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1 Basic notions of possibilistic logic

This section recalls the relevant definitions and results on possibilistic logic. Most of the
definitions and some comments are based on [2].

1.1 Possibilistic distributions

A possibility distribution is just a function from any domain to [0, 1]. Unlike probability
distributions which require that the function reaches 1 at exactly a single point, a pos-
sibility distribution may fail to reach 1 at all (sub-normal distribution) or it may reach
unity at an arbitrary number of points (if there is at least one, the distribution is called
normalized).

1.2 Possibilistic logic

Let us have a propositional language L, and let Ω be the set of interpretations for this
language. From now on we will use the term distribution with regard to a possibility
distribution over Ω.

Every possibility distribution π (over Ω) gives rise to two functions from L to [0, 1],
called possibility and necessity measures and denoted by Π and N , respectively, defined
by:

∀ϕ ∈ L : Π(ϕ) = sup
ω|=ϕ

π(ω)

and
∀ϕ ∈ L : N(ϕ) = 1− Π(¬ϕ) = inf

ω|=¬ϕ
1− π(ω).

The possibility measure gives the extent to which a formula is compatible with the
given knowledge, while the necessity measure gives the degree to which the formula can
be entailed from that knowledge.

A possibility measure Π satisfies the following properties:
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• Π(⊥) = 0; Π(>) = 1

• ∀ϕ, ψ : Π(ϕ ∨ ψ) = max(Π(ϕ),Π(ψ)).

where > and ⊥ denote tautology and contradiction, respectively. As follows from the
definition,

∀ϕ, ψ : N(ϕ ∧ ψ) = min(N(ϕ), N(ψ)).

Note that possibilistic logic is not truth-functional as concerns Π and N : the values
of Π(ϕ∧ ψ) and N(ϕ∨ ψ) cannot be determined by knowing just the values of Π(ϕ) and
Π(ψ) (or N(ϕ) and N(ψ), respectively). There hold the weaker conditions

∀ϕ, ψ : Π(ϕ ∧ ψ) ≥ min(Π(ϕ),Π(ψ))

and
∀ϕ, ψ : N(ϕ ∨ ψ) ≤ max(N(ϕ), N(ψ)).

A corollary from the properties is N(ϕ) ≤ Π(ϕ) for all formulas ϕ. Indeed, for all ϕ,
max(Π(ϕ),Π(¬ϕ)) = 1 so one of Π(ϕ) and Π(¬ϕ)) must be 1. Therefore Π(ϕ) + Π(¬ϕ))
≥ 1, so Π(ϕ) ≥ 1− Π(¬ϕ)) = N(ϕ).

2 Intuitionistic fuzzy logic

In intuitionistic fuzzy logic, each formula p of a propositional language are interpreted
by two values between 0 and 1 - a truth degree µ(p), like with fuzzy logic, and one more
value - falsity degree ν(p). The following requirement should hold:

µ(p) + ν(p) ≤ 1.

Let this assignment be provided by a valuation function V defined over a set of proposi-
tions S in such a way that:

V (p) = 〈µ(p), ν(p)〉.
Hence the function V : S → [0, 1] × [0, 1] gives the truth and falsity degrees of all

propositions in S.
We assume that the valuation function V assigns to the logical truth T

V (T ) = 〈1, 0〉,

and to the logical falsity F
V (F ) = 〈0, 1〉.

The valuation of the negation ¬p of the proposition p is defined as:

V (¬p) = 〈ν(p), µ(p)〉.

When
ν(p) = 1− µ(p),
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i.e.
V (p) = 〈µ(p), 1− µ(p)〉,

for ¬p we get:
V (¬p) = 〈1− µ(p), µ(p)〉,

and so reduces to the case of ordinary fuzzy logic (see e.g., [?]).
When the values V (p) and V (q) of the propositions p and q are known, the valuation

function V can be extended further to cover conjunction and disjunction as follows:

V (p&q) = 〈min(µ(p), µ(q)),max(ν(p), ν(q))〉,

V (p ∨ q) = 〈max(µ(p), µ(q)),min(ν(p), ν(q))〉.

Depending on the way of defining the implication operation, different variants of IFPC
can be obtained.

There are over 10 different versions of implication defined for fuzzy sets, but the
attempts to transfer them to IFL failed. The two most acceptable definitions are the
following:
(a) sg−implication:

V (p ⊃ q) = 〈1− (1− µ(q)).sg(µ(p)− µ(q)),
ν(q).sg(µ(p)− µ(q)).sg(ν(q)− ν(p))〉,

where:

sg(x) =


1 if x > 0

0 if x ≤ 0

and (b) (max−min)−implication:

V (p ⊃ q) = 〈max(ν(p), µ(q)),min(µ(p), ν(q))〉.

Intuitionistic fuzziness is being theoretically stidied in connection to mathematical
analysis, topology, logic etc., and has a variety of applications. For references, see [1].

3 Intuitionistic fuzzy logic over possibility distribu-

tions

The properties of possibilistic logic are largely using the fact that all involved possibilistic
distributions are normalized. In this section we will study a version of possibilistic logic
using both normalized and sub-normal distributions. We will show that every such setting
generates an intuitionistic fuzzy logic of a special kind.

Everywhere in this section we will deal with possibly sub-normal distributions.
Observation 1. The property N(ϕ) ≤ Π(ϕ) for all formulas ϕ does not hold in the

general case for sub-normal distributions.
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Motivated by this observation, we will construct a valuation µ that is meant to serve
as a necessity measure in case of sub-normal distributions. For normalized distributions,
it will coincide with N . We will develop it in a truth-functional way to cover conjunctions
and disjunctions and will prove that the obtained logic is a special case of intuitionistic
fuzzy logic. If the initial distribution is of a special kind we call ’truth-preserving’, our
valuation will be shown to completely coincide with N on all formulas. In this case, it
will follow that possibilistic logic can be extended to a special case of IFL.

By literal we will mean either an atomic formula or a negation of an atomic formula.

Definition 1 For each possibility distribution π and literal ϕ, define

µΠ(ϕ) = min(Π(ϕ), N(ϕ))

where Π and N are the possibility and necessity measures induced by π.
We will denote µΠ(¬ϕ) by νΠ(ϕ).

Proposition 1 For each possibility distribution π and literal ϕ

µΠ(ϕ) + νΠ(ϕ) ≤ 1.

Proof. Check against Definition 1.

Definition 2 For each possibility distribution π and formulas ϕ, ψ, we define

µΠ(ϕ ∨ ψ) = max(µΠ(ϕ), µΠ(ψ)),

µΠ(ϕ ∧ ψ) = min(µΠ(ϕ), µΠ(ψ)).

Proposition 2 For each possibility distribution π, the pair 〈µΠ, νΠ〉 is an intuitionistic
fuzzy valuation.

Proof. The result follows by checking that µΠ and νΠ are truth-functional with respect
to negation, conjunction, and disjunction, and that the corresponding definitions coincide
with these of intuitionistic fuzzy logic.

So far we showed that Π and N can be extended (truth-functionally) to a valuation
which turns out to be exactly an intuitionistic fuzzy logic valuation. Moreover, we will
now prove that this valuation coincides with N in case of a truth-functional possibility
distribution.

Definition 3 We will call a distribution π truth-preserving iff for all formulas ϕ, ψ,

Π(ϕ ∧ ψ) = min(Π(ϕ),Π(ψ)),

N(ϕ ∨ ψ) = max(N(ϕ), N(ψ)).
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Proposition 3 For each truth-preserving possibility distribution π and a formula ξ,

µΠ(ξ) = min(Π(ξ), N(ξ)). (1)

Proof. This holds by definition 1 for all literals (even for non-truth-preserving distribu-
tions). We will prove the claim by induction on the complexity of ϕ. Let ϕ and ψ be
formulas for which the claim holds; consider ϕ ∨ ψ.

µΠ(ϕ ∨ ψ) = max(µΠ(ϕ), µΠ(ψ)),

and by the inductive hypothesis

µΠ(ϕ ∨ ψ) = max(min(Π(ϕ), N(ϕ)),min(Π(ψ), N(ψ))), (2)

If N(ϕ) ≤ Π(ϕ) and N(ψ) ≤ Π(ψ), the above expression coincides with

min(max(Π(ϕ),Π(ψ)),max(N(ϕ), N(ψ))) (3)

which is exactly (1) - the latter maximum is legal due to the truth preservation. The
same is the case when Π(ϕ) ≤ N(ϕ) and Π(ψ) ≤ N(ψ).

Now assume Π(ϕ) < N(ϕ) and N(ψ) < Π(ψ) and suppose (2) does not coincide
with (3). Without loss of generality assume Π(ϕ) < Π(ψ) and N(ϕ) > N(ψ). It is
impossible that Π(ψ) ≤ N(ϕ), as the direct check shows. Therefore N(ϕ) < Π(ψ). Now
Π(ϕ) < Π(ψ) < Π(¬ψ). But the interpretation which infers both ψ and ¬ψ - the one
having π = Π(ψ) - must necessarily infer ϕ or any other formula, so Π(ϕ) = Π(ψ) and
hence a contradiction. Therefore (2) coincides with (3).

Corollary. For truth-preserving possibility distributions π, possibilistic logic can be
extended to intuitionistic fuzzy logic by the equation (1).
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