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Abstract: In this paper we define the concept of intuitionistic (fuzzy)
measure. For this we introduce the limit of a sequence of intuitionistic fuzzy
sets and we prove some properties. Finally, we give some example by intu-
itionistic measures.
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1 Introduction

First, we introduce the limit of a sequence of intuitionistic fuzzy sets,
analogous with the classical method, using the upper limit and the lower
limit. The properties of the limit of a sequence of intuitionistic fuzzy sets
implies the extension of de Morgan laws as countable case (for the finite case,
see [2]).

In the last section, we define the concept of intuitionistic f-algebra and
intuitionistic f-measure analogous with [5], [6] or [7] for fuzzy sets. It is
interesting that the intuitionistic entropy introduced with the help of intu-
itionistic index (see [3]) is an intuitionistic (fuzzy) measure.


Vassia
Rectangle

Vassia
Rectangle


2 Sequences of intuitionistic fuzzy sets

Let X # () be a given set and we will denote with IF'S(X) the set of all
the intuitionistic fuzzy sets on X.
The following expressions are defined in [1] for all A. B € IFS(X),

A= {2, 1alw),va(2)) : 3 € X}, B = {(z, un(2),vp(2)) : 2 € X}
A < B if and only if ps(z) < pp(x) and va(z) > vp(x) for all z € X
A=Bifandonlyif A< Band B< A
A° = {(z,va(0), pa(2)) : = € X}

First, we introduce the upper limit and the lower limit of a sequence of

intuitionistic fuzzy sets and we prove some properties.

Theorem 1 If A, = {(z,pa,(2),va,(z)) : xz € X} € IFS(X) for every
n € N then

(i) Tm A, =1 (z, "Ajm:v"m pia(2), c\?an\om va (z)) iz € XV € IFS(X)
(i) lim A, = (z, "vflnz\"m pa, (z), ﬁlniv"m va.(z)) iz € X} e IFS(X).

Proof. (i) Because pa,(z) + v, (x) <1 for all z € X,;n € N, using the
properties of V and A we obtain

AV pa@+ VA wg (@) < AV (I—va,(@)+ V A vy, (2)=

m=1ln=m m=1ln=m m=1ln=m m=1ln=m
00 00 oo 00
= 1- V. A VAH(ZL')-F VA I/An(l') =1
m=1ln=m ) m=1ln=m '

(¢2) Similar with (¢) W
The intuitionistic fuzzy sets lim A, and lim A, are called the upper
n—oo n—oe

limit, respective the lower limit of the sequence of intuitionistic fuzzy sets

(A”)nGN £

Theorem 2 Let (A,),cn € IFS(X).

(7) lim A, < lim A,

n— oo n—oo

(1)  lim A¢ = ( lim A,

n—oo n—oo

(4i7) lim AS = ( lim A,

n—oo : n—oo
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Proof. (i) Obviously.
(13) If A, = {(z, pa,(z),va,(x)):x € X} then

.—C . oo o0 oo oo i _ = ¢
B A7 = {0 2,0, van @), TR pan ()i X = (Jim )
(247) Similar with (i) B

Now, we define the limit of a sequence of intuitionistic fuzzy sets.

Definition 3 The sequence (A,), . € IFS(X) is called convergent if and
only if the upper limit is equal with the lower limit. The wntuitinistic fuzzy
set A= lim A, = lim A, is called the limit of (An)nen and we denote this

n—oo

by A, — A or lim A, = A.

n—oo

Example 4 If (Ay),cn € IFS(X) is increasing,that is A, < A,y for every
n € N then (Ay),cn %5 convergent and

lim A, = {(x,nll_g.lo uA"(x),TllLrgo va,(z)):x € X}

n—oo

because pa, () < pa,,, () and va,(z) > va,,, (z) Ve € X, Vn € N. Similar
if (An),en 5 decreasing.

Theorem 5 If(A,),.n € IFS(X) is convergent then (A3,), . i convergent
and

(lim An> — lim A°

n—oo n—oo

Proof. Using Theorem 2, (i3), (i74) and Definition 3 B

We can extend at countable case the operations on /FS(X) introduced
with the help of a triangular norm. Moreover, we obtain the corresponding
de Morgan laws (for fuzzy sets see, for example, [7]).

We recall (for details see [2]) that for every triangular norm or trian-
gular conorm and A, B € [FS(X), A = {{(z,pa(z),va(z) |z € X)}, B =
{{z,pp(z),vp(z) | x € X )} we can define

A]FB = {<5E7f (MA(x)vluB(m))afc (VA(:E)’VB(CB)» HEUAS X}

where f¢ is the dual of f, that is f¢(z,y)=1— f(l —2.1—y) Vz,y € X.
For any f, A°f¢<B¢ = (A ¥, B)C hence the de Morgan laws are satisfied (see

2])-
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Let (An),en € 1FS(X). Since each triangular norm (or triangular conorm)
is associative it make sense to consider f (A, ..., A,) defined recursively by

F(AL o An And) = F (F(Av o An) Auia)
and afterwards

neN

because the sequence (f(Al, ...,An)> N C IFS(X) is decreasing if f is a
triangular norm and increasing if f is a triangular conorm.

Theorem 6 Let (A,),.n € IFS(X). Then

fe A= ( f An>
neN neN

for every triangular norm or triangular conorm f.

Proof.
fo AL = lim fe(AS,.. AS) =lim (f(Ay,...A)) =
neN
= <lim f(Al,...,An)) = ( 7 An> -
n—00 neN

3 Intuitionistic fuzzy measure and examples

Similar with the introduction of a fuzzy measure (for details see [5],[6],[7])
we define the intuitionistic fuzzy measure.

Definition 7 Let f be a triangular norm or a triangular conorm. A sub-
family T C IFS(X) which satisfies:

(1) 0={(z,0,l)|jzeX}eT
(1) A€Z umplies A€l

(117)  (An),eny ©Z implies f A, €1
neN

will be called an intuitionistic (fuzzy) f-algebra on X .
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The pair (X,Z) will be called an intuitionistic f-measurable space.
Remark 1 Thanks to Theorem 6 the condition (iii) can be replaced by

(4i1)" (An),en © I tmplies JA”E A,eT.
neN

Remark 2 It is obvious that every intuitionistic f-algebra on X is an intu-
wionistic fe-algebra on X.

Example 8 Let (X,.A) be a measurable space. The family

| d
Za(X) = { A= {(e.palo),ate)) 2 € X € TFS(0) | Mmoo ove |

15 an intuitionistic f-algebra on X with respect to any continuous triangular
norm f.

Definition 9 Let (X,Z) be an intuitionistic f-measurable space. A function
m : I — R, which assume at most one of the values —oo and +oo,will be
called an intwitionastic f-measure on L if it satisfies the following conditions

(i) m@®) =0 i N

(i) A, B €T implies i (AfB) +m (Af°B) = m(A) + m(B)

(41)  (An)pen ©Z, An < Apyy for every n € N and nlLrglo A, € T implies
lim m(A,) = 7 (nlggo An>

n—oo

Example 10 Let X = {zy,...,zny}. The intuitionistic entropy defined with
help of intuitionistic index (see [3]) I : IFS(X) — R,

N
ma(z:) =) (1 — pa(zs) — valz;))
i=1

i=1
is an intutionistic f-measure on IFS(X) for every triangular norm f.

Example 11 Let X = {z1,...,an}. We consider the function
m : IFS(X) — R defined by

m(A) = N — E;ps(A)
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N
where Erps(A) =Y (p4(zi) + v3(x;)) is the so-called informational intu-

=1
itionistic energy of the A € IFS(X)(see [4]). It is obvious that m is an in-
tuitionistic A—measure on IFS(X) but not an intuitionistic t.-measure on
IFS(X) (the triangular norm t, is deﬁned by too(z,y) = max (x +y — 1,0)

Vz,y € [0,1]) since for A= B = {<iE1 s §> (x9,1,0) . (:CN,l,0>},

g— = m(A) + m(B) # m(AteB) + m(As5B) = 0.
Example 12 Let (X, A,m) be a measure space and w : [0,1] — [0,1] a
continuous and additive function so that w (0) + @ (1) = 0. If the triangular

norm f is a continuous function and verifies f (z,y) + f°(z,y) = z +y,
Vz,y € [0,1] then the function m : T4(X) — Ry defined by

7 (4) = [ (@ (1a(2) + @ (va(2))) dm

s an intuitionistic f-measure because

m(@):m({<x,o,1>;xeX})z/X(w(onu))dm:o,

m(AfB) +m(AfB)
= [ (@ (f (ua@). na(@) + = (f° (vale), va(c)))) dm +
+ [ (@ (F (nale), wa(@)) + = (f (vale), va(@))) dm
= [ @ (f (1a(@) 18(2)) + £ (pa(2), pa(a)) dm
+ [ @ () + f* (va(a), vi(x))) dm
= /X w (pa(z) + ps(z dm+/ z) + vp(z))dm

= [ (@ (wa@) + = (o dm+/ ) + @ (vp(x))) dm
= m(A) + m(B),VA, BEIA(X)

and

lim m(4,) = lim [ (w(ua,(z))+@(va,(z)))dn =

n—oo n—oo X
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if (A

= lim [ @ (pa,(z))dm+ lim / w (Va,(

n—oo X n—oc

= / (hm ta, ( )dm+/ (hm I/A()>dm:
X n—oo n—>oxo )

= m(lim A,)

n)nen 1S an increasing sequence. with A, € Z4(X) Vn € N.

Theorem 13 Let f be a triangular norm. If I is both an intuitionistic f-
algebra and an intuitionistic A-algebra then each intuitionistic f-measure is
an ntuitionistic N-measure.

Proof. We assume that m is an intuitionistic f-measure. Because Z is an
intuitionistic A-algebra we can write for every A, B € Z4(X)

m (AAB) + i (AVB) = i ((AAB) f (AVB)) +m ((AAB) f(AVB)) =

= m (AfB) +m (AfeB) = (A) +m (B) ®
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