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ABSTRACT. The notion of intuitionistic fuzzy filters in ordered semigroups is
introduced and relation between intuitionistic fuzzy filters and intuitionistic
fuzzy prime ideals is investegated. The notion of intuitionistic fuzzy bi-ideal
subsets and intuitionistic fuzzy bi-filters are provided and relation between
-intuitionistic fuzzy bi-filters and intuitionistic fuzzy prime bi-ideal subsets is
established. The concept of intuitionistic fuzzy right filters(left filters) is given
and their relation with intuitionistic fuzzy prime left ideals is discussed.

1. Introduction

The theory of fuzzy sets proposed by Zadeh [27], has achieved a great suc-
cess in various fields. Out of several higher order fuzzy sets, intuitionistic fuzzy
sets introduced by Atanassov {2], have been found to be highly useful to deal with
vagueness. Gau and Buehrer [12] presented the concept of vague sets. But, Burillo
and Bustince showed that the notion of vague sets coincides with that of intu-
itionistic fuzzy sets. Szmidt and Kacprzyk [25] proposed a non-probablistic-type
entropy measure for intuitionistic fuzzy sets. De et al. [9] studied the Sanchez’s
approach for medical dignosis and extended this concept with the notion of intu-
itionistic fuzzy set theory. There are many applications of intuitionistic fuzzy set
theory in mathematics. Davvaz et al. [8] applied the concept of this notion to
H,-modules. They introduced the concept of intuitionistic fuzzy H,-submodules
of an Hy,-module. Dudek et al. [10] considered the intuitionistic fuzzification of
the concept of sub-hyperquasigroups of a hyperquasigroup. Several authors stud-
ied intuitionistic fuzzification of subrings/ideals of a ring [1],[5]. In particular, Jun
used intuitionistic fuzzification of bi-ideals in ordered semigroups and introduced
several basic properties of this notion with many other characterizations of ordered
semigroups [13].

The concept of fuzzy sets in ordered semigroups was first given by Kehayopulu
and Tsingelis [18]. In {20], they studied several fuzzy analogous results for ordered
semigroup. In [18], the concept of fuzzy sets in ordered groupoids/ordered semi-
groups is given, and it is shown that a fuzzy set f of an ordered groupoid/ordered
semigroup S is a fuzzy filter of S if and only if the complement f' of f is a prime
fuzzy ideal of S.
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In this paper we follow the ideas of fuzzy filters given in [18], [24] for ordered
semigroups and define the intuitionistic fuzzy analogous results for ordered semi-
groups. We establish a relation between intuitionistic fuzzy filters and intuitionistic
fuzzy prime ideals of ordered semigroups. We study the relation between the intu-
itionistic fuzzy bi-filters and intuitionistic fuzzy prime bi-ideal subsets of ordered
semigroups. We provide an intuitionistic fuzzification link between one-sided filters
and one-sided prime ideals of ordered semigroups.

2. Basic Concepts in Ordered Semigroups

An ordered semigroup is an ordered set S at the same time a semigroup such
that

a,beS a<b=za<zband ar <bzforallzesS.

Let (S, ., <) be an ordered semigroup. For A C S, we denote

(A] := {t € S|t < h for some h € A}.
For A, B C S, we denote,

AB := {abla € A, b€ B}.

Let (5,.,<) be an ordered semigroup, § # A C S, A is called a subsemigroup
of S if A2 C A.

DEFINITION 1. [15]. Let (S,., <) be an ordered semigroup. § # A C S is called
a right (resp. left) ideal of S if:

(1) AS C A (resp. SAC A) and
(2)ffac Aand S>b<a,then be A.
If A is both a right and a left ideal of S, then it is called an ideal of S.

DEFINITION 2. [7]. Let (S,.,<) be an ordered semigroup. A non-empty subset
B of S is called a bi-ideal subset of S if:

(1) a € B, z € S implies aza € B;
(2)Ifa€ B, S>b<a,then be B.

DEFINITION 3. [16]. A subsemigroup F of an ordered semigroup S is called a
filter of S if

(1) a,b € S, ab € F implies a,b € F;
(2)a€e F,S>b>aimplies b c F.

DEFINITION 4. [7]. Let (S, ., <) be an ordered semigroup. A subsemigroup F of
S is calld a left(resp. right ) filter of S if:

(1) a,b€ S, ab € F implies b € F(resp. a € F);

(2) a€ F,S>b>aimpliesb e F.

F is called a bi-filter of S if F satisfies condition (2) of definition 4 and
(1') a,b€ S, aba € F implies a € F.



3. Basic Definition on (Intuitionistic) Fuzzy Ideals

Let (S, .,<) be an ordered semigroup. By a fuzzy subset f of S, we mean a mapping

f:8—10,1].
If (S, .,<) is an ordered semigroup and A C S, the characteristic function fu
of A is a fuzzy subset of S defined as follows:

fa: S —[0,1]jz -— falz) ::{ (1) ii i;i’

DEFINITION 5. [20]. Let S be an ordered semigroup. A fuzzy subset f of S is
called a fuzzy subsemigroup of S if:

f(zy) > min{f(z), f(y)} for all z,y € S.

DEFINITION 6. [18]. Let S be an ordered semigroup. A fuzzy subset f of S
is called a fuzzy left (resp. right ) ideal of S if:

(1) z<y = f(z)> fly);

(2) flzy) = f(y) (resp. f(zy) > f(x)) for all z,y € S.

If f is both a fuzzy left ideal and a fuzzy right ideal of S, then f is called
a fuzzy ideal of S or a fuzzy two-sided ideal of S.

Equivalently, f is called a fuzzy ideal of S if:

(1) z<y = f(z)>fly);

(2) f(zy) >max{f(z), f(y)} for all z,y € S.

DEFINITION 7. [18]. Let (S,.,<) be an ordered semigroup. A fuzzy subset f of
S is called a fuzzy filter of S f:

(1) z<y= f(=z) < fly);
(2) f(zy) = min{f(z), f(y)} for all z,y € S.

DEFINITION 8. [24]. Let (S,.,<) be an ordered semigroup. A fuzzy subset f of
S is called a fuzzy left(resp. right) filter of S if:

(1) z<y= f(z) < fly);
(2) f(zy) > min{f(z), f(y)} for all z,y € S;
(3) flzy) < f(y) (resp. f(zy) < f(z)) for all z,y € S.

DEFINITION 9. [24]. Let (S,.,<) be an ordered semigroup. A fuzzy subset f of
S called a fuzzy bi-filter of S if:

(D z<y= f(z) < fy);
(2) f(zy) >min{f(z), f(¥)};
(2) f(zyz) < f(z) for all z,y € S.

DEFINITION 10. [24]. Let S be an ordered semigroup. A fuzzy subset f of S is
called a fuzzy bi-ideal subset of S if:



(D) z<y= f(=z) = fy)
(2) f(zyz) > f(z) for all z,y € S.

Let (S,.,<) be an ordered semigroup and f a fuzzy subset of S. Then the
function defined by

f:8~-001a— f(a)=1- f(a),

is a fuzzy subset of S, called the complement of f in S.

As an important generalization of the notion of fuzzy sets in S, Atanassov [2]
introduced the concept of an intuitionistic fuzzy set (IF'S for short) defined on a
non-empty set S as objects having the form

A= {(z,pna(x),74(®))|z € S},

where the functions 4 : § — [0,1] and v, : § — [0, 1] denote the degree of
membership (namely p4(x)) and the degree of nonmembership (namely v 4()) of
each element z € S to the set A respectively, and 0 < p,(z) + y4(z) < 1 for all
z € S[12].

For any two IFSs A and B of an ordered semigroup S we define:

(1) AC Biff py(z) < pg(z) and y4(z) > vg(z) forall z € S,

(2) 4° = {{z, 74(2), pa(2))z € S},

(3) AN B = {{z.min{p 4(2), 15(2)}max{ya(z), 75(@) Do € S},

(4) AU B = {(z,max{p,(z), pp(2)},min{y,4(z),v5(z) |z € S}

The intuitionistic fuzzy sets are studied by many authors (see for example
three journals: 1) Information Sciences 2) Fuzzy Sets and Systems and 3) Notes on
Intuitionistic Fuzzy Sets) and have many interesting applications in mathematics
(see for example Kim, Dudek and Jun in [21]). Also in [22], [23], Kim and Jun
introduced the concept of intuitionistic fuzzy (interior) ideals of semigroups.

Let (S, ., <) be an ordered semigroup and A C S, the intuitionistic characteristic
function x 4 of A is defined as follows:

XA = {(xalj'XAv’YXA”x S S}a

where p, = and v, are fuzzy subsets defined as follows:

ey S [0 1le — py, (@) :={ 0ifz¢ A, "’

0 ifze A,
and 7y, @ S —[0,1]lx — 7y, (2) :Z{ 1 ifz¢ A

DEFINITION 11. [13]. Let (S, ., <) be an ordered semigroup, an IFS A = {f1 4,7 4)
of S is called an intuitionistic fuzzy subsemigroup of S if:

(1) pa(zy) >min{p,(2), na(y)},
(2) va(zy) <max{y4(z),7a(¥)}-



DEFINITION 12. Let (S,.,<) be an ordered. An IFS A= (u4,v4) of S is called
an intuitionistic fuzzy left ideal of S if:

(1) z<y==p4(x) > pay) and y4(z) < 74(),
(2) palzy) > paly) for all z,y € S,
(3) valzy) < va(y) forall z,y € S.

DEFINITION 13. Let (S,.,<) be an ordered. An IFS A= {p4,7v4) of S is called
an intuttionistic fuzzy right ideal of S if:

(1) x <y = pa(z) > pay) and 74(z) < 74(v),

(2) palzy) > py(x) for all z,y € S,

(3) va(zy) < va(z) for all z,y € S.

An IFS A = (u4,7v4) of an ordered semigroup S is called a two-sided intu-
itionistic fuzzy ideal of S, if it is both a left and a right intuitionistic fuzzy ideal of
S. Equivalent definition:

DEFINITION 14. Let (S,.,<) be an ordered. An IFS A= (u,,v4) of S is called
an intuitionistic fuzzy ideal of S if:

(1) 2 Sy = pylx) > pa(y) and y4(z) < v4(),
(2) pa(zy) >max{py(z), pa(y)} for all 7,y € S,
(3) va(zy) <min{y,(z),74(y)} for all z,y € S.

4. Relation Between Intuitionistic Fuzzy Filters and Intuitionistic
Fuzzy Prime ideals of Ordered Semigroups

It is well known that a fuzzy subset f of an ordered semigroup S is a fuzzy
filter of S if and only if the complement f' of f is a fuzzy prime ideal of S [18].

In this paragraph we give a relation between intuitionistic fuzzy filters and
intuitionistic fuzzy prime ideals. We show that an IFS A = (4,7 4) in an ordered
semigroup S is an intuitionistic fuzzy filter of S if and only if the complement
A® = (y4,14) of A is an intuitionistic fuzzy prime ideal of S.

DEFINITION 15. Let (S,.,<) be an ordered. An IFS A = (u4,7v4) of S is called
an intustionistic fuzzy filter of S if:

(1) z <y=> pa(z) < paly) and y4(2) > v4(y),
(2) pa(zy) =min{p,(z),pa(y)} for all z,y € S,
(3) va(zy) =max{y,(z),74(y)} for all z,y € S.

4.1. Lemma. [27]. Let S be a semigroup and A a non-empty subset of S.
Then

(1) A is a subsemigroup of S if and only if the intuitionistic characteristic
function x 4 = (uXA,'yXA) of A is an intuitionistic fuzzy subsemigroup of S.

(2) A is a left(right, two-sided) ideal of S if and only if x4 = (1 ,,7y,) of 4
is an intuitionistic fuzzy left(right, two-sided) ideal of S.

4.2, Proposition. Let S be an ordered semigroup, # # F C S. Then F is a
filter of S if and only if the intuitonistic characteristic function xp = <“xw 'yXF) of
F is an intuitonistic fuzzy filter of S.




PrROOF. = . Let S be an ordered semigroup, F a filter of S and xp =
{Hx s Vx ) the intuitionistic characteristic function of F. Then x y is an intuitionistic
fuzzy filter of S. Indeed: By Lemma 4.1, x is an intuitionistic fuzzy subsemigroup
of S. Let 2,y € S,z <y. If z ¢ F then /LXF(x) = 0 and v, (z) = 1. Since
By, (y) > 0and v, (y) <1forall z,y € S. Then p, (z) < p, (y) and v, (z) 2
Yy (¥)- Let z € F then p, () =1and vy, (z) =0.Sincey >z € F and F
is a filter of S we have y € F, and hence p, (y) = 1 and v, (y) = 0. Again
By, () < py . (y) and 7, (x) = 7, (y). Hence condition (1) of definition 15, is
satisfied.

Let z,y € S, if zy ¢ F. Then ,uXF(xy) =0and 7, (zy) = 1. Since F is a filter
of Sandzy ¢ F=x ¢ Fory¢ F. Hence

(@) = Oandy, (2)=1,
By, () = Oand~y, (y)=1
Thus
min{p, (), 1y, (¥)} = 0=p,, (zv)
and max{7, (2),7,,.®)} = 1=, (zy)

Let zy € F. Then p, (zy) =1landv, (zy)=0.2y € F=>z € Fandy € F.
Then
By, () =1and 7, (z) =0
and
Hy,(y) =1and v, (y} =0.
Thus
min{g, (), by, (W)} = 1= p,, (2Y)
and
max{7,,.(2), 7y, ¥} = 0=, (zy),
hence conditions (2) and (3) of definition 15, are satisfied.
<= .Let xp = (,u.xF,'ny) be an intuitionistic fuzzy filter of S. By Lemma 4.1,
F is a subsemigroup of S.
Let z,y € S. If zy € F then yxp(my) =1 and 'yxﬁ(zy) = (. Since xp an
intuitionistic fuzzy filter of S. By conditions (2) and (3) of definition 15, we have

min{#x,~($)7/‘x,,~(y)} = /'Lx,,~('73y)’

and max{7,  (2),7y, W)} = 7y, (zY).
Hence
min{,U.XF (m)y,u'xh. (y)} = 1’
and max{7y, (%), 7, ¥} = 0,
and we have
/“LXF (.’L‘) = land ’YXF (y) = 0’
Px(y) = landv, (y)=0.

Thus we have z € F and y € F.

Let z,y € S,z <y, ifz € F. Then p, (z) =1 and v, (x) = 0. Since
z < y and xp is an intuitionistic fuzzy filter of S, we have p, (z) < B (y) and
Yy (@) = Yy, (). Thus g, (y) =1 and 7, (y) = 0. Therefore y € F. O



DEFINITION 16. Let (S,.,<) be an ordered semigroup and A = (u4,7,4) an
IFS of S. Then A is called an intuitionistic fuzzy prime if:

(1) :U’A(xy) Smax{pA(m), ,U'A(y)} for all T, yc S7
(2) va(zy) Zmin{y4(z), ya(¥)} for all z,y € S.
If A= (uy4,v,4) is an intuitionistic fuzzy ideal of S, then A is called an intu-

itionistic fuzzy prime ideal of S.

4.3. Proposition. Let (S, ., <) be an ordered semigroup and A = (i 4,7,) an
IFS of S. Then A is an intuitionistic fuzzy filter of S if and only if the complement
A€ = (y4,p4) of Ais an intuitionistic fuzzy prime ideal of S.

PROOF. == . Let A = (u4,74) be an intuitionistic fuzzy filter of an ordered
semigroup S. Then A® = (v,4, 1 4) is an intuitionistic fuzzy ideal of S. In fact: Let
z,y € S. Then

Ya(z) = po(@) =1 = pa(@) 2 1~ pualy) = pa(y) = v4l),
and
pa(@) =74(@) = 1= 74(2) <1 =74 =72 = pa¥)-
Let z,y € S. Since A is an intuitionistic fuzzy filter of S. Then by condition
(2) and (3) of definition 15, we have
Yalzy) = max{y,(z),va)}
and
pra(zy) = min{u, (@), pa(y)},
by condition (1) and (2) of definition 16, it follows that A° = (y4,u,) is an
intuitionistic fuzzy prime ideal of S.
<= . Let A® = (y4,p4) be an intuitionistic fuzzy prime ideal of S. Then
A = (u4,74) is an intuitionistic fuzzy filter of S. Indeed: Let z,y € S, z < w.
Since A° = (v 4,1t4) is an intuitionistic fuzzy ideal of S, we have
pa(@) =73(@) =1-74() <1 —74W) =72W) = pa®),
and

Va(@) = p4(@) = 1= pa(e) 21— paly) = paly) = va(2).
Let z,y € S. Since A° = (y4,414) is an intuitonistic fuzzy ideal of S. By
condition (2) and (3) of definition 14, we have
valey) > max{y,(z),74(®)} (*)
and py(zy) < min{uy(z),pa(y)} (**)

Since A® = (v 4,1t 4) is an intuittionistic fuzzy prime ideal of S, by condition
(1) and (2) of definition 16, we have
Yalzy) < max{ys(e),va(y)} (**%)
and pa(zy) 2 min{ps(),pa(w)} (***),

By (*), (**), (***) and (¥****), we have

palzy) = min{p,(z), paly)}
and y4(zy) = max{v4(z),74a(¥)}



Thus A = (u,4,7v4) is an intuitionistic fuzzy filter of S. O

5. Relation Between Intuitionistic Fuzzy Bi-filters and Intuitionistic
Fuzzy Prime Bi-ideal Subsets of Ordered Semigroups

In [24], Shabir et al. has shown that a fuzzy subset f of an ordered semigroup
S is a fuzzy bi-filter of S if and only if the complement f' of f is a prime fuzzy
bi-ideal subset of S.

In this paragraph, we show that an IFS A = (u4,7,) in S is a fuzzy bi-filter
of S if and only if the complement A® of A is an intuitionistic fuzzy prime bi-ideal
subset of S.

In definition 16, of intuitionistic fuzzy prime subsets of S, if A = {u4,v,4) is
an intuitionistic fuzzy bi-ideal subset of S, then A is called an intuitionistic fuzzy
prime bi-ideal subset of S.

DEFINITION 17. Let (S,.,<) be an ordered semigroup. An IFS A = (4,7 4)
of S is called an intuitionistic fuzzy bi-ideal subset of S if:

(1) z <y = pu(x) > pa(y) and v4(z) <v4(),
(2) palzyz) > py(z) for all z,y € S,
(3) va(zyz) < y4(z) for all z,y € S.

5.1. Proposition. Let S be an ordered semigroup, § # B C S. Then B is
a bi-ideal subset of S if and only if the intuitonistic characteristic function xg =
(uXB, 'yXB) of B is an intuitionistic fuzzy bi-ideal subset of S.

PRrOOF. => . Let B be a bi-ideal subset of an ordered semigroup S and
XB = (Hx,1Tx,) the intuitionistic characteristic function of B. Then xp is an
intuitionistic fuzzy bi-ideal subset of S. In fact: Let z,y € S, z <y. If y ¢ B, then
By, () = 0 and 7, (y) = 1. Since p, (z) > 0 and v, (z) < 1 for all z,y € S.
We have p, (z) > sty (y) and v, (z) < 7, (y). Let y € B then p, (y) =1 and
Yx,, (¥) = 0. Since B is a bi-ideal subset of S and z <y € B, then z € B. Hence
By, (z) =1and v, (z)=0. Again p, (z) > p,, (y) and v, (2} <7, (@)

Let z,y € S. If z ¢ B, then u, (z) = 0 and v, (z) = 1. Hence p, (zyz) >
By, () and 7, (zyz) < 7y, (z). Let z € B, then p, (z) =1 and 7, (z) = 0.
Since B is a bi-ideal subset of S and z € B, we have zyz € B. Then y, (zyz) =1
and v, (zyz) = 0. Hence p,, (zyz) > p, (z) and v, (zyz) < 7, (2). Thus x5
is an intuitionistic fuzzy bi-ideal subset of S.

<= Let xg = (iy,, 7y, ) be an intuitionistic fuzzy bi-ideal subset of S. Then
B is a bi-ideal subset of S. In fact: Let z,y € S. If z € B. Then p, (z) =1
and v, (z) = 0. Since x g is an intuitionistic fuzzy bi-ideal subset of S, we have
Hy, (Tyz) 2 By () and 7, (zyz) < 7y, (2). Then p, (zyz) =1 and v, (zyz) =
0, and hence zyx € B.

Let z,y € S,z <y. Ify € B. Then p, (y) =1 and 'yxﬂ(y) = 0. Since z < y,
we have p, (2) > p, (y) and v, (z) < 7y, (y). Then p, (2) = 1and v, (z) = 0.
Thus z € B. |

DEFINITION 18. Let (S, ., <) be an ordered semigroup. An IFS A = {u4,74)
of S is called an intuitionistic fuzzy bi-filter of S if:



(1) z <y = pa(z) > paly) and v4(z) < v4(y),
(2) pa(zy) Zmin{py(z), n4(y)} for all z,y € S,
(3) va(zy) <max{y,(z),74(y)} for all z,y € S,
(4) palzyz) > py(z) for all z,y € S,

(5) Ya(zyz) < v4(z) forallz,y € S.

5.2. Proposition. Let (S,.,<) be an ordered semigroup and §§ # F C S.
Then F is a bi-filter of S if and only if xp = <”xp’7xp> is an intuitionistic fuzzy
bi-filter of S.

PROOF. = . Let F be a bi-filter of an ordered semigroup S and xp =
<“xp"7x,s>’ the intuitionistic characteristic function of F. Then xp is an intu-
itionistic fuzzy bi-filter of S. Indeed: By Lemma 4.1, xr is an intuitionistic fuzzy
subsemigroupof S. Let z,y € S,z < y. If x ¢ F, then uxﬁ(z) =0and ", (z) =1.
Since p, (y) > 0 and 7, (y) < 1 for all 2,y € S. Thus p, (x) < p,,(y) and
Vo lT) > Yy, (). Let © € F then p, (z) =1and v, (z) =0.Sincey >z € F
and F is a bi-filter of S, we have y € F, and hence g,  (y) = 1 and v, (y) = 0.
Again p, (2) < p, (y) and v, (x) > 7, (y). Hence condition (1) of definition 18,
is satisfied.

Let z,y € S, if zyz ¢ F. Then ,uXF(:cya:) =0 and v, (zyz) = 1. Since F' is a
bi-filter of S and zyz ¢ F = = ¢ F. Hence

Thus iy, (zy2) > iy, (2) and 7, , (242) < 7y, (2).

<= . Let x be an intuitionistic fuzzy bi-filter of S. By Lemma 4.1, F is a
subsemigroup of §.

Let z,y € S. If zyz € F then /J.XF(acya:) =1and v, (zyz) = 0. Since xp is
an intuitionistic fuzzy bi-filter of S we have p, (zyz) > p, () and v, (zyz) <
Yy, (%) Thus pu, (z)=1and v, (z) =0, and so z € F.

Let z,y € S, 2 <y, if x € F. Then uxk(m) =1 and 'ny(m) = 0. Since
x <y and X is an intuitionistic fuzzy bi-fijter of S, we have u, (z) < ,uxF(y) and
Y (&) = Ty, (). Thus g, (y) =1 and v, (y) = 0. Therefore y € F.

O

In definition 186, of intuitionistic fuzzy prime subsets of an ordered semigroup S
if we consider the IFS A = (1 4,v4) in S as an intuitionistic fuzzy bi-ideal subset
of S. Then A is called an intuitionistic fuzzy prime bi-ideal subset of S.

5.3. Proposition. Let (S,.,<) be an ordered semigroup and A = (t4,74)
an IFS of S. Then A is an intuitionistic fuzzy bi-filter of S if and only if the
complement A® = {4, u,) of A is an intuitionistic fuzzy prime bi-ideal subset of

S.

PROOF. == .Let A = (u4,74) be an intuitionistic fuzzy bi-filter of an ordered
semigroup S. We show that A = (y 4, u4) is an intuitionistic fuzzy prime bi-ideal
subset of S. Since A is an intuitionistic fuzzy bi-filter of S then A€ is an inuitionistic
fuzzy bi-ideal subset of S. In fact: Let z,y € S. Then

Yal@) = p4(m) =1—pa(e) > 1 - pa(y) = pa(y) = 1a),



and

pa(@) =74(@) =1-74(2) <1 - 74@W) = va) = paly)-
Let z,y € S. Since A is an intuitionistic fuzzy bi-filter of S. Then by condition
(4) and (5) of definition 18, we have
pa(zyz) > pa(z)
and
Yalzyz) < v4(2),
by conditions (2) and (3) of definition 18, it follows that A° is an intuitionistic
fuzzy bi-ideal subset of S.

Since A is an intuitionistic fuzzy bi-filter of S, by condition (2) and (3) of
definition 18, we have

Yalzy) max{74(z),74(¥)},

<
and p4(zy) 2 min{uy(e), paly)},
by condition (1) and (2) of definition 16, it follows that A® = (y,4,p,) is an
intuitionistic fuzzy prime ideal of S.
<= . Let A° = (v4, u4) be an intuitionistic fuzzy prime bi-ideal subset of S.
Then A = {u4,7,4) is an intuitionistic fuzzy bi-filter of S. Indeed: Let z,y € S,
x < y. Since A° = (y4,u4) is an intuitionistic fuzzy bi-ideal subset of S, we have
pa(@) =74(@) = 1—74(z) <1 -74(¥) = 7a() = palv),
and
V(@) = palr) =1-pa(x) 21— pyy) = pa(y) = vale).
Let z,y € S. Since A° = {y4,t4) is an intuitionistic fuzzy bi-ideal subset of
S. By condition (2) and (3) of definition 18, we have
Yalzyz) 2 va(2)
and piy(opz) < pale)
Since A¢ = (y4,t4) is an intuitionistic fuzzy prime ideal of S, by condition (1)
and (2) of definition 16, we have
Yalzy) < max{ys(z),v4(¥)}
and pu(zy) = min{py (), pa(y)}
Thus A = (1 4,7,4) is an intuitionistic fuzzy bi-filter of S. O

6. Relation Between Intuitionistic Fuzzy left (resp. right) Filters and
Intuitionistic Fuzzy Prime left(resp. right) ideal of Ordered
Semigroups

It is well known that a fuzzy subset f of an ordered semigroup S is a left filter
of S if and only if the complement f' of f is a fuzzy prime left ideal of S [24].

In this paragraph, we show that an IFS, A = (u,4,v4) of an ordered semigroup
S is a left(resp. right) filter of S if and only if the complement A® of A is an
intuitionistic fuzzy prime left (resp. right) ideal of S.

DEFINITION 19. Let (S, ., <) be an ordered semigroup, A = {1 4,7v4) an IFS of
S. Then A is called an intuitionistic fuzzy left filter of S if:
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(1) 2 <y = pa(z) S paly) and y4(z) > 74(y),
(2) pa(zy) >min{p,(z), ua(y) for all z,y € S,
(3) va(zy) <max{vy,(z),v4(y)} for all z,y € S,
(4) pa(zy) > pa(y) for all z,y € S,

(5) val(zy) < valy) for all 2,y € S.

DEFINITION 20. Let (S,.,<) be an ordered semigroup, A = {p4,74) an IFS of
S. Then A is called an intuitionistic fuzzy right filter of S if:

(1) z <y = pa(x) < paly) and v4(z) > va(y),
(2) pa(zy) >min{p,(z), pa(y) for all z,y € S,
(3) valzy) <max{y,(x),74(y)} for all z,y € S,
(4) pa(zy) > pa(z) for all z,y € S,

(5) Ya(zy) < yu(z) forall z,y € S.

6.1. Proposition. Let (S,.,<) be an ordered semigroup and §§ # F C S.
Then F is a left filter of S if and only if xg = (up,vp) is an intuitionistic fuzzy
left filter of S.

PROOF. = . Let F be a left filter of an ordered semigroup S and xp =
{tp,YF), the intuitionistic characteristic function of F. Then xp is an intuition-
istic fuzzy left filter of S. Indeed: By Lemma 4.1, x is an intuitionistic fuzzy
subsemigroup of S. Let z,y € S,z < y. If z ¢ F, then ,uxp(z) =0and ", (z) = 1.
Since p, (y) > 0 and v, (y) < 1 for all z,y € S, we have Hy, (@) < py, (y) and
Yxp () = 7y, (y). Let z € F then p, (z) =1 and v,,(z) = 0. Sincey 2z € F
and F is a left filter of S, we have y € F, and hence p, (y) =1 and v, (y) = 0.
Again p, (2) <y, (y) and v, (z) > 7, (y)- Hence condition (1) of definition 19,
is satisfied.

Let z,y € S, if zy € F. Then p, (zy) =1 and v, (zy) = 0. Since F is a left
filter of S and zy € F = y € F. Hence

Bx,®)=1and v, (y)=0,

Thus g, (zy) > by, (¥) and 7, (2y) < 7y, (¥)-

<= . Let xp be an intuitionistic fuzzy left filter of S. By Lemma 4.1, F’ is a
subsemigroup of S.

Let 2,y € S. If zy € F then pu, (zy) =1 and v, (zy) = 0. Since xp is an
intuitionistic fuzzy left filter of S we have p, (zy) > p,,.(y) and v, (zy) < 7, (¥}
Thus p, (y) =1and~, (y)=0,andsoy€ F.

Let z,y€ S,z <y, ifz € F. Then p, (x) =1 and 7x;~(z) =0. Since z < y
and xp is an intuitionistic fuzzy left filter of S, we have p, (z) < By (y) and
Yxp (%) 2 Yy, (y). Thus Py e (y) =1 and v, (y) = 0. Therefore y € F. O

In a similar way we can prove the following:

6.2. Proposition. Let (S,.,<) be an ordered semigroup and § # F C S.
Then F is a right filter of S if and only if x5 is an intuitionistic fuzzy right filter
of S.

In definition 16, of an intuitionistic fuzzy prime subsets of an ordered semigroup
S, if A = (u4,7v4) is an intuitionistic fuzzy left(resp. right) ideal of S. Then
A = (p4,v4) is an intuitionistic fuzzy prime left(resp. right) ideal of S.

11



6.3. Proposition. Let (S,.,<) be an ordered semigroup and A = (p14,74)
an IFS of S. Then A is an intuitionistic fuzzy left filter of S if and only if the
complement A° = (4, p4) of A is an intuitionistic fuzzy prime left ideal of S.

PROOF. = . Let A = (p4,74) be an intuitionistic fuzzy left filter of an
ordered semigroup S. Then A® = {74, u,4) is an intuitionistic fuzzy prime left ideal
of 5. We first show that A€ is an intuitionistic fuzzy left ideal of S. Let z,y € S,
z <y. Then

Ya(@) = p4(@) =1 - pa(®) 21— paly) = #ay) = 1aW),
and

pa(@) =va(@) =1-7v4(x) <1=74) =74{W) = pa¥)-
Let z,y € S. Since A is an intuitionistic fuzzy left filter of S. Then by condition
(4) and (5) of definition 19, we have
ralzy) 2 paly)
and
Yalzy) < valy)
by condition (2) and (3) of definition 12, it follows that A = (y4,14) is an

intuitionistic fuzzy left ideal of S. Since A is an intuitionistic fuzzy left filter of S.
By conditions (2) and (3) of definition 19, we have,

palzy) > min{ps(z), pay)},

and
Ya(zy) < max{y4(z),74(®)};

by conditions (1) and (2) of definition 16, it follows that A€ is an intuitionistic
fuzzy prime left ideal of S.

<= . Let A° = {y4,4) be an intuitionistic fuzzy prime left ideal of S. Then
A° is an intuitonistic fuzzy left ideal of S. We show that A = (u,4,7v,4) is an
intuitionistic fuzzy left filter of S. Indeed: Let z,y € S, z < y. Since A® = (y4,u4)
is an intuitionistic fuzzy left ideal of S, we have

pa(@) =74(@) =1—74(z) <1-74W) =7a() = ralv),
and
Ya@) = pa@) =1—pa(@) 21— paly) = pa(y) = valz).

Let z,y € S. Since A = (y4,p4) is an intuitionistic fuzzy prime left ideal of

S. We have,
Yalzy) = max{y4(z),74(¥)}
and pa(zy) < min{uy(@), pa(y)}

By condition (1) and (2) of definition 11, it follows that A is an intuitionistic
fuzzy subsemigroup of S.

Since A = {y4,p14) is an intuittionistic fuzzy left ideal of .S, by condition (1)
and (2) of definition 12, we have

valzy) > val)
and py(zy) < paly)
Thus A is an intuitionistic fuzzy left filter of S. This completes the proof. [1
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Similarly we can prove the following:

6.4. Proposition. Let (S,.,<) be an ordered semigroup and A = (p,4,74)

an IFS of §. Then A is an intuitionistic fuzzy right filter of S if and only if the
complement A° = (v 4, 114) of A is an intuitionistic fuzzy prime right ideal of S.
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