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Abstract
The first 99 implications and the first 17 negations over intuitionistic fuzzy sets,
introduced by the moment, are collected and some of their properties are studied.

1 On some previous results

The concept of the Intuitionistic Fuzzy Set (IFS, see [1]) was introduced in 1983
as an extension of Zadeh’s fuzzy set. All operations, defined over fuzzy sets were
transformed for the IFS case. One of them - operartion “negation” was “the apple
of discord” between spacialists interested in IF'S theory. Some of them decided that
the name of the concept is not suitable, because the first negation, defined over IFSs
satisfies axioms of first order logic

X — X (A1)

and
-—X - X (A2),

while in intuitionistic logic Axiom A2 is not valid. On IFS we can define operation
“negation” by different ways and some of the new defined operations satisfy only
Axiom Al. Here, we shall collect all introduced by the moment, negations and some
of their properties will be studied.

In [1] the concept of an Intuitionistic Fuzzy Tautological Set (IFTS) is introduced
as follows: the IFS A is an IFTS iff for every « € E : pa(z) > va(z).

In some definitions we shall use functions sg and 5g:

1 ifx>0 0 ifxz>0

sg(zr) = . sg(x) =
0 ifx<O0 1 ifz<0
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Let
= {(z,1,0)|z € £},

= {{x,0,1)|x € E},
U* ={(z,0,0)|z € E}.
Let A and B be two fixed IFSs and let

Xi = {{z, pa(@),va(@))|z € B} —; {(, pp(x), vp(2))|z € E}.

Now, following [2], we shall introduce 99 different IFS-implications.

X1 = (z, max(va(z), min(pa(z), pp())), min(pa(z), ve(x))))le € EY,

Xy = (z,1 —sg(pa(z) — pp(2)),ve(z)sg(pa(z) — pp(2)))|z € E},
Xs= (2,1 - (1 - pp(x))sglpa(r) — pp(x)), ve(r)sg(pa(r) — pp(x)))lw € E},
Xa = (z,max(va(z), pp(x)), min(pa(z), va(2))) |z € £},
X5 = (z,min(1, va(z) + pp(r)), max(0, pa(z) + vp(r) — 1))|z € E},
Xe = (z,va() + pa(@).p(x), pa(r).vp(z))|z € E},
X7 = (z, min(max(va(z), up(x)), max(pa (), va(z)), max(up(z), ve(z))),
max(min(pa(2), vp(2)), min(pa (@), va(@)), min(up (), vp(z))))|e € E},
Xs = (2,1 = (1 —min(va(z), up(x))) sg(pa(z) — ps()),
max(pa (), vp(x))sg(pa(z) — pp(x))sglve(z) —va(z)))le € E},
Xo = (z,va(®) + pa(e)’up(z), pa(@)va(@) + pa(z)*vp(2))le € EY,
X0 = (2, 1B (x)59(1 — pa(z)) +s8(1 - pa(x)).(59(1 — pup(x)) + valz)sg(l— ps(x))),
vp(2).5g(1 — pa(x)) + pa(x).sg(l — pa(r)).sg(l — pp(x)))lx € B},
X = (2,1 = (1= pp(x)sg(pa(z) — pp(x)),
vp(z).sg(pa(z) — pp(x)).sg(ve(z) —va(e)))|z € E},
X2 = (z,max(va(z), pp(x)),1 — max(va(x), up(z)))|x € E},
X1z = (z,va(@) + pp(@) — va(®).pp(@), pa(z).vp(2))|e € E},

(z
)

);
Xia = (2,1 = (1 — pp(2))sg(pa(r) — pp(x) — vp(2).59(na(r) — pp(z))
sg(vp(x) —va(z)),vp(r)sg(vp(z) — va
Xis = (2,1 = (1 = min(va(z), pp(2)))sglsgpalr) — pp
—min(va(z), up(r))sgpa(r) — pp()).sg(d —va(z)),
vB()))-sg(sg(pa(z) — pp(@)) +359(vp(r) —va(@)))
x))-59(nale) — pp(2))sg(vp(z) —va(z))|x € B},

(x
( (x)]x € EY,

(x)) +sg(vp(z) —va(z)))
(

1—(1—max(ua(x

)
—max(pa(z), va(
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Xi6 = (z,max(1 — sg(ua(x)), up(z)), min(sg(pa(z)), ve(z)))|x € E},
X7 = (v, max(va(@), up(r)), min(pa(2).va(e) + pa(e)®,vp(x)))|e € B},
X5 = (x,max(va(z), pp(z)), min(1 — va(x),vp(z)))|x € E},
X9 = (2, max(1 — sg(sg(pa(x)) +sg(1 —va(x))), (),
min(sg(1 —va(x)), vp(x)))|w € E},
Xo0 = (z,max(1 — sg(pa(z)),1 —sg(l —sg(up(x)))),
min(sg(ua(x)),sg(1 — sg(us(x)))))|x € EY,

Xo1 = (z,max(va(2), pp(z)(up () +vp(v))),
min(a(pa(z) + va(z)), vp(z)(up(z)® + d + pp(x)vs(x)))|x € E},
Xoo = (z,max(va(z),1 — vp(z)), min(l — va(z),ve(x)))|x € E},

Xag = (2,1 —min(sg(1 — va(x)),sg(1l —sg(l — vp(r)))),
min(sg(1 — va(z)),sg(1 —sg(l —vp(2))))) |z € £},
Xos = (2,59(pa(®) — pp(2)) 59(ve(r) — va(z)),
sg(pa(z) — pp(x)).sg(ve(z) —va(r)))|z € B},
Xas = (@, max(va(z).5g(pa(x))5g(1 —va(x)), ps(x)59(ve(r))59(1 — pp(2))),
), ve(x)sg(1 — pp(x))))lw € E},

min(pia (x).s8(1 — va(a
)

Xo = (r, max(sg(1 — va(x)), pp(x)), min(sg(pa(r)), ve(z)))x € E},
Xor = (z, max(sg(1 — va(w)), sg(pp(x))), min(sg(pa(z)),59(1 — vg(2))))| € B},
Xog = (2, max(sg(1 — va(x)), pp(z)), min(pa(z), vp(z)))|r € E},
X9 = (z, max(5g(1 — va(z)),59(1 — pp(2))), min(pa(z),59(1 —vp(2))))|z € E},
(

Xzo = (2,1 —min(pa(z), max(1 — pa(r),va(2))), min(pa(z), ve(z))))|e € E},
Xar = (2,1 = sg(pa(@) + pp(r) = 1),vp(x)sg(pa(r) + vp(r) — 1))l € B},
X3z = (2,1 —vp(z)sg(pa(x) + ps(r) — 1), vp(z).sg(pa(z) + va(r) —1))|z € E},
X3z = (2,1 —min(pa(z), vp(z)), min(pa(z), vp(z)))|r € E},

Xsq = (z,min(1,2 — pua () — vp(z)), max(0, pa(z) + vp(z) — 1))lx € E},
Xas = (2,1 — pa(z).vp(2), pa(z)vp(2))lr € B},

X36 = (z,min(1 —min(pa(z), ve(x)), max(ua(z), 1 —pa(x)), max(l —vg(z),ve(zx))),
max(min(pa(x), vp(z)), min(pa(x), 1 — pa(@)), min(l —vp(z), vp(2))))|r € £},
Xsr = (2,1 — max(pa(z), vp(x)).sg(pa(r) + vp(x) — 1),
max(pa(z), vp(x))sg(pa(@) + vp(x) — 1))|w € E},

Xag = (&, 1= pa(e) +pa(e) —pa(2)® pp (@), pae) —pae) +pa(z)® v (@)le € B},
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Xso = (z,(1-vp(x))5g(1—pa(z)) +sg(1—pa(x)).(5g(vp(x)+ (1 - pa(z))sg(va(z)),
vp(2).5g(1 — pa(x)) + pa(x).sg(l — pa(z)).sg(va(z)))|z € £},

Xao = (x.1 —sg(pa(z) +vp(r) —1),1 =5g(pa(z) + ve(z) — 1))|z € E},

Xa = (2,1 — min(sg(pa(x)), 1 —vp(x)), min(sg(pa(z)), vs(x))|x € E},
min(sg(na(z)), 59(1 —vp(x))))|w € E},
min(sg(a(z)), ve(z)))|z € E},

Xag = (z, max(sg(pa(r)), 1 —vp(z)), min(pa(z), vp(z)))|r € E},

Xas = (z, max(sg(pa(r)), 59(vp(x))), min(sg(pa(x)), sg(1 — va(2)))|x € E},
Xas = (x, max(va(z), min(l —va(z), up(r))), 1 — max(va(z), pp(x)))lr € E},
Xar = (2,1 —sg(l —va(z) — pp(x)), (1 — pp(x)).sg(l —va(z) — pp(r)))|z € E},
Xuyg = (2,1 = (1 — pp(x)).sg(l — va(z) — pp(z)),

(1= pp(2))sg(1 —va(r) — pp(2)))|z € B},

X490 = (x,min(1,v4(x) + pp(z)), max(0,1 — va(x) — pp(x)))|z € E},

Xs0 = (@, va(@) + pp(@) —va(@).pp(z), (1 —va(z)).(1 — pp(x)))lr € E},

X51 = (x, min(max(va(z), pp (), max(l — va(z), va(z)), max(up(z), 1 — pp(x))),
max(1 — max(va (), pp(x)), min(l — va(z), va(z)), min(up(z),1 — pp(x))))z € E},
Xso = (2,1 = (1 —min(va(z), up(@)))sg(l — va(r) — vp(r)),

(1 —min(va(x), pp(x))sg(1 —va(z) — pp(x)))|z € E},

Xsz = (z,va(x) + (1 = va(@))®.up(2), 1 = va(z) — (1 - va(e))’vp(2)|e € B},
Xsa = (@, pp () 59(va(2)) + sg(va(z)).(59(1 — pp(x)) +va(e).sg(l — up(x))),
(1= pp(x)5g(va()) + (1 — va(x)).sgva(z))sg(l — pp(x)))|e € E},

Xs5 = (2,1 —sg(l —va(z) — pp(x)),1 —5g(1 —va(z) — pp(z)))|z € E},

x)), pp(x)), min(sg(1 — vp(x)), 1 — pp(x)))lw € E},
). 59(pp(x))), min(sg(1 — vp(x)),59(us(2))))|z € E},

Xaz = (2,1 — min(sg(pa(z)),59(1 — vp(2))),

\_/\_/

Xaz = (v, max(sg(pa(r)), 1 —vp(r)),

X56 = (x,1 — min(sg(l — vp(
Xs57 = (x,1 — min(sg(l — vp(x)

Xsg = (2w, max(sg(1 — va(z)),59(1 — pp(2))), 1 — max(va(z), up(x)))|x € E},
Xsg = (r,max(sg(1 — va(2)), pp(x)), 1 — max(va(z), ps(z)))|x € E},
Xeo = (r, max(sg(1 —va(x)),59(1 — pp(x))), min(sg(1 —va(z)),5g9(us(x))))|z € E},
Xe1 = (z, max(pp(x), min(vg (), va(e))), min(vs (), pa(x))))|e € B},

Xea = (2,1 = sg(vp(x) —va(r)), pa(z).sg(vp(z) —va(r)))|r € E},
Xes = (2,1 = (1 —va(z)).sg(vs(z) —va(2)), pa(z)sg(vp(z) —va(z)))|e € E},
Xoa = (z, pp(2) +vp(r).va(e), ve(z).pa(z))le € EY,
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Xes = (2,1 = (1 —min(up(x),va(z)))sg(ve(z) —va(z)),
max(vg(x), pa(x))sg(vp(z) — va(e))sg(pale) — pp(z)))|z € B},
Xoo = (2, up(2) + vp(2)’va(), ve(2)us(z) + vp(x )QNA($)>|9E € B},
Xer = (x,va(2).59(1 —vp(x)) +sg(1 —vp(2)).(5g(1 —va(r)) + pp(r).sg(l —va(x))),
pa(r).59(1 —vp(z)) +va(z).sg(l — vp(x))sg(l —va(z)))|z € E},
Xos = (2,1 = (1 —va(x))sg(vp(z) — va(z)),
pa(x)sg(vp(v) —va(x))sg(palz) — pp(x)))|e € EY,
Xeo = (2,1 = (1 —va(z)).sg(vp(z) —va(r)) — pa(z)5g(vp(x) — va(z))
sg(pa(x) — pp(x)), pa(z)sg(pa(r) — ps()))z € B},
X70 = (x, max(1 — sg(v()),va(x)), min(sg(vp(x)), pa(z)))|z € E},
X1 = (z, max(pp(z),va(z)), min(vp(@).pp(z) + vp(@)? pa(e)))|z € E},
X7a = (z, max(pp(x), va(z)), min(l — up(z), pa(@)))|z € £},
X7z = (r, max(1 — sg(sg(vp(2)) + sg(1 — pp(x))), va(z)),
min(sg(1 — pp(z)), pa(z)))|z € E},
X74 = (z,max(1 — sg(vp(z)), 1 — sg(1 — sg(va(x)))),
min(sg(vp(x)),sg(1 — sg(va(x)))))|z € E},
X5 = (z, max(up (), va(z)(va(z) + pa(r))),
min(a(vp(x) + pp(2)), pa(@)(va(@)® + d + va(e)pa(x)))le € B},
X76 = (z,max(pp (), 1 — pa(e)), min(l — pp(z), pa(z)))|z € B},
X7 = (2,1 — min(sg(1 — pp(x)),sg(1 —sg(l — pa(x)))),
min(sg(1 — pp(x)),sg(l —sg(l — pa(x)))))|z € E},
X7g = (2, max(sg(1 — pp(z)),va(x)), min(ua(z), sg(vp(x))))|e € E},
X79 = (2, max(sg(1 — pp(r)),sg(va(x))), min(sg(vp(x)),59(1 — pa(z))))|z € E},
Xso = (z,max(5g(1 — pp(x)), va(z)), min(ua(z),ve(z)))|x € £},
Xs1 = (z,max(59(1 — pp(r)),59(1 —va(z))),
min(5g(1 — pa(z)),59(1 — ps(2))))|r € EY,
Xgo = (z,1 — min(vp(z), max(l — vp(x), pa(x))),
min(vp(z), pa(z))))|z € B},
Xgg = (v,1 —sg(vp(z) +va(z) — 1), pa(z)sg(vs(z) + palz) —1))lv € E},
Xsa = (2,1 — pa(z).sg(vp(x) + va(r) — 1), pa(r).sg(ve(z) + pa(z) — 1)z € E},
Xgs = (z,1—vp(z)+vp(x)? —vp(x)?va(z), ve(z) —vp(x)? +vp(z)? pa(z))|z € EY,
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Xso = (7, (1—pa(2)).359(1—vp(r))+sg(l—vp(z)).(5g(pa(z) + (1 -vp(x)).sg(pa(x)),
pa(z).59(1 — vp(x)) + ve(x).sg(l — vp(2)).sg(pa(z)))|z € E},

Xg7 = (2,1 — min(sg(vp()), 1 — pa(z)), min(sg(vp(v)), pa(r)))|z € E},
Xss = (2,1 — min(sg(vp(z)),59(1 — pa(z))), min(sg(vp(z)), 59(1 — pa(z))))|z € E},
Xso = (2, max(sg(vp(z)),1 — pa(z)), min(pa(z)), ve(z)))|z € E},

Xogo = (z, max(59(na(z)),59(ve(2))), min(sg(vp(z)), 59(1 — pa(2))))|z € £},
Xo1 = (v, max(pp(r), min(l — pp(r),va(z))), 1 — max(up(z),va(z))))|z € E},
Xo2 = (2,1 —sg(l — pup(r) - VA(%‘)% (1 —va(z)).sg(l — pp(x) —va(z)))|z € E},
Xoz = (2,1 = (1 —va(2))sg(l — pp(z) — va(z)),

(1 —va(z))sg(l — pp(x) —va(z)))|z € £},

Xo4 = (x, pp(x) + (1 — pp(2))vale),
1—pp(x) — (1 - pp(x))?pale))le € EY,

Xos = (2, v4(2).59(1p (7)) + sg(up(2))-(59(1 — va(z)) + pp(z).sg(l — va(z))),

(1 —va(z))3g(pp(x) + (1 — pp(x))sg(up(z))-sg(l — va(z)))|z € E},

Xo6 = (z,1 — min(sg(1l — pa(x)), va(x)), min(sg(l — pa(z)),1 —va(z)))|z € E},
Xo7 = (2,1 — min(sg(1l — pa(2)),5g(va(z))), min(sg(l — pa(z)),59(va(z))))lz € E},
Xos = (z,max(59(1 — pp(2)),va(2)),1 — max(pup(z), va(z)))|z € £},

Xogg = (z,max(5g(1 — pp(2)),59(1 —va(z))), min(sg(1 — up(z)),5g(va(z))))|z € E}.

—~

2 Main results

Now, we shall use the formula (see, e.g., [3]):
“X=X—-0
that in the IFS case (when an IFS A is given) has the form
—“A=A—- 0"
and from the above 99 implications we shall obtain 18 different negations, as follows:
1A = {(va(z), pa(z))|z € B},
—2A = {(59(pa(x)), sg(pa(x)))|x € E},
—3A = {(va(@), pa(@).va(z) + pa(2)*)|z € B},
A ={{va(z),1 —va(x))|z € E},
—5A = {(s9(1 —va(x)),sg(1 —va(z)))|x € E},
—6A = {(59(1 —va(x)),sg(pa(x)))|z € E},
1A ={(59(1 —va(x)), pa(z))|z € B},
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A = {(1 — pa(@), pa(@))|r € E},
—9A = {(5g(na(2)), pa(z))|z € EY},
—104 = {(s59(1 —va(2)), 1 —va(z))|z € B},
1A = {{sg(va(r)),s9(va(@)))|z € E},
~124 = {{(va(@)(pa (@) + va(2)), pa()(a + va(z) + va(2)*))|z € B},
—134 = {(sg(1 — va(2)),59(1 — pa(x)))|z € B},
1A = {{sg(va(r)),59(1 — pa(x)))|x € EY,
154 = {(59(1 = va()),59(1 — pa(2)))|x € E},
164 = {(59(1a(2)),59(1 — pa(x)))|z € E},
174 = {(5g(1 = va()),5g(va(2)))|z € E}.

We must note that some implications generate equal negations. In Table 1 is given
the list of implications that generate i-th negation.

(
)

T

)
)

Table 1

Negation | Implications which generate the negation

-1 1, 74, 75, 6, 7, 10, T713, 77615 7635 764, 766, 767, 768 769,
—770, 71, 7772, 7773, "778, 780

2 —2, 73, 8, 11, 165, 7205 731, ~732, 737, 740, 41, 742

3 9, 17, 721

4 12, 7718, 77225 77465 7749, T750, 751, T753, 754, 791, 7793, 7794, 795,
—96, 98

5 145 7715, —719, T723, ~747, 748, ~752, ~7’55, 7565, 57

6 24, 726, 27, 65

-7 25, 7728, 7729, 762

-8 7305 77335 ~734; 7735, 736, 738, ~739; 7765 782, 784, 785, ~ /86, /87
—89

9 43, 44, 7745, 783

10 58, 7’59, 7760, ~792

11 —74, 97

12 —75

13 —77, 88

14 —79

15 —81

16 —90

17 —99
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Now, we shall study the following properties of an IFS A:
Property Pl;prs: A — ——Ais an IFTS,
Property P2;pps: =——A — A is an IFTS,
Property P2 andard: 7—A — A= E*,
Property P3: -——A = -A.
In Table 2 we give all couples (—, —) and the list of above properties that they
satisfy (marked there by “4”.

Table 2
Negation Implication PlIFTS Plstandard PQIFTS P25tandard P3
- —1 + + +
- —4 + + +
- —5 + + +
- —6 + + +
- —7 + + +
1 —10 +
-1 —13 + + +
- —61 + + +
1 —63 + + + + +
- —64 + + +
-1 —66 + + +
1 —67 +
1 —68 + + + + +
- —69 + + + + +
1 —70 +
- —71 + + +
- —79 + + +
1 —73 +
1 —78 +
- —80 + + +
—1 —9 + + +
) —3 + + +
—1 —8 + + +
) —11 + + +
—1 —16 + + +
-2 —20 + + + + +
—12 —31 + + +
-2 —32 + + +
—12 —37 + + +
-2 —40 + + +
—12 —41 + + +
-2 —42 + + + + +
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P3

P25tandard

P2rprs

Plstandard

Pl;prs

Implication

—9

—17

—21

—12

—18

22

46

—49

—91

—93

—94

95

—96

—98

—14

—15

—19

—23

47

48

0

24

26

—27

—65

—25

—28

—29

—62

—30

—33

34

—36

Negation

3
3
3
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4

5

5

5

5

6
6
6
6
7
7
7
7
8
8
8
8
8
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Negation Implication PlIFTS Plstandard PQIFTS P25tandard P3
g —38 + + +
-8 —39 +
8 —76 + + +
8 —82 + + +
8 —84 + + + + +
- —85 + + +
8 —86 +
-8 —87 +
8 —89 + + +
9 —43 + +

9 —44 + +

-9 —45 + + +

9 —83 + +

710 —58 +
10 —59 +
710 —60 +
710 —92 +
11 —74 + + + + +
11 —97 + + +
12 —75 + +

13 —77 + + + + +
713 —88 + + + + +
14 —79 + + +
15 —81 + + +
16 —99 +

17 —90 + +

3 Conclusion

In the second part of the research we shall study the properties of new implications

and negations defined over the IFSs.
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