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proved that proximities of intuitionistic fuzzy sets is a clan generated structure.
KNeywards - Intuitionistic fuzzy sets, filters, grills, clans and proximities of intuitionistic fuzzy sets.
0. Introduction

In [1] K.Atanassov and S.Stoeva defined intuitionistic fuzzy sets. Later on several authors worked
on intuitionistic fuzzy sets. Among others mention may be made of Atanassov (2], [3]. [4], Burillo
and Bustince [5], [6], D.Coker [8], [9] and Samanta et. el. [10], [11]. Atanassov and Bustince mainly
worked on several operators and algebraic properties of intuitionistic fuzzy sets ; where as D.('oker,
Samanta et. el. worked on topological structures of intuitionistic fuzzy sets.

In [7] Chattopadhyay. Samanta and Mukherjee fuzzified an important result of classical proximity
by proving that proximities of fuzzy sets are clan generated structer. In this paper we define a pre-
proximity and a proximity of intuitionistic fuzzy sets and prove that proximities of intuitionistic

fuzzy sets are clan generated structures.
1. Preliminaries and Notations

Definition 1.1 [1] Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS in short) A is



an object having the form :
A={<z,pa(x),va(z) > z € X}
where the functions pa,v4 : X — I denote the degree of membership (namely pu4(r)) and the

degree of nonmembership (namely v4(z)) of the element z € X to the set A respectively and
0 < pa(z)+wva(z) <1, for each z € X.

Example 1.2 [1] Every fuzzy set A on a nonempty set X is obviously an IFS having the form
A={<z,pa(z),1 —pa(r) >z e X}

Notation 1.3 IFSs are denoted by A, B,C, D etc with (or without) suffix. Set of all IFSs on .X
are denoted by I(X).

Definition 1.4 [1] Let A, B € I(X). Then

(a) A C Biff pa(z) < pp(z) and va(z) > va(z),V z € X,
(byA=Bif ACBand BCA,

() A = {< z,va(z), pa(z) >z € X},

(d) AN B ={< z,pa(z) A up(z),va(z) Vrve(z) > z € X},
(e) AU B ={< z,pa(z) V up(z),va(z) A va(z) > ¢ € X}.

Definition 1.5 [8] 0 = {< ,0,1 >z € X} and I = {< 2,1,0 >: 2 € X}.

Corollary 1.6 [8] Let A, B € I(X). Then
a) (AU B)° = A B,

( ) (4ﬂ3 )o= Al B,

(c) (I ) —()

(d) (0)

Definition 1.7 For z € X, p € (0,1]; ¢ € [0,1) with p+ ¢ <1, an IFS A4 s.t.

pale) = p. va(e) = g
and

paly) =0. valy) =1, Vy(#z) € X
is called an intuitionistic fuzzy point (in short IFP) on X. This is denoted by (p, ¢),.
Notation 1.8 We denote J-as an indexing set.

2. Filter, Grill, Prime filter of intuitionistic fuzzy sets

Definition 2.1 A stack S of IFSs on X is a subset of /(X) such that AD Be S= Ae S
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Definition 2.2 A filter F of IFSs on X is a subset of I(X) satisfying the following :
F#o¢

ADBelF=>AcF

A.Bel'= ANBeF.

A filter F of IFSs is called proper if 0 ¢ F'.

Definition 2.3 A Grill G of IFSs on X is a subset of I(X) satisfying the following :
0¢g G

ADBe(G=AeG

AUBe(i=AcGor BeG.

A grill G of IFSs is called proper if G # 4.

Definition 2.4 A stack V of IFSs on X is a prime filter of IFSs on X if it is a filter of [FSs on X
and as well as a grill of IFSs on X.

A maximal proper filter U of IFSs is called an ultrafilter of IFSs.

#(X) = Set of all filters of IFSs on X.
['(X) = Set of all grills of IFSs on X.
w(X) = Set of all prime filters of IF'Ss on X.

Example 2.5 Let A € I(X). Define F' C I(X) by
F={Bel(X):BD>A}

Now clearly F # ¢. Let C D B € F. Then C D B D A and hence C € F. Again let B,(" € I
and so pug(r) > pa(z), ve(z) < valz) and pe(z) > pa(z), ve(z) < wva(z). It follows that
pp(a) A pe(x) > pa(z) and vp(z) V ve(z) < valz). Thus B(1C D A and therefore BN C € F.
Clonsequently F'is a filter of IFSs. |

Example 2.6 Let p > 0 and X be a nonempty set. Then
V. = {A € I(X) : pa() 2 p}

is a prime filter of [F'Ss on X.

Proof. Let A D B €V,,. Then pa(z) > pp(z) = p and hence A € V,,,.
Now 0 = {< 2,0,1 > 2 € X} ¢ V,,. Againlet A, B €V},. Then A()B € V,,. Finally suppose
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that AlJB € V,,. Therefore uAUB(:c) > p that is pa(z) > P or ug(x) > p. It follows that
Ael, or BeV,,.
Hence V), is a prime filter of IFS on X.

Remark 2.7 It is to be noted that for IFP (p, ¢),, the collection

is a filter but in general not a prime filter. In fact, it may not be a grill. To justify this take
an ordinary set X # ¢. Let p = 0.2, g = 0.3 and a fixed x € X. Let A,B € I(X) with
pa(r) =025, va(z) = 0.35, up(z) =0.15, vp(z) = 0.25. Then A{JB € V|, ), but A &€ V[, ), and
B ¢ Vipaa)e-

Theorem 2.8 Let F', F? € ¢(X) and G*, G* € T(X). Then
(1) F*NF?CcG = F'CG* or F2CG*
(2) F'c G JG*=> F C G* or F* C G2

Proof. (1) If possible suppose that F* ¢ G' and F? ¢ G'. Then there exists A, € F' such
that A, ¢ (' and Ay € F? such that A, € Gl So A1 UAz € G* but A JAz € FI)F2a
contradiction.

(2) Il possible suppose that F! ¢ G* and F*' ¢ G?. Then there exists A, € F'— @' and 4, €
I — (% and hence A;( Ay € F* C G*'JG? So A1V A2 € G or A; Ay € G? which nnpl ies
A, € G or 4, € G*——a contradiction.

This completes the proof.

Theorem 2.9 Intersection of filters of IFSs is a filter of IFSs.

Proof is straightforward.

Theorem 2.10 Union of grills of IFSs is a grill of [F'Ss.

Proof. Let = J{G7: j € J, G € T(X)}. Since 0 ¢ G/, Vj € J, 0 € G. Also clearly A D B € (/
implies A4 € (¢ and A|J B € G implies A|JB € G’ for some j € J and it follows A € (¢ or B € (.
Therefore A € G or B € G. Hence G is a grill of IFSs on X.

Definition 2.11 For each stack S of IFSs, define dS = {A: A° ¢ S}.

Theorem 2.12 If S (with or without suffives) is a stack of IFSs, F is a filter of IFSs and G is a

grill of [FSs on X, then followings hold :
(1) dS' C dS?if §' D S?,
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(2) d(dS) = !

(3) d(|JS") = ﬂdSz

(1) AN = Uds",

(5) dF is a grill of IFSs,
(6) dG is « filter of IFSs.

Proof. (1) Let A € dS*. That is A° ¢ S*. This implies 4° ¢ S That is A € dS°. Thus
dST C dS®.

(2) Let A € I(X). Then A € d(dS) & A°¢ dS & A€ S. Thus d(dS) = S

(3) Let A € d({JS?). Then A € d(JS) & A°¢ S & A°¢ 5, VieJs A€ dSi, Vi e J
& A e NdS'. Thus d(J %) =N dS*.

(4) Now A € d(ﬂ S7) @ A° ¢ S' & A° ¢ S, for some i, & A € dS™ & A € U(I,S'i. Thus
AN S = |Jds'.

(5) Since 1 € F, (0)° € F and hence O ¢ dF. Let AD B € dF. Then B® ¢ F and it follows A° ¢ F
for A° C B¢. Therefore A € dF. Again let A|JB € dF. That is (A|JB)* ¢ F. Thus A*(\B° ¢ I
and it follows A° ¢ F or B° ¢ F. Therefore A € dF or B € dF. So dF is a grill of IF5s.

(6) Since 0 ¢ G, that is (1)° ¢ G and it follows 1 € dG. Let A D B € dG. Thus B ¢ (v and
consequently A° ¢ G and it follows A € dG. Further let A, B € dG&. That is A° ¢ - and B° ¢
and it follows A°|JB® ¢ G and that is (A() B)° € G and therefore A(| B € dG. Thus d(/ is a filter
ol II'Ss.

Theorem 2.13 If F is a filter of IFSs and G is a grill of IFSs such that F C G then theve exists
a prime filtcr'V of IFSs such that F CV CG.

Proof. Let I' be a collection of subsets of I(X) defined by

VacCI(X). aeTl & FCaandV A, A, ...... Am € a e AV Ao N An € (. Clearly
(I',C) is a partially ordered set and F' € I'. Also if « € I' then I C oo C G. Now one can (vlu ck
(by using Zorn’s lemma) that (T, C) has a maximal element. Let V' be such element. Obviously
FcVcda.

Let A;. Ay € V. Then V|J{A1[) A2} € T and hence by maximality of V, A, NAs € V. Let 4D
B € V. Then VJ{A} € T and again by maximality of V, A € V. Thus V is a filter of IF5s on X.
Let A.B € [(X)suchthat A¢ V and B ¢ V. Then both of V[ J{A} do not belong to I'. Hence one
can find Aq......... A, € V and By, ...... B, € V such that AN A1 [()..... N AV B[] NB, &«
and BO AN oo- N Am N Bi() ooV Br € G and hence (AU B) AN A2 (- N Aw VB[]
NB. &G

This shows that A|JB € V. Thus V is a prime filter of IFSs. This completes the proot.

Corollary 2.14 Let G C I(X). Then G is a grill of IFFSs on X iff it is a union of prime filter ol
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11'Ss on X,

Proof. Since an arbitrary union of grills of IFSs is a grill of IFSs, it follows that if i is an union
of prime filters of IFSs then it is a grill of TF5Ss.
Conversely suppose that G is a grill of IFSs. Let A € G’ Set

F={BelI(X): AC B}.
Then [ is a filter of IFSs and F' C G. So by above Theorem, there exists a prime filter V" of [I'5s
on X such that F C V C G and hence A € V C (. Thus G is an union of prime filters of 1ISs on
X.

3. Proximities of IFSs

Definition 3.1 A binary relation A on I(X) is said to be a basic preproximity of [FSs on X if it

satisfies the following conditions :

(1) 0 & A(A), ¥V AeI(X),

(2) A=A""

(3) AUB € A(C) & A€ A(C) or B € A(C) where A(A) = {B € I(X): (A, B)€ A}

A binary relation 7 on I(X) is said to be a basic proximity of IFSs on X if it is a preproximity of

11°Ss and X satisfies the condition
AB#0=(A,B)er.

When A(7) is a preproximity (proximity) of IFSs on X then X is called the reference set of A(r)
and is denoted by X(A)(X (7).

Set of all hasic preproximities (proximities) of IFSs on X is denoted by m(.X)(M(.X)).

In the sequel. we shall, in general, drop the prefix ‘basic’ and just talk of preproximities of [1°5s
and proximities of IFSs. The pair (X, A)((X,7)) is called a preproximity space of IF3s (proximity

space of 1F'Ss) whenever A € m(X)(r € M(X)).

Example 3.2 Let T = {(A,B) € I(X) x I(X): A(\B# 0}. Then (A,0) € T and (A.B) € T =
(B.A) e 1T'. Now
(4,B|JC)eT & A[(BJO)#0
& (A(1BJA)0) #0
o A[B#0or (A[)C)#0
& (A,B)eTor(A,C)eT.

Theorem 3.3 Let AY, A2 € m(X) and A, B € I(X). Then followings hold :
(1) A (AU B) = AYA) UAL(B), |
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(2) (AT AY)(A) = AYA)JAY4),
()’) CB-yA‘ (4) C A%(B).

Prool is straightlorward.

Theorem 3.4 Let A be a binary relation on I[(X). Then A is a preproximity of IFSs on X if and
only if A = A7! and A(A) € T(X), V A€ I(X).

Proof is straightforward.

Definition 3.5 Let A € m(X), A € I(X). Then B € I(X) is called a neighbourhood (in short
nbd) of A with respect to A if B¢ ¢ A(A).
The collection of all nbds of A w.r.t. A is denoted by N(A, A).

Theorem 3.6 Let A, A', A? € m(X). Then followings hold :

(1) N(6.0) = [(X). |

(2) if B e N(A,A), B € N(A, AY), then B{JB' € N(A,A|JAY),
(3) N(A, AU B) = N(A, A)(\N(A, B),

(1) \(_\ A)C N(A Al) if A' C A

(5) N(A'|JAZ A) = N(AY, A)N(A?, A),

(6) N(AT,A)C N (_&2,.4) s e o

Proof. (1) Since A ¢ A(0), V A € I(X), N(A,0) = I(X).

(2) Since B € N(A, A) and B' € N(A, A'), B® ¢ A(A) and (B')* ¢ A(A). It follows (Bl B')" ¢
A(A)and (BB ¢ A(AY). Thatis (B|JB')" ¢ A(A) UA(AY) = A(AUA") and thus B Hl €
NAAUAY
)

l()l

(3

Del(X), De NAAB) « D ¢ A(A| JB) = A(A) | JA(B)
& D° ¢ A(A) and D°¢A(B
& DeN(AA)(NA,B)

Thus N(A, AU B) = N(A,A)N(A, B).
(1) This l()llow.s from (3)
(5) Let B € [(X). Now
Be N(A'JA%A) & B¢ (A JA%)(4) = Al4) A% A)
& B¢ A'A) and B ¢ A*(A)
& Be N(ALA)[N(A?A).

Thus N(A'JA2Z 4) = N(AL A) () N(A% A).
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(6) This follows from (5).

Definition 3.7 Let A € m(X), A € I(X). We define Ca : I(X) — I(X) by

Cad = AP 9)s : (n,9): € A(A)})

where (p.¢)e = {< a,p,g> 2 € X}, 0<p, 0 gand p+¢ < 1.

(' is called the closure operator induced by A on X.

Theorem 3.8 Let A, Al € m(X). A, B € I(X). Then Ca satisfies the following conditins :
(1) Cal =0,

(2) AC CaA,

(3) Ca(A U BY=CaA U CaB,

(4) CaA C Car(A)if ACAL

Proof follows from above definition and Theorem 3.3.

From the above Theorem it is mentioned that Ca is a Cech closure operator and it is a RKuratowski

closure operator if Ca(Cad) = CaA, V A € I(X).

Theorem 3.9 Lct AL, A? € m(X). Thén Vpe (0,1,Yqe[0,1) withp+qg <1 Vze
X AY(p.q)s) = A2((p. q)s) implies Can A = CazA, ¥V A € I(X).

Proof.

Cad = AUJ(UH®9:: (1,9): € A(A)D)
= AU, @)= - A € A((p9)2)))

= AUWUH(p 9= : A€ 2%((19):)})
— CmA

Theorem 3.10 For a prozimity 7 of IFSs on X, Cy is a Kuratowsku closure operalor iof

ienr(CB)=1¢en(B)

Proof. Suppose that Cy is a Kuratowski closure operator and let 1 € #(CzB). Then C(C.B) =
1 = (,B and | € r(B). Conversely, suppose that ier(CB)=> 1 € n(B). We have to show that
(', is a Kuratowski closure operator. Note that for eachz€e X, 0<p<1,0<g<withptq<
1, (p.q). € 7(C,B) implies (1,0), € 7(CxB) and hence (1,0), € 7(B). Consequently, (-8 = I.
Thus C-(CrB) C C.B and therefore Cr(CrB) = CxB.
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Definition 3.11 Let A € m(X) and F' € ¢(X). Then we define

=({A(A): A€ F}.

Theorem 3.12 For A, A', A? ¢ m(X) and F, F*, F? € ¢(X) followings hold :
(1) A(l 61(\)

(2) A(A) = U{A(V) : V ew(X), A€V},

(})I‘FAI) F? c.&ul)

(1) (ATUAN(F) = AYF)UAYF),

(3) M) = AGFYUA(F).

proof. (1) Clearly 0 ¢ A(F). Again AUBeA(F)= Fc A(AUB) = A(A)JA(B). 1t follows
that ¥ C A(A)or £ C A(B). Thus A € A(F)or B € A(F). Clearly A D B € A(F) = A € A(F).
Hence A(F7) € 1( X’)

(2) Let B € |J{A(V):V € w(X), A€ V}.That is there exists V € w(X) such that B € A(V) and
A€ V. By above deﬁmtlon7 B e A(A). Thus A(A) D U{A(V): Ae V}.

Next. let B € A(A). Then A € A(B) and it follows by corolleuy 213, A € V C A(B) for some
Ve w( \’) That is A € V and B € A(V). Therefore A(A) C J{A(V): A€ V}

Thus AMA) = J{A(V): V ew(X), A€V}

(3) Let 1 € 72, Since I C A(F?), F* C A(A). That is A € A(F). Therefore I* C A(F").

(4) For A € 1(X),

e (A JahF) & FoatJan4
& FcAal(4)|JAaY4)
& F C AYA)or F C A*(A) (by Theorem 2.8)
& AeAl(F )mAEA(F)
& Aea(F)|Jak

Thus (A'JAY(F) = AYF)JANF).
(5) For A € I(X),

& F'()F?CAA)

& F'c A(A)or F? C A(A) (by Theorem 2.7(1))
& AeA(FY) or A€ A(F?)

& AeAFH)|Jawr

Fz

Thus NP F2) = ALY JA(F?)

Theorem 3.13 For a provimity © of IFSs on X, F C n(F), V proper filter ' of 1FSs on X
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Proof. Let A € /. Now A B # 0 for all B € F. It follows that A € 7(B) for all B € F'. Hence
A€ n(F). Therefore I C =(F) for all proper filter F' of IFSs on X.

Definition 3.14 Let A € m(X). A subfamily T of I(X) is said to be A-compatible if
A BeT = A€ A(B).

A A-compatible grill is called a A-clan.

Theorem 3.15 For A € m(X), GG € l“(X;), the followings are equivalent :
(1) is a N-clan.

(2) IV € w(X) x-u(“/z that V- C G then G C A(V),

(3) G C ({A(V) €w(X),VCdGl,

(1) If Vi V2 e -'(X) such that VY, V? C G then V! C A(V?).

Proof. ({1)=(2)) : Suppose that (1) holds. Let V € w(X) such that V C G and A € GG It follows
that A € N(B3). V B e V. That is A € A(V). Therefore G C A(V). Hence (1)=(2).

((2)=(3)) : It is clear from the conditions of (2) and (3).

((3)=(4)) : Suppose that (3) holds. Let V!, V? € w(X) such that V*,V? C G. Since V* C (0. (i C
A(V?). Consequently, V' € A(V?). Thus (3) implies (4).

((4)=(1)) : Suppose that (4) holds. Let A, B € G. So by Corollary 2.13, there exists V"' 1 € w(.X)
such that A € V1, B € V? where V! C G and V? C G. Therefore, A € V! C A(v?) C A(B).
Hence (1)=(1). '

Theorem 3.16 Let N € m(X). Then every A-clan is contained in a maximal X-clan.

Proof. By Theorem 2.9. union of grills of IFSs is a grill of IFSs. Further for a family {G7 : j € J} A-
clans with (7 C G7'. j < j', |U{G? : € J } is a A-clan. Hence appling Zorn’s lemma on the
collection ol all A-clans containing a A-clan G, proof of the Theorem follows.

Lemma 3.17 Let A € m(X). If A € A(B), then there exists VI V2 € w(X) such thal A €
1o B e V2and VP C A(VE).

Proof. Since A(B) is a grill of IFSs on X, by Corollary 2.13, there exists a prime filter V' of
[FSs such that A € V' € A(B). By symmetry of A, B € A(V?!). Now A(V') € I'(X). Again by
Corollary 2.13. there exists V? € w(X) such that B € V2 C A(V?!). Therefore A € V', B € 17
and V' A(VE).

Theorem 3.18 Let 7 € M(X). If A € n(B), then there is a m-clan of the form V'|JV? where
V2 € (X)) such //7(/./‘ AeV!and Be V2.
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Proof. let A € w(B). So by the above Lemma, there exists VI, V? € w(X) such that A4 €
V1o B e V2 and V1 C =(V?). Since 7 € M(X) and V!, V? € w(X) then for any (. D € V' or
V2 ((.Dj € 7 and hence V!{JV? is a m-clan such that A € V! and B € V.

Corollary 3.19 Let 7 € M(X). If A € n(B), then there exists a maximal 7-clan containing
{A, B}.

Proof. I'vom the above Theorem, there exists a 7-clan V' JV? where V!, V2 € w(.X). such that
{A.B} c V'|JV?* By Theorem 3.16 every m-clan is contained in a maximal #-clan and hence the

proof follows.

Corollary 3.20 Let # € M(X). Then
= J{(/ x (/. (7 is maximal 7-clan }
= J{¢/ x (7 : (7 is a m-clan }.

Proof. Let (A.B) € 7. Then by above Corollary. 3.19, there exists a maximal 7-clan 7 such that
(A.B) € ( x (i, 1t follows that 7 C | J{G x.G : G is maximal 7-clan }. By the definition of 7-clan.
(i x (¢ C =. lor any w-clan GG. Hence
r = J{G x (: (7 is maximal 7-clan }

= J{¢ x (: (V is a w-clan }.

Remark 3.21 [t is known that one of the most fundamental results in the arca of proximities of
fuzzy sets is that they are clan generated structure [3]. Because of the above representation. it
follows that proximities of IFSs are also clan generated structures in the sense ol their description
as in the above Theorem.
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