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Abstract. Employing a geometrical representation of an intuitionistic fuzzy set we propose
some concepts of distances between intuitionistic fuzzy sets. We show that these definitions are

consistent with those defined for fuzzy sets.
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1. Introduction

We propose some new definitions of distances between intuitionistic fuzzy sets introduced by
Atanassov [1-5]. We define the four basic distances between the intuitionistic fuzzy sets: the
Hamming distance, the normalized Hamming distance, the Euclidean distance, and the
normalized Euclidean distance. While deriving these distances a convenient geometric

interpretation of intuitionistic fuzzy sets is employed. It is shown that the definitions proposed
are consistent with their counterparts traditionally used for fuzzy sets.

2. Intuitionistic fuzzy sets - a geometrical interpretation, and comparison with fuzzy
sets

Let us start with a short review of basic concepts related to intuitionistic fuzzy sets.

Definition. A fuzzy set A" in X={x} is given by [11]:

A ={<x,u ; (¥)>/x e X} (1)

where p .0 X —[0,1] is the membership function of A'; u 4+ (¥) €[0,1] is the membership of x
eXin A .
Definition. An intuitionistic fuzzy set A in X is given by [1]:

A={<x,pu,(x),v,(x)>/x € X} (2)



where: u,: X —>[0,1], v,: X —[0,1], and 0< uy(x)+v4(x)<1,Vx € X . The numbers z4(x),
v,(x) €[0,1] denote the degree of membership and non-membership of x to A respectively.
Obviously, every fuzzy set A may be represented by the following intuitionistic fuzzy set:

A:{<xaﬂA'(x))1—ﬂA'(x)>/x EX} (3)
For each intuitionistic fuzzy set in X, we will call
7y (x)=1=p,(x)—v,(x) 4)

the intuitionistic index of x in A . It is hesitancy degree of x to A [1-5]. Obviously,
0<7my(x)<lVxeX.
For each fuzzy set A in X, we evidently have 7 4(x) = 1 — z14(x) - [1 - z£4(x)] = 0,for each x
e X.
A convenient geometrical interpretations of an intuitionistic fuzzy set [5] is shown in

Fig.1 in which a universe E and its subset F in the Euclidean plane with the Cartesian
coordinates are considered.
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For a fixed intuitionistic fuzzy set A, a function f, from E to F can be constructed,

such that if xeE, then p = f, (x) € F, and the point pe F has the coordinates <a',b > for
which ‘

0<a,b <1

where: a = u, (x), and b = v, (x).
The above geometrical interpretation can be used e.g. when considering a situation at

the beginning of negotiations - cf. Fig. 2 (applications of intuitionistic fuzzy sets for group
decision making, negotiations and other real situations are presented in [7-10]).
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Figure 2

Namely, each expert i is represented as a point having coordinates <y, v;, 7;>. Expert
A: <1,0,0> fully accepts a discussed idea. Expert B: <0, 1, 0> - fully rejects it. The experts
placed on the segment AB fixed their points of view (their hesitation margins are equal zero for
segment AB, so each expert is convinced to the extent 1, is against to the extent v, and g
+v,=1; segment AB represents a fuzzy set). Expert C: <0, 0, 1> is absolutely hesitant i.e.
undecided - he or she is the most open to influence of the arguments presented.

A line parallel to AB describes a set of experts with the same level of hesitancy. For
example, in Fig. 2, two sets are presented: with intuitionistic indices equal 7,,, and 7,, where:
n,>7%,.

In other words, Fig. 2 (the triangle ABC) is an orthogonal projection of the real
situation (the triangle ABD) presented in Fig.3.
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An element of an intuitionistic fuzzy set has three coordinates <y, v;,7,>, such that
(4), hence the most natural representation of an intuitionistic fuzzy set is to draw a cube (with

unit edge), and because of (4), the triangle ABD (Fig. 3) represents an intuitionistic fuzzy set.
As before (Fig. 2 ), the triangle ABC is the orthogonal projection of ABD.

3. Distances in fuzzy sets and intuitionistic fuzzy sets

We will first reconsider some better known distances for the fuzzy sets in an intuitionistic
setting, and then extend those distances to the intuitionistic fuzzy sets.

3.1. Distances for fuzzy sets

The most widely used distances for fuzzy sets 4, Bin X={ x, x,,...,x, } are [6]:

e the Hamming distance d(4, B)

A(4.B) = Tl ()=t ) ©)
e the normalized Hamming distance /(4, B):

1A B) =, Ty (5= 1y ) ©

e the Euclidean distance e(4, B):

e(4,B) = \/Z (2, () = 5 (%))’ ™)

i=l

e the normalized Euclidean distance g(4, B):

44 B) = 53 1, (5 - 1y () ®

As we may remember from Section 2, we can represent a fuzzy set A’ in X in an
equivalent intuitionistic-type representation (3) given as

A={<x,pu, (x),1-pu, (x)>/x € X}

and we will employ such a representation while rewriting the distances (5) - (8).
So, first, taking into account an intuitionistic-type representation of a fuzzy set, we can
express the very essence of the Hamming distance by

d (A,B)= Y (luaCx) = up(e)| +va () - ve(x,)) =
i=1



= 3 (laten) - up e+ - )~ 1+ pp(x;)|) =
i=1

=2 |pa(x;) - pp(x;)| = 2d(4,b) ©)
i=1

i.e. it is twice as large as the Hamming distance of a fuzzy set (5).
And similarly, the normalized Hamming distance /'(4,B)) taking into account an

intuitionistic-type representation of a fuzzy set is in turn equal to

F(AB) = (4,B) == 3]ty (5) = pa(5) (10)

i.e. the result of (10) is two times multiplied as to compared to (6)
And, similarly, the Euclidean distance, is equal to

4 m)= (3l sl )] () - wlc)) =

i=1

- S0 ) 1)1 e ) -

i=1

- P2 ) a

i.e. it is multiplied by V2 as compared to the Euclidean distance for the usual representation of
fuzzy sets given by (7).
Analogously, the normalized Euclidean distance g (4, B) is

qAB) = (AB)= 3 (1, (0) - sa(x))’ (12)

so again the result of (11) is multiplied by V2 as compared to (8).

Example 1. For simplicity let us consider “degenerated” fuzzy sets 4,B,L, M ,N in X = {1}.
A full description of each of them isis A = (/1 5V ,4)/ 1 exemplified by:

4=00)/1, B=(01)/1, L=(12)/1, ¥ = (2471, m=(LY) 1

The geometrical interpretation (in the sense of Fig. 2) of these one-element fuzzy sets is
Fig. 4.
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The Euclidean distances between the above fuzzy sets due to (7) are:

O
{2 -
oo 31)
(L, )= £~ ) 2 (16)
T o
PPRADE
e(B,A)=A1% =1 (19)

while, using the intuitionistic-type representation (11), they are:

e'(L,N):\/G—%)2+(§—32 =——J3§ (20)
e'(L,M):\/G—%)2+G—32 -2 @1)
e’<N7M>=J(§—32 (-9 -2 @)



S OB e

2 2
e'(M,A):\/G-— ) +(3 =g (24)
2 y)
e'(B,M):\[(O—%) +(1-3 =% 25)
¢ (B,A)=v1>+1* =2 (26)
i.e. are just multiplied by /2 . |

Example 2. Let us consider two fuzzy sets 4,B in X = {1,2,3,4,5,6,7} . The intuitionistic-type
representation of them is, e.g.:

4=(07,03)/1+(02,08)/2+(06,04)/4+(05,05)/5+(1,0) /6 27)
B =(02,08)/1+(06,04)/4+(08,02)/5+(1,0)/7 (28)

The Hamming distance d(A4,B) using (5), is
d(A4,B) =10.7-02/+]02-0/+]06-06 +/05- 08 +[1-0[+[0-1 =3 (29)

while the normalized distances (6) /(4,B) is
1 3
I(A,B) = -7--d(A,B) =5 = 043 (30)

When both the membership and non-membership functions are taken into account
[cf.(9)], we have

d (4,B)=10.7-02/+]03-08+[02-0/+[08— 1] +]06 - 0.6[ +[0.4 — 0.4]+]05 - 0.8+
+105-02|+[1-0/+l0-1+jo-1l+1-0/ =6, (31)

i.e. two times the value from (5), while the normalized distance (10) is
; 2 . 6
I(A,B):;-d (A,B):7:O.86 (32)

Let us compare the Euclidean distances calculated by (7) and (11). From (7) we have

e(A,B) =(07-02)* +(02-0)* +(0.6-06)* +(05-08)’ +(1-02)* +(0-1)* =
=238 =154 (33)

while the normalized Euclidean distance (8) is



q(A,B) = %~e(A,B) = Jg =058 (34)

From (11) we have the Euclidean distance equal to
¢'(4,B)=((0.7-02)* +(03-08)* +(02-0)* +(08-1)* +
+(06—-0.6) +(04—-04)" + (05-08)* +(05-02)> +(1-0)* +

1

+(0-0)" +(0-1)* +(1-0)*)? =476 = 218 (35)

while the normalized Euclidean distance (12) equal to

g (A4,B) = ,/%7—6— =083 (36)

The results obtained in Examples 1 and 2 (see also Fig. 4) show that:

o for the distances calculated between any fuzzy sets A and B, when taking into account the
membership functions (5)-(8) only, we have

0<d(4,B)<n (37)
0<l(4,B)<1 (38)
0<e(4,B)<+n (39)
0<q(4,B)<1 (40)

e for the distances calculated for any fuzzy sets A and B, taking into account the
intuitionistic-type representation of fuzzy sets (9)-(12), we have

0<d'(4,B)<2n (41)
0<I(4,B)<2 (42)
0<e'(4,B)<+2n (43)
0<q (4,B)<+2 (44)

3.2. Distances for intuitionistic fuzzy sets

We will now extend the concepts of distances presented in Section 3.1 to the case of
intuitionistic fuzzy sets.

Following the line of reasoning presented in Section 3.1, for two intuitionistic fuzzy
sets 4 and Bin X = { x, x,,...,x, } the Hamming distance is

dyps (4,B) = i(!u,, () = s ()| + [V () = Vi ()] + | () = 75.(,)]) (45)



Taking into account that
”A(xi):l—:uA(xi)_vA(xi) and ”B(xi)zl_luB(xi)_VB(xi) (46)

we have

700 () = 705, = [1= 0 () = Vi () = 1 225 (%) + v ()| <
<Ly (0,) = g1 (2| v () = v () (47)

Inequality (47) means that the third parameter in (45) cannot be omitted as it was in the
case of fuzzy sets, for which taking into account the second parameter would only result in the
multiplication by a constant value.

A similar situation occurs for the Euclidean distance. Namely, for intuitionistic fuzzy
sets A and B in X = { x,x5,...,x,, }, by following the line of reasoning as in Section 3.1., their

Euclidean distance is equal to

n

e, (A,B) = \/Z(,uA (x,.)— ,uB(x,. ))2 +(VA(x,.)— vB(x,. ))2 + (ﬁA(x,.)— nB(x,. ))2 (48)

i=1

Let us verify the effect of omitting the third parameter () in (48). Taking into account
(46), we have

2

(70 () = 75(x,))" = (1= g (6)) = v () = 1 415 (x,) + v (x,))
= (5 (6) = 11, (6)) + v (x) = v, (%)) =

= g1y ()2 1 ()7 + V5 () +va (07 +2(= 1 (0, 1t (x,) +
4ty 06 )V () = 114 (8 )V (8,) = 115 (e IVa () 1y (2,0 () = v (6, () =

- ('UA (x,.) ~ Hs (x,. ))2 * (VA (x,. ) - VB(xi ))2 + 2(:“A (x,. ) - ,uB(xi ))(VA (xi ) - VB(xi )) (49)

which means that taking into account the third parameter 7 when calculating the Euclidean
distance for intuitionistic fuzzy sets does have an influence on the final result. It is obvious
because a two-dimensional geometrical interpretation (Fig. 2) is an orthogonal projection of a
real situation presented in Fig. 3.

Certainly, from (45) and (48) we obtain that:

e the normalized Hamming distance is

s (4, B) =2 32 (105 st ()| o () = v )] a5 = 7, (1) (50)

i=1

e the normalized Euclidean distance is

q.s(A,B) = \/i—i(yA (x,.) - ,uB(xi ))2 + (vA (x,. ) - VB(x,. ))2 + (ﬂ'A (x,.) - ﬂB(x,. ))2 (51)

i=



Example 3. Let us consider for simplicity “degenerated” intuitionistic fuzzy sets
A,B,D,G F in X = {1}, exemplified by:

A=(1,00)/1, B=(0,10)/1, D=(0,0,)/1, G= (%%o) /1, E= G%%} o (52)
and their geometrical interpretation is as in Fig 5
D(0, 0, 1)
A(1, 0, 0) G B(0, 1, 0)

Figure 5

The Euclidean distance between the above intuitionistic fuzzy sets, ommiting the third
parameter, is

i=1

e(A,B) = \/i (,uA (xi)— ,uB(x,. ))2 +(VA(x,.)— VB(x,. ))2 (53)
and we obtain:

e(4,D)=(1-0)> +0? =1 (54)
e(B,D)=+0*>+(0-1)° =1 (55)

e(4,B) = \(1-0)> +(0-1)* =2 (56)

= (1-2) +fo-2) - L =

I

2
e(B,G):\/(O—%jZJr(I——;-)z =% (58)
o= (- -

10



«0@=(0-) +(0-2) - & )

The above results are somewhat countintuitive. As it was shown (Fig. 3), the triangle
ABD (Fig. 5) has all edges equal to V2 (as they are diagonals of squares with sides equal to
1). So we should obtain e(A4,D)=e(B,D)=e(A,B). But our results show only that
e(A,D) =e(B,D) [cf. (54)-(55)], but e(4,D)+#e(A,B), and e(B,D)=e(A,B). Also
e(E,G), which is a half of the height of triangle ABD, is not the value we expect [it is too

short, and the same concerns the height of e(D, G)].
For the same Euclidean distances using (48), we obtain:

errs (A, 1)):\/1—0)2+02+(0-1)2 =2 (61)
e (B,D) =1)0% +(1=0)% +(0-1)% =2 (62)
egps (A,B) = \/(1 0)> +(0-1)° +0% =2 (63)
e1rs (4,G) = \/(1 %)2 +(0—32 +0? =~£2. (64)
B (B )= \/(o 32 +(1-%)2 +0? :_2_2_ (65)
e 0= 1-3) (1) -¢)- 5 g
eIFS(D,G)z‘/(O—%jz+(0—%)2+(1—0)2 :@ 67)

Formula (48) gives the results we may expect, i.e.

e(4,D) = e(B,D) = e(4, B) = 2¢(4,G) = 2¢(B,G)

and e(E,(G) is equal to a half of the height of a triangle with all edges equal V2, ie
H

V243
4

Example 4. For the following intuitionistic fuzzy ts 4 and Bin X = {1,2,3,4,5,6,7} :

4=(05,03,02)/1+(02,06,02)/2+(03,02,05)/4+(02,02,06)/5+(1,0,0)/6  (68)
B=(02,06,02)/1+(03,02,05)/4+(05,02,03)/5+(09,0,01) /7 (69)
the Hamming distance (45), taking into account all three parameters, is

d s (4,B)=|05-02/+[03-06/+|02-02[+]02-0[+|0.6 -1/ +]02 -0 +
+]03-03|+[02-02|+[05-05+]02- 05 +|02 - 02| +]0.6 — 0.3 +
+]1-0/+|0-1+|0-0/+|0-09+|1-0/+|0-01=6 (70)

11



while the normalized Hamming distance (50), taking into account all three parameters, is
6
l.(A4,B)= == 0.86 (71)

The Hamming distance taking into account the two parameters only is

d(A4,B)=105-02/+[03-0.6+]02 -0/ +]0.6 - 1| +03 - 03] +]02 - 02| +]0.2 - 0.5 +]0.2 - 0.2 +
+1-0/+]0—-1+|0-09|+]1-0/=54 (72)

and its normalized counterpart is
1 54
I(4,B) =7-d(A,B) :7:0.77 (73)

The Euclidean distance (48) taking into account all three parameters is

ers(4,8) = ((05-02)" +(03-06)° +(02-02)" +(02-0)° +(06-1)° +(02-0)* +
+(03-03)* +(02-02)* +(05-05)% +(02-05)* +(02-02)> + (0.6 - 03)* +
#(1=0) +(0—1)* +0* +(0-09)* +(1-0)* - (0-01)*)" =442 =21 (74)

and the normalized Euclidean distance taking into account all three parameters is

e(A,B) 442
q]FS(AJB): ﬁ = 7 =079 (75)

The Euclidean distance (53) taking into account two parameters only is

e(A,B) = ((0.5 ~02)* +(03-06)> +(02-0)* +(06-1)° +(03-03)* +(02-02)* +
+(02-05)> +(02-02)* + (1-0) + (0-1)* +(0-09)* ~(1-0)*) " =428=207  (76)

and the normalized Euclidean distance taking into account two parameters is

1 428
g(A4,B) = \/; .e(4,B) = \/T =078 (77)

The results obtained in Examples 3 and 4 confirm that distances in intuitionistic fuzzy sets
should be calculated by taking into account all three parameters (membership degree, non-
membership degree, and values of hesitancy margin). It is also easy to notice that for the
formulas (45), (50), (48), (51) the following is valid

0<d

IES

(4,B)<2n (78)

12



0</,.(4,B)<2 (79)
0<e,(A4,B)<v2n (80)
0< g5 (A,B)<2 (81)

Using two parameters only gives values of distances which are orthogonal projection of

the real distances (Fig. 3), and this implies that they are lower.

4. Concluding remarks

In this paper we proposed new definitions of distances between intuitionistic fuzzy sets. It was
shown that their definitions should be calculated taking into account three parameters
describing an intuitionistic fuzzy set.Taking into account all three parameters describing
intuitionistic fuzzy sets when calculating distances ensures that the distances for fuzzy sets and
intuitionistic fuzzy sets can be easily compared [cf. (37)-(44) and (78)-(81)].
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