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Abstract

In this paper we define a-cut of an IFS, nearest ordinary set of an IF'S, distance between
two IFSs, index of intuitionistic fuzziness and study their properties with examples.
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1 INTRODUCTION

Fuzzy sets have been generalised in many ways for various purposes, out of which [1], [7],
8], [12], [13] [14], [15], [16] are interesting. One of the existing higher order fuzzy sets is the

notion of intuitionistic fuzzy sets (IFSs) introduced by Atanassov [1]. Where the fuzzy sets can
be viewed as intuitionistic fuzzy sets, the converse is not necessarily true. In the present paper

we study intuitionistic fuzzy sets to define a-cut of intuitionistic fuzzy sets, nearest ordinary

sets of intuitionistic fuzzy sets, distance between two intuitionistic fuzzy sets and prove some
propositions.

2 PRELIMINARIES

We present here some basic preliminaries for the progress of our works.

Definition 2.1
Let E be any set, a mapping u4 : E— [0,1} is called a fuzzy subset of E.

Definition 2.2

Let A be a fuzzy subset of a set E. The complement of A is A° with membership function
1 Ac defined by
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pac =1 - pa(z),Vx€E.

Definition 2.3
Let a set E is fixed. An intuitionistic fuzzy set or IFS A in E is an object having the form
A = {<x, pa(z), va(z) > | x€E }
where the function g4 : E— [0,1] and »4 : E— [0,1] define the degree of membership and
degree of non-membership respectively of the element x€E to the set A, which is a subset of E,
and for every x€E:
0< /LA(Q:) + VA(:E) <1.

Definition 2.4
If A and B are two IFSs of the set E, then
A C Biff Vx€E, [ pa(z) < pup(z) and v4(z) > vp(z) ]
ACBIifBDA
A=Biff Vx € E,[ pa(z) = pp(z) and va(z) = vg(z) ]
A= {<x,va(z), pa(z) > | x€E }
AN B ={<x ,min(us(z) , u(z)) , max(va(z), ve(z)) > | x€E }
A U B ={<x , max(ua(z) , us(z)) , min(va(z), va(z)) > | x€E }
A + B ={<x, pa(z) + uB(z) — pa(z).Lp(z) , va(z).va(z) > |x€E }
A . B ={<x, pa(z).pB(z) , va(z) + ve(z) — va(z).va(z) > | x€E }
0 A ={<x, pa(a), 1 - pa(z) > | x€E }
O A ={<x,1 —wvg(z)va(z) >|xeE }
C(A) = {<x,K,L> |x€E }
where K= I;lea,}%c na(z),
L= min va(z)
I(A) = {<x,k,I> | x€E }
where k= min pa(z),
= mgg vate)

Obviously every fuzzy set has the form {<x , pa(z) , pac(z) > |x€E }.
In [1], Atanassov presented an example of an IFS which is not a fuzzy set.

3 SOME CHARACTERIZATION

We start this section with some examples of IFS.

Example 3.1
The intuitionistic fuzzy set of straight lines labelled ”Vertical” is given by the membership
function

1
ﬂV(m)= 1—-|m;| , if |m$|>1
0, otherwise

and the non-membership function
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iz ={ 1= 1ma P, if |mg|< 1
1 0, otherwise

where m, = tan@ is the slope of the line and F, is some positive integer. The graphical
representation of this IFS is shown below:

. _ >
0 ¢p° 4o© k5% ¢o° 8o” qo0° | 6)

Example 3.2
The IFS of a straight line labelled ”Horozontal” is given by the membership function

[ 1=|mg |, if |mgl<1
ki (2) = { 0, otherwise
and the non-membership function
F.
VV(:U): 1—"mi$| ] 1f|m$'|>1
0, otherwise

where m, = tan @ be the slope of the line and F, is some positive integer. The graphical repre-
sentation of this IFS is shown below:
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Note: Let E be a set. We can view E itself as an intuitionistic fuzzy set with membership
value given by ug(z) = 1V x € E and the non-membership values given by vg(z) = 0V x € E.
Similarly, a null set ¢ also can be viewed as pg(z) =0V x € E and vg(z) = 1V x € E. We call
it null intuitionistic fuzzy set or null IFS.

Nearest ordinary sets of fuzzy sets have got applications in many areas because the index of
fuzziness of a fuzzy set is defined with the help of nearest ordinary sets. A similar study can be
made in case of IFSs too. First of all let us defined a-cut of intuitionistic fuzzy sets.

Definition 3.1
Let A be an IFS of the set E. For a € [0,1], the a-cut of A is the crisp set A, defined by

Ay = {x:x € E,either pyg(z) > aorvg(z) <1 - a}.
Clearly Ag = E.
It may be noted that the condition p4(2) > a ensures v4(2) < 1 — a but not conversely.

Example 3.3
Let E={e; ,ey,€3,6e4 } be aset and
A={(5,4)e ,(4,.5)/e,(2,.8)/e3,(.8,.1)/ eq4 }beanlIFSofE.
Then, the .3-cut of the IFS A is given by
Az={e,e,eq}
The .5-cut of the IFS A is given by
As=1{e ,e2,€eq }and
the .8-cut of the IFS A is given by
A_g = { €4 }.

Definition 3.2
The nearest ordinary set of an IFS A of the set E is denoted by A,. and is defined by the
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characterstic function C'4,, given by

1, if either u4(z) > 0.5 or v4(z) < 0.5
Ca(ne)=< lor0 ,ifus(z)=0.5and va(z)=0.5
0, otherwise .

Example 3.4
Consider the IFS A as chosen in the previous example ( example 3.3 ). We can see that

Ane — { €1, €4 }
The following proposition is straightiorward

Proposition 3.1
If a; , a3 € [0,1], then
(l) gy 2 1 = Aag C Acxl
(ii) for ay > ay ,if Ag, = Ay, ,thenVa €[ a1, ay ], Ay is fixed.

Proposition 3.2
If A and B are intuitionistic fuzzy sets of E , then V a € {0,1]
(i) (AU B)y = Aq U B,
(ii) (AN B)y = Ax N B,

Proof (i) Suppose x € (AU B),
=> pauB(z) 2 aorvaup £ 1 — @

Case (i) : If pgqup(z) > a , then max { pa(z) , ug(z) } 2 a
= either pu4(z) > a or up(z) 2 «
or both the cases hold.
Case (ii) fvaup(z) £ 1 - a
then min { v4(z) ,vB(z) } <1 - a
= either v4(z) <1 - aor vg(z) <1 — a or both the cases hold.
Case (i) and case (ii) reveals that x € A, U B,. Similarly, we can prove that
if x € Ao U B, thenx € (AU B),_
= (AU B), = Ay U B,.
(ii) This proof is similar to (i).

The following propositions is now obvious.

Proposition 3.3
If A and B are intuitionistic fuzzy sets of E, then
(i) (AN B),,, = Ape N Bye.
(i) (AU B),,, = Ane U B,,.

Definition 3.3

18



If A and B are two IFSs of a finite set E, then the Hamming distance between A and B is
given by

d(A, B) = )  min{di,r;}

t=1

Where d,; = l ;LA(:B.;) — ;J,B(:B,') | ] and

ri = | va(zi) — vB(zi) |
and the Euclidean distance between A and B is given by

1
2

e(A, B) = [Z man(di?,r;%)]

=1

where d; = pa(z;) — pp(z;) , and
r; = va(z;) — vB(zi)
where n is the cardinality of E.
The following results are obvious.

Proposition 3.4
If A, B, C are intuitionistic fuzzy sets of E, then
(i) d(AaB) > 0 ‘ |
(ii) d(A,B) =0 if A = B, but the converse is not necessarily true.
(iii) d(A,B) = d(B,A)
(iv) The inequality d(A,B) < d(A,C) + d(C,B) is not true in general.

Definition 3.5
The index of intuitionistic fuzziness of an IFS A of E with n supporting points is given by

i(A) = % d (A, Ane)
where d(A,A,.) denotes the distance (Hamming or Eucledian) between IFS A and the ordinary
set Ap. (Viewing as an IFS).

Example 3.5
Consider the IFS A as chosen in example 3.3. in A the index of intuitionistic fuzziness is
given by
i(A) = 2 d(A,Ap.) = .55

where the distance is Hamming distance.
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