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Abstract: Our main result in this paper is to find the power series solution of an intuitionistic
fuzzy differential equation z'(t) = f(t,z(t)), x(tg) = xo by using successive approximation
method and we prove that the approximate solution converge uniformly in ¢ to the exact solution.
Finally, we illustrate this result with a numerical example.
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1 Introduction

The concept of intuitionistic fuzzy is introduced by K. Atanassov in 1983 [1,2]. This concept
is a generalization of fuzzy theory introduced by L. Zadeh [8]. Intutionistic fuzzy differential
equation is very rare. Melliani and Chadli [6] solve partial differential equation with intutionistic
fuzzy number.

By the metric space defined in [5] we have something that makes sense to study this problem
in intuitionistic fuzzy theory.

In [4] the authors discussed the existence and uniqueness of solution of the intuitionistic fuzzy
differential equation, using the method of successive approximation.
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In this paper we considered Picard’s approximation methods for finding approximate solution

of an intuitionistic fuzzy differential equation

{ '(t) = f(t,x(t))

ZE(tQ> = X9

(1.1

where z is an intuitionistic fuzzy quantity and f : I x IF; — IF; is levelwise continuous.

At first, in Section 2, we give some definitions and properties regarding the concept of an
intuitionistic fuzzy sets. The main results of this work is discussed in Section 3. Finally, we
illustrated our theorem numerically by considering an example.

2 Preliminaries
Letus T' = [¢,d] C R be a compact interval. we denote by
IF, = IFR) = {(u,v) : R~ [0,1]*,|V2 € RO < u(z) +v(z) < 1}

An element (u, v) of IF; is said an intuitionistic fuzzy number if it satisfies the following condi-

tions
(i) (u,v) is normal i.e there exists =y, 1 € R such that u(xy) = 1 and v(z;) = 1.
(i1) w 1s fuzzy convex and v is fuzzy concave.
(i11) w is upper semi-continuous and v is lower semi-continuous
(iv) supp (u,v) =cl{z € R :|v(x) < 1} is bounded.
so we denote the collection of all intuitionistic fuzzy number by IF,

Definition 2.1 ([5]). An intuitionistic fuzzy number {u,v) in parametric form is a pair

(o) = (o), (o)), ()™, 0] )

of functions (u,v)” (a), (u,v) (a), (u,v)" (@) and {(u, v)+(a), which satisfies the following re-

quirements:

1. {u,v)" () is a bounded monotonic increasing continuous function,

Tt , . . . .
2. (u,v) («) is a bounded monotonic decreasing continuous function,

3. (u,v)” () is a bounded monotonic increasing continuous function,

u,v) () is a bounded monotonic decreasing continuous function,

R

5. (u,v) (a) < (u,v) (@) and (u,v)" (a) < m+(a),f0r all0 < a < 1.
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Example. A Triangular Intuitionistic Fuzzy Number (TIFN) (u, v) is an intuitionistic fuzzy set
in R with the following membership function « and non-membership function v:

( T — ay .
if ay <z < as
Az — a1
_ a3 — T .
u(z) = if ay <z < as,
a3 — az
L 0 otherwise
( Qo — X . ’
- ifa; <z <ay
_ r—az . ’
v(r) = g ifay <z <ay,
L1 otherwise.

where oz’1 <o <ag<az< a;)
This TIFN is denoted by (u,v) = (a1, as, az; ay, as, ay) .
Its parametric form is

+

(u,v) (o) = a1 + alag — ay), {u,v) (o) = az — alaz — ay)

(u,v)" (@) = d) + alaz — ay), {u,0) (@) = a; — alds — a)

For a € [0,1] and (u, v) € IF;, the upper and lower a-cuts of (u, v) are defined by
(u,v)]* ={x eR:v(z) <1-—a}
and
(u,v)], ={r € R:u(z) > a}

Remark 2.1. If (u,v) € IFy, so we can see [(u,v)], as [u]* and [(u,v)]" as [1 — v]® in the fuzzy
case.
We define 0, gy € IF; as
(1,00 =0
0,1) 0

For (u,v), (z,w) € IF; and A € R, the addition and scaler-multiplication are defined as

01,0)(t) =

follows

e} «

[(u,v>@<z,w>]a:[(u,v)]a+[<z,w>], [A(z,w>]a:)\[<z,w>}
[(u,v)@(z,w>] :[(u,v)] +[<z,w>], [A(z,w>] :)\[<z,w>}

Definition 2.2. Let (u,v) an element of IFy and o € |0, 1], we define the following sets:

e} e} « «

[(u,v)};(a) =inf{z € R |u(z) > a}, [(u,v) }:r(oz) =sup{z € R |u(z) > a}

[(u,v)]l () =inf{z e R |v(z) <1-a}, [<U’U>L<&) =sup{z € R |v(z) <1-a}
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Remark 2.2.

On the space IF; we will consider the following metric,

doo(<u,v>,<z,w>)%03321 [wo)] @~ [Cw] @)
+%0i10121 :(u,v):j(a)— :<z,w>:l+<a>
%0221 :(u,v):;(a)— :<z,w>:;<a)
5 0m |[wn] @ =[] ©

Theorem 2.1 ([7]). The metric space (IF1, dy,) is complete.

Definition 2.3. A mapping F' : T' — IF is called levelwise continuous at ty € T’ if the set-valued
mappings F,(t) = [F(t)]o and F*(t) = [F(t)]* are continuous at t = ty with respect to the
Hausdorff metric dg for all o € [0, 1]

Definition 2.4. A mapping F : T' — IF is said to be differentiable at t, if there exist F' (t) € IF,

such that limits:

lim F(to+ At) © F(to) und  lim F(to) © F(to — At)
At—0+ At At—0+ At

exist and they are equal to F'(ty) = (u'(ty),v'(to)).

Here the limit is taken in the metric space (IF;, d..). At the end points of 7" we consider only
the one-sided derivatives.

If ' : T — TF, is differentiable at ¢, € T, then we say that F’(t;) is the intuitionistic fuzzy
derivative of F'(t) at the point ¢.

Theorem 2.2 ([4]). Let F' : T' — IF; be levelwise continuous, Then for every t € T the integral
G(t) = [ F(s)ds is differentiable and G'(t) = F(t).

Theorem 2.3 ([4]). Let I' : T — IF, be differentiable and assume that the derivative F' is
integrable over T'. Then, for each s € T, we have

F(s) = F(a) & / Pt @
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3 Main result

Assume that f : I x IF; — IF; is levelwise continuous, where the interval I = {t : |t — to| < a}.
Consider the intuitionistic fuzzy differential equation

{ '(t) = f(t,x(t))

3.1)
Q?(to) =X

where x( € IF;.
We denote Jy = I x B(xg,b) wherea >0, b >0, xy € IF;

Blxo,b) = {x € IF, |du (2, 20) < b}

with the parametric representation of =(t), f(t,x(t)) and x( are respectively

(@ (0 0), 7 (0, 0), (& (1), 7 (@,1)) ).
(et 1), T (st (o, 1), (7 (ot a0, 0), T (ot (e, 1))

and

((@*(0,0).7*(2,0)), (@ (2,0),7 (a,0))).

Definition 3.1. A mapping x : [ — IF; is a solution to the problem (3.1) if it is levelwise
continuous and satisfies the integral equation

z(t) = 2o /t f(s,z(s))ds. forallt €I (3.2)
to
Le.,
2 (a,t) = 27 (a, tp) / (o, s,x(v, 8))ds. forallt €1
T (a,t) =T (a, ty) / T (e, s,2(a, 8))ds. forallt el
z (a,t) =z (e, tp) /i (a, s, z(, 8))ds. forallt €I
T (a,t) =T (a, tp) /? (o, s,x(a, 8))ds. forallt el
Remark 3.1.

o [fwe have a mapping f : I — IF; is continuous when IF, is endowed with the topology
generated by the metric d., implies that lower and upper a-cuts of f are continuous with
respect to the Hausdorff metric dy which means f is levelwise continuous. In fact, Let
e > 0and ty € I, by continuity of f there exists a d > 0 such that

doo(F(t), F(to)) < € whenever |t —ty|< 0
deo(F(t), F(ty)) < e =
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[(F @) (@) = [F(to)]F (@)] < e and [[F(t)]] (@) — [F(to)]; ()] < e
hence

max (|[(F(t))]} (o) = [F(to); () [F@®)]) (@) = [F(to)]] ()]) = du (Fa(t), Fa(to)) <e

whenever | t — tg |< 0. So F,(t) is continuous with respect to the Hausdorff metric. The
same for F°(t).

o The Theorem 2.2 and Theorem 2.3 prove the equivalence between Cauchy problem (3.1)
and integral equation (3.2)

Theorem 3.1 ([3]). Assume that f is levelwise continuous and there exists a constant k > 0 such

that
|[f (s, 2(s)) (@) = [f(s,y(s)]T ()] < Kllz(s)] () = [y(s)]7 (a)]
(s, 2()])" (@) = [f (s, y( D (@) < Ellz(9)]) (@) = [y(s)]) ()]
[LF (s, ()], (@) = [f (s, ()] (@) < Kl[z(s)]; (@) = [y(s)], ()]
|[F (s, 2(s))]y (@) = [f (s, ()] ()] < Klz(s)]; (@) = [y(s)]; ()]

with k(T — to) < 1, forall s € I,x,y € IF,. Then the initial value problem (3.1) has a unique

solution on 1.

3.1 Picard’s approximation method

Let f be levelwise continuous in a region Jy containing the point (o, xo) By integrating both
sides of the differential equation (3.1) with respect to ¢, we get

t
zt(a,t) =ct +/ S (o, s, x(a,s))ds. forallt €
t
-
7zt (a,t) =ct +/ f (a,s,x(a,s8))ds. forallt €1
to
t
z (a,t) =c + / f (o, s,2(a,s))ds. forallt el
t

t
T (a,t) =0 + / f (o, s,2(a,s))ds. forallt €I
to

where ¢, ¢", ¢~ and ¢~ are constants.

We replace t by to, we obtain that ¢ = 27 (a, tg), ¢t =TT («, tg),c™ = 27 («, tp) and
¢ =7 (a,ty) Thus,
t
x(a,t) = 27 (a, ty) +/ f (s, 2(a,s))ds. (3.2a)
to
f—
T (a,t) =T (o, ty) + / f (o, s,x(a,s))ds. (3.2b)
to
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z (a,t) =2 (ayty) + /ti(a, s, x(a, s))ds. (3.2¢)

t
T (a,t) =T (o, tg) + / f (a,s,z(a,8))ds foralltel (3.2d)
to

Now to get power series solution of (3.2) we will use Picard’s successive approximation
method.

Suppose x((t) be an arbitrary levelwise continuous function that represents an approximation
to the solution of (3.2). Since f(t,x((t)) is a known function depending solely on z it can be
integrated with x(¢) replaced by zo(t). The right hand side of (3.2) defines another function,
which we write as

i (a,t) = 27 (a, tp) —I—/t ST (e, s, mo(av, 5))ds.
T (o, t) =T (o, ty) + /t7+(a,s,x0(a, s))ds.
7 (a,t) = 27 (o, tg) + /ti(a,s,xg(a, s))ds.

71 (a,t) =7 (a, to) +/t f (o, 5,20(c, 8))ds.

forallt € I.
When we repeat the procedure, we obtain a sequence of functions x(t), za(t), x3(t),. ..,
whose n-th term is defined by the relation

zh(a,t) =2 (a,ty) + /ti+(a, s, Tn_1(, s))ds.

ZH (o, t) =T (a, ty) + /t7+(oz, S, Tp_1(v, s))ds.

t

z (o, t) = 2~ (a, o) +/ f (a8, 2n-1(cx, 5))ds.

to
t

z, (o, t) :E(a,to)—i-/ f (o, 8,20 1(c, 8))ds.

to
forallte In=1,2,3,...

Theorem 3.2. Let the exact solution {(KJF(Q, t), X (a, 1), (X (o, 1), X (v, t))} be approxi-
mated by { (* (,), (),

tion of (3.1) using Picard’s approximation method 3.1 converges to the exact solutions X (a, t),

XH(a,t) X~ (a,t), X (a, t) uniformly in t.

x_(oz,t),x—(a,t))} For arbitrarily fixed 0 < o < 1, the solu-

Proof. 1t is sufficient to show that

Xt(a,t) = lim z (o, t)

n—o0
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7+( t) = lim T} (a, 1)
n—oo
X (a,t) = lim z,, (o, t)
n—oo
and
X (a,t) = lim 7, (a, 1),
forall0 < a <1
Let the exact solution of (3.1) be
t
X(a,t) = X(a,0) + / fla, s, X(s))ds (3.3)
0

and the solution of (3.1) using Picard’s approximation method is

zp(a,t) = z(a, 0) + /t fla, s,x,-1(s))ds (3.4)
0

Now, we denote

Using (3.3) and (3.4), we have
IF = X*(a,0) / £ (0,5, X (5))ds — 2+ (a, 0) /f+a s,z (s))ds
= X))+ [ (7 X6 - [ s ) s
< gk [ (X))~ i(as) )ds

Since [§ = X (a,0) — 27 (a,0) = 0, X" (e, 8)) — 2 (v, 5) < Mt

where M = (e, s, X7 (s)) — 0/ o (, 5) We have [{ < KMt and ly < MK

So, we can assume /7 < w and this can be easily proved by induction.

Therefore, lim 7 < lim 25" = 0ie lim [ = lim X' (a,t) — 27 (a,t) =0
n—»00 n—oco ™ n—00 n—00

Thus, lim z}(a,t) = X1 (a,t)
n—oo

Similarly we can prove lim T («, t) = 7+(a, t), lim z, (o, t) = X («, t)

n—oo n—o0

and lim 7, (o, t) = X (o, t). O

n—oo
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4 Numerical example

Consider the intuitionistic fuzzy initial value problem

¥(t) =uxt), tel=

2(0) = ((0.75 +0.250, 1.125 — 0.125a); (0.5 + 0.50,2 — a))

1
[0,1] @D

To solve this IFIVP first we transform the problem into crisp system of ordinary initial value

problems
(x_/+(oz, t) =zat(a,t) ; 7 (,0) = 0.75 4 0.25«
?Jr(oz,t) =7 (a,t), ; T'(a,0)=0.25c
2 (a,t) =z (a,t), ; 2 (a,0) =054 0.5¢
(2" () =T (1), ; T (x0)=2-a
the parametric form of the exact solution is
(X (1) = z¥(a,0)exp(h)
X (a,t) = T (e, 0) exp(t),
X () =z (o, 0) exp(2),
X (a,t) = 7 (a,0)exp(t)

Ve

forall 0 < o < 1.

The approximate solution using Picard’s method for n-times is

forall 0 < o < 1.
The exact and approximate solutions

zt(a,t) = g*(a,(])(l%—t-i—%-i-g—s;-k...),
THat) = TH(e,0)(1+t+5 +5 +..),
<Q*(a,t): (o, 0) 1+t+§+§+... ,
|7 (a,1) = z—(a,O)(1+t+§+g—i+...)

of IFIVP (4.1) forn = 2, n = 3 and n = 4 are compared

and plotted at ¢ = 1 shown in Figs 1, 2 and 3.
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Exact solution
— Approximate solution
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