U)Z<at0’ t0>’
b. (x0, €U, Yo meU)or(x) &U, y. . eU);

2. ST-TIFS (X, 1) is called temporal (¢, B,) — Ti at time moment fo, if there exist
U,VeTIFS X1 for every distinct T-IFPs x(";’x) and y(";*’s*) satisfying these conditions :

a. 7, (U)2(e,.B,).7, (V)2(a,.5,)
b. (x), €U, ¥l me&V)and (x; &V, y. ., €U);

3. ST-TIFS (X, 1) is called temporal (¢, B,) — T» at time moment fo, if there exist
U,V eTIFS™™" for every distinct T-IFPs x(’Ow) and y(’g*’s*) satisfying these conditions :

a. 7, (U)2(e,.B,).7, (V)2(a,.5,)
b. x, €U, Y.,V and Un, V(xt) =<yU%V (x, to),nU%V (x,1, )> =(0,1) for
every (x,7,)e X xT .

If (X, 7) satisfies the conditions of (¢, ) — Ti (i =0, 1, 2) for every time moment € T , it is
called overall (¢4, ) — Ti (i =0, 1, 2) ST-TIFS.
Theorem 3.5: Let (X, 7)) be a ST-TIFS on X and 7 be a time-moment set. If (X, 7) is temporal
(a4, Bi,) — T2, therewithal (X, 7) is temporal (¢, £,) — T1. On the other hand, if (X, 7) is temporal
(a4, B,) — T therewithal (X, 7;) is temporal (¢, 3,) — To.

The statements of Theorem 3.5 are also valid for overall (&, ) — T; axioms.

Theorem 3.6: Let (X, 7;) be a ST-TIFS on X and T be a finite time-moment set. If (X, 7) is overall
(o, B) — Ti (i = 0, 1, 2), there exists an <a,,8>e I,x1, such that (X, A7) defined by

t,(A) = (nlgnﬂq (), max7, (A)) is(a ) -Ti(i=0,1,2) ST-IFS on TIFS™").

Proof. Let us prove this theorem only for (&, f) — T». Since we accept that (X, 7) is overall (¢,

B) — T> ST-TIFS, there exist U,V e TIFS™") for every distinct T-IFPs Xy and oy

satisfying following conditions:
a. Tr(Ur)2<ar’ﬂt>’ft(v)2<at’ﬁt>

b. x, €U, ¥,.,,€V, and U, ﬂle(x,t):<,uU/mw (x.2).75 A, (x,t)>:<0,l> for each

(x,r)e XxT.

Let us define <0{,,3>=</\ a, v ,>, U:ﬂU, and VzﬂV, . Then,

teT teT
teT teT
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a*. Since 7,(U)2 A7, (U,)2 A <0{,,,Bt> =<0{,,6’> , AT, (U) 2<0{,,B>. Similarly, it can be

teT - teT

shown that A7, (V) >(a, f).

b*. Since x(’r’ €U, forevery t e T, x(’r, )€U . Similarly, since y(’r*’s . €V, for every

St St

teT, y(’ € V. After this step, we must show U NV =0 . From the second condition of being

’7*~S/*)
(,B)-T,ST-TIFS, we get U,N,V (x1) :<,uUmV/ (%.0).70 v, (x,t)> =(0,1)  for
every (x1)e XxXT. Then UnV=(\Un[)V, ie., #y, (x1) =l (x,1)=0,

teT teT T T

My, (%) =, (x,¢)=1. From the two last equations, it is understood that U "V =0.

T T

From a* and b*, it is understood that (X, A7) is (0{,,3) —T1, ST-IFS on TIFS™D), O

But this theory does not provide for infinite time sets. Let us show this with an example.

Example 3.7: Let (X, 7) be a ST-TIFS on X and T = {1, 2, 3, ...} defined as:

1, Ae{0.1]
lur,(A)_ 1 .
—— , otherwise
1+1¢
and
0 , Ae{o.1}]
vrr(A)z ; o
—— , otherwise
2+t

tO
1+1, 2+¢,

10 . acfo.r)
<0,1> , otherwise

From this definition, (X, 7) is [ j—Ti ST-TIFS on TIFS% T at fixed time moment

. Then /\T,(A) isnot (&, p)—T;

toe T.But AT, (A)= <,uM[ (A).v.. (A)> :{

ST-IFS on TIFS* D for any (e, B)e I, X1,.

Definition 3.8: Let (X, 7) and (X, @) be ST-TIFSs on X and 7 time-moment set. If
T, (A)< @, (A) foreach A € TIFS* " and fixed time moment 7o, (X, @) is called finer ST-TIFS

than (X, 7) at time moment .

Theorem 3.9: Let (X, 7) and (X, @) be ST-TIFSs on X and T time-moment set. We suppose
that (X, @) i1s finer ST-TIFS than (X, 7) at time moment #. If (X, 7) is temporal
(a4, ) —Ti (i=0,1,2) ST-TIFS at time moment 7, (X, @) is also (&, £,) - T (i=0,1,2) ST-
TIFS at time moment 7.

Proof. Let us prove this theorem only for (&, f) — T». Since we accept (X, 7) is temporal
(&, fi) — T2 ST-TIFS, there exist U, ,V, € TIFS 1) for every distinct T-IFPs x" ) and y

* *
(g 510 (5 %5 *)

satisfying following conditions:
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a. 7, (U,0)2<0!,0,,3,0>,T,0 (Vto)2<a’o”5’0>

1y Iy —
b. x(r/n,x[o) € U’o > y(’/o*’%*) € Vfo and Ufo r\l‘o V"o ()C,t) - <luU,0rme,O ( t) VU’()ﬁfoVro ()C t)>

=<O,1> for every (x,t)e X XT.
Since (X, ¢,) is finer ST-TIFS than (X, 7) at time moment f. We get the inequalities

@, ( ,0) T ( lo)z<al0,,6lo> (olo( ,0) T ( l0)2<aflo,,3,0>.ltis clearly understood from the last

fy fy

two inequalities that (X, @) is (&, £,) — T> ST-TIFS at time moment fo. ]

Definition 3.10: Let (X, 7) and (Y, ¢) be ST-TIFSs on X, Y and T time-moment set. Then,
f: X, ) — (Y, @) is called a temporal homeomorphism at time moment fo, if f is bijective,
temporal intuitionistic fuzzy continuous, temporal intuitionistic fuzzy open.

Theorem 3.11: The property temporal (o, £,) — Ti (i =0, 1, 2) is a topological property.
Proof. Let us prove this theorem only for (¢, B,) — T>. Let f: (X, ;) — (Y, @) be a temporal
homeomorphism and (X, 7) be a temporal (&, £,) — T> ST-TIFS on non-empty sets X, ¥ and

time set 7. Since f is a homeomorphism, there exist two distinct T-IFPs (x, )E"I 50) (XZ)ZO”‘ sy) 0D

TIFS* D) such that (x, )Eorrovwo) =f" (()’1 )EO ;

Ti9 510

)) and (x, )Eor )= f ((y2 )Eor . )) for every distinct,
arbitrary T-IFPs (yl)EOr }

ST-TIFS, There exist U,,U, € TIFS™") such that
a. 7,(U)2(a,.8,).7,(U.)2 < B,
b (x) €U (%) ., €U, and U,n, Uy(xi)= <uU1%U (%,1).Vy
=(0,1) for every (x,1)e X xT .
Since f is temporal open function, 7, (F(U) 2<0{,0,ﬂ,0> and 7, (£(U,)) 2<040,ﬂ0>. On

the other hand, since f is bijective, it can be easily seen that f (( 1)(r0 So)):( ¥, )E“rm%)e U,,

Uz)(x,t)> =(0,1)

) (¥, )20 ) ) on TIFSY") . Since (X, 7) be a temporal (a4, B) — T>

o, (1))

0

f ((xz )Eorro’sro)) - ()’2 )Eorro’sro) < U2 and f (Ul r-\lo U2 )(X,t) - <ﬂf(U1ﬁ
for every (x, 1) € XX T.
Thence, it is understood that (Y, ¢,) is a temporal (¢, £,) — T>» ST-TIFS. ]

U2)(x’t)’77f(Ulm

0 0

Conclusion 3.12: The property overall (¢, B,) — T: (i =0, 1, 2) is a topological property.

References

[1] Atanassov, K. T. (1991). Temporal intuitionistic fuzzy sets. Comptes Rendus de I’Academie
Bulgare, 44(7), 5-7.

[2] Atanassov, K. T. (1986). Intuitionistic fuzzy sets. Fuzzy Sets and Systems, 20(1), 87-96.

29



(3]
(4]
[5]

[6]

(7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Atanassov, K. T. (2012). On Intuitionistic Fuzzy Sets Theory. Springer, Berlin.
Chang, C. L. (1968). Fuzzy topological spaces. J. Math Ana. Appl. 24, 182-190.

Coker, D., & Demirci, M. (1996). An introduction to intuitionistic topological spaces in
Sostak’s sense. BUSEFAL 67, 67-76.

Deng, Z. (1982). Fuzzy pseudo-metric spaces. Journal of Mathematical Analysis and
Applications 86(1), 74-95.

Ibedou, I. (2016). Graded fuzzy topological spaces. Cogent mathematics, 3:1138574, 13
pages.

Kutly, F., Atan, O., & Bilgin, T. (2016). Distance measure, similarity measure, entropy and

inclusion measure for temporal intuitionistic fuzzy sets. Proceedings of IFSCOM’2016,
Book (1), 130-148.

Kutlu, F. & Bilgin, T. (2015). Temporal intuitionistic fuzzy topology in Sostak’s sense.
Notes on Intuitionistic Fuzzy Sets, 21(2), 63-70.

Kutlu, F., Ramadan, A. A., & Bilgin, T. (2016). On compactness in temporal intuitionistic
fuzzy Sostak topology. Notes on Intuitionistic Fuzzy Sets, 22(5), 46—62.

Lee, E. P. (2004). Semiopen sets on intuitionistic fuzzy topological spaces in Sostak's sense.
J. Fuzzy Logic and Intelligent Systems, 14(2), 234-23.

Singh, A. K. & Srivastava, R. (2012). Separation axioms in intuitionistic fuzzy topological
spaces. Advances in Fuzzy Systems, Article ID 604396, 7 pages, doi:10.1155/2012/604396.

Singh, A. (2009). On T1 separation axioms in I-fuzzy topological spaces. Applied math. Sci
3(49), 2421-2425.

Sostak, A. (1985). On a fuzzy topological structure. Rend Circ. Mat. Palermo Supp. 11,
89-103.

Yilmaz, S. & Cuvalcioglu, G. (2014). On level operators for temporal intuitionistic fuzzy
sets. Notes on Intuitionistic Fuzzy Sets 20(2), 6-15.

Yue, Y., & Fang, J. (2006). On separation axioms in I-fuzzy topological spaces. Fuzzy Sets
and Systems, 157(6), 780-793.

30



