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Here we will consider an application of the Intuitionistic Fuzzy Sets (IFSs; [1]), Temporal
IFSs (TIFSs; [2]), Intuitionistic Fuzzy Graphs (IFGs; [3]), Intuitionistic Fuzzy Relations
(IFRs; [4,5]) and Index Matrices (IMs; [6]) to graph theory. Following [1-5], the concept of
Temporal IFG (TIFG) will be introduced.

Let E; and E, be two sets; let everywhere below z € F; and y € E; and let operation
x denote the standard Cartesian product operation. Therefore (z,y) € E; X E;. Let the
operation o € {Xi,Xgs,..., X5}, where operations X1, Xa,..., X5, are Cartesian products
over the IFSs (see [4,5]). Let T is a fixed set which we shall call “time-scale” and let it be
strictly oriented by the relation “<”).

Let us use below the notations

T ={t'|t eT&t' <t} and T"={t"|t" e T&t" > t}.

The set
G(t) = {{{(z,y), ne(z,y,t),va(z,y,t)) | z € Er,y € Es}

for t € T is called an o-TIFG (or briefly, a TIFG) if the functions pg : By X E;xT — [0,1] and
vg : Ey x E; xT — [0,1] define the degree of membership and the degree of non-membership,
respectively, of the element (z,y) € F; X E; to the set G C By x E, at a time-moment ¢
(these functions have the forms of the corresponding components of the o-Cartesian product
over IFSs) and for all (z,y,t) € By X B3 x T': 0 < pa(z,y,t) + ve(z,y,t) < 1.

Let the oriented graph G = (V, A) be given, where V = {v1,v,...,v,} is a set of vertices
and A is a set of arcs. Every graph arc connects two graph vertices. In [5] it is shown that
A C V x V can be described as a (1,0)-IM. If the graph is fuzzy, the IM has elements from
the set [0,1]; if the graph is an IFG, the IM has elements from the set [0,1] x [0,1]. In the
present case the graph will have the form G(t) = (V, A(t)), where t € T and T is a fixed
time-scale and the degrees of every arc are functions of ¢.

The graph G(t) has the following IM:
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where a;; =< pg(vi,vj, t), va(vi,vj,t) >€ [0,1] % [0,1] where 0 < pe(vi, vj,t) +va(vi,v5,t) <
1 (1 <15 <n). We can write briefly:

G(t) = [V, V, A(t)).
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It can be easily seen that the above IM can be modified to the following form:
G(t) = [V[ U V, Vu Vo, A(t)],

where Vi, Vp and V are respectively the sets of the graph input, output and internal vertices.
At least one arc leaves every vertex of the first type, but none enters; at least one arc enters
each vertex of the second type but none leaves it; every vertex of the third type has at least
one arc ending in it and at least one arc starting from it.

Obviously, first, the graph matrix (in the sense of IM) now will be of a smaller dimension
than the ordinary graph matrix, and second, it can be nonsquare, unlike the ordinary graph
matrices.

As in the ordinary case, the vertex v, € V has a loop iff a,, = (uc(vp, vp, t), va(vp, Vp), 1))
for the vertex v, and pg(vp,vp,t) > 0 and vg(vy, vy, t) < 1.

Let graphs G1(t) and G»(t) be given and let G,(t) = [V., V[, A(t)], where s = 1,2 and V]
and V" are the sets of the graph vertices.

Then, using the apparatus of the IMs, we can construct the graph which is an union of
the graphs G;(t) and G»(t). The new graph has the description

G(t) = Gi(t) U Ga(t) = [ U V5, U VS, AQ2),

where A(t) is determined by the above IM-formulas, using min-max operations between its
elements, for the case of operation “+” between IMs.
Analogously, we can construct a graph which is the intersection of the two given graphs

G4(t) and G(t). It would have the form
G(t) =G (t) N G2(t) = [Vl’ N V2/’ VIH N VZH’ A(t)]’

where A(t) is determined by the above IM-formulas, using min-max operations between its
elements, for the case of operation “.” between IMs.
Obviously, we can describe every TIFG G(V,t) in the equivalent form

G(V, t) - {((x,y,t),pg(x,y,t),Vg(x,y,t)) | z € Er1,y € E2}7

which contains as a parameter the time-moment, too. From the point of a view of a separate
graph, this addition is not essential, but it is important for the next constructions.

For a given (standard) IFG G(V') with fixed set of vertices V' and for a given time-scale
T we can construct the set

G*(V,T) = {G(V,t) | t € T}

of all TIFGs G(V,t), describing in the last form on the basis of the given IFG.
We shall call this set a (V,T)-atlas, by analogy with the same concept in the differential
geometry (see, e.g., [7,8]). For it we can define also the sets

Closure(G*(V,T)) = U C(V,t) and Interior(G*(V,T))= U C(V,t).
teT teT

Now, for the TIFGs G(V,t'),G(V,t") € G*(V,T) we can obtain the graphs G(V,t')U
G(V,t") and G(V,t') N G(V,t"), having equal set of vertices.
Following [2], here we shall define a Temporal IFS (TIFS) as the following object

A(T) = {(z, pa(,1),va(z, 1)) [(2,1) € Ex T},

where:
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(a) AC FEis a fixed set,
(b) pa(z,t) +va(z,t) <1 for every (z,t) € Ex T,

(c) pa(z,t) and va(z,t) are the degrees of membership and non-membership, respectively,
of the element z € E at the time-moment ¢t € T.

The specific operators over TIFSs are (see [2])
C™(A(T)) = {{z, max pary(e, t), minvar)(z, )|z € E},

I(A(T)) = {{z, min pacr) (2, 1), max v (z, )|z € E}.

Immediatelly we can seen that C*(G*(V,T)) and I*(G*(V,T)) are IFGs, which are not
TIFGs. These IFGs are special ones. They have the forms

C(G(V,T)) = {{z, max pc(A(T)(z, t), minvar) (2, 1)) € £},

and they correspond to the closure and interior of the (V,T')-atlas.
Let for the IFS A (see [1]):

0A = {{z,pa(z),1 — pa(z))|z € E} and ¢A= {(z,1— va(z),va(z))|z € E}.

We can prove for the TIFGs, which, obviously, are TIFSs, the following
THEOREM: For every (V, T)-atlas G(V,T):

(a) C<(GW,T)) = I"(G(V, T));

(b) C*(GYV,T)) = nC*(GV,T)),
(c) C*(OGW,T)) = C (G(V T)),
(d) I"(oGWV,T)) = aI*(GV,T)),

(e) I*"(OGWV,T)) = $I(GWV,T)).
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