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1 Introduction

The Intuitionistic fuzzy differential equations (IFDE) have drawn much attention from scientists
and engineers because of its applicability in various fields, as artificial intelligence, robotics, fluid
mechanics, heat and mass transfer, economics and social sciences for modeling and solving their
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respective problems. The concept of Intuitionistic Fuzzy Sets (IFS) are a significant part of the
fuzzy set theory [11]. In 1983 Atanassov generalized the fuzzy set theory by presenting the basic
elements of intuitionistic fuzzy sets [1–3]. The theory of ordinary and partial fuzzy differential
equations has been fabulously studied by several authors such as Seikkala [10], Bertone [5], B.
Bede [4] and J. Prakash [9]. The existence and uniqueness of the solution of a differential equation
with intuitionistic fuzzy data has been discussed in [6]. In this paper, we intend to study the effect
of uncertainties on mass distribution. We emphasize on the intuitionistic fuzzy transport equation
in homogeneous and non-homogeneous cases.

This manuscript is organized as follows. In Section 2, a few basic results on intuitionistic
fuzzy sets and the metric space, which have been examined in [7, 8]. In Section 3, we study
homogeneous transport equations. In Section 4, the solution of non-homogeneous equation is
given. The transport equation by non-precise speed is discussed in Section 5. Solving numerically
the intuitionistic fuzzy advection equation by difference finite method is illustrated in Section 6.
Finally, a conclusion is drawn in Section 7.

2 Preliminaries

In this section, we present some definitions and introduce the necessary notation, which will be
used throughout the paper.

2.1 Intuitionistic fuzzy sets

An intuitionistic fuzzy set A ∈ X is given by

A = {(x, uA(x), vA(x))|x ∈ X},

where the function uA(x), vA(x) : X → [0, 1] define respectively the degree of membership and
degree of non-membership of the element x ∈ X to the set A, which is a subset of X , and for
every x ∈ X , 0 ≤ u(x) + v(x) ≤ 1. Obviously, every fuzzy set has the form

{(x, uA(x), uAc(x))|x ∈ X}.

For each intuitionistic fuzzy set A ∈ X , we call

πA(x) = 1− u(x)− v(x)

the degree of non-determinacy (uncertainty) of the element x ∈ X to the intuitionistic fuzzy
set A.

2.2 Intuitionistic fuzzy numbers

An element 〈u, v〉 of F1 is said to be an intuitionistic fuzzy number if it satisfies the following
conditions:

(i) 〈u, v〉 is normal, i.e., there exists x0, x1 ∈ R such that u(x0) = 0 and v(x1) = 1.
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(ii) The membership function u is fuzzy convex, i.e.,

u(λx1 + (1− λ)x2) ≥ min(u(x1), u(x2)).

(iii) The non-membership function v is fuzzy concave, i.e.,

v(λx1 + (1− λ)x2) ≤ max(v(x1), v(x2)).

(iv) u is upper semi-continuous and v is lower semi-continuous.
(v) Supp〈u, v〉 = cl{x ∈ R : |v(x) < 1} is bounded.

So we denote the collection of all intuitionistic fuzzy numbers by F1.
For α ∈ [0, 1] and 〈u, v〉 ∈ F1, the upper and lower α-cuts of 〈u, v〉 are defined by

[〈u, v〉]α = {x ∈ R : v(x) ≤ 1− α},
[〈u, v〉]α = {x ∈ R : u(x) ≥ α}.

Remark 2.1. If 〈u, v〉 ∈ F1, so we can see [〈u, v〉]α as [u]α and [〈u, v〉]α as [1 − v]α in the fuzzy
case.

Definition 2.2. Let κ = (uκ, vκ), κ1 = (uκ1 , vκ1) and κ2 = (uκ2 , vκ2) be three intuitionistic fuzzy
numbers, then

1. κ1
⊕

κ2 = (1− (1− uκ1)(1− uκ2), vκ1vκ2).

2. κ1
⊗

κ2 = (uκ1uκ2 , 1− (1− vκ1)(1− vκ2)).

3. λκ = (1− (1− uκ)λ, vλκ), λ > 0.

4. κλ = (uλκ, 1− (1− vκ)λ), λ > 0.

We define 0(1,0) ∈ F1 as

0(1,0)(t) =

(1, 0), if t = 0.

(0, 1), if t 6= 0.

Let 〈u, v〉, 〈u′, v′〉 ∈ F1 and λ ∈ R. We define the following operations:

(〈u, v〉 ⊕ 〈u′, v′〉)(z) = ( sup
z=x+y

min (u(x), u′(y)), inf
z=x+y

max(v(x), v′(y))),

λ〈u, v〉 =

〈λu, λv〉, if λ 6= 0.

0(1,0), if λ = 0.

For 〈u, v〉, 〈z, w〉 ∈ F1 and λ ∈ R, the addition and scalar-multiplication are defined as
follows

[〈u, v〉 ⊕ 〈z, w〉]α = [〈u, v〉]α + [〈z, w〉]α, [λ〈z, w〉]α = λ[〈z, w〉]α,
[〈u, v〉 ⊕ 〈z, w〉]α = [〈u, v〉]α + [〈z, w〉]α, [λ〈z, w〉]α = λ[〈z, w〉]α.
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Definition 2.3. Let 〈u, v〉 be an element of F1 and α ∈ [0.1], we define the following sets:

[〈u, v〉]+l (α) = inf{x ∈ R|u(x) ≥ α}, [〈u, v〉]+r (α) = sup{x ∈ R|u(x) ≥ α},
[〈u, v〉]−l (α) = inf{x ∈ R|v(x) ≤ 1− α}, [〈u, v〉]−r (α) = sup{x ∈ R|v(x) ≤ 1− α}.

Remark 2.4. [〈u, v〉]α = [[〈u, v〉]+l (α), [〈u, v〉]+r (α)], [〈u, v〉]α = [[〈u, v〉]−l (α), [〈u, v〉]−r (α)].

Proposition 2.5. For all α, β ∈ [0, 1] and 〈u, v〉 ∈ F1

(i) [〈u, v〉]α ⊂ [〈u, v〉]α.
(ii) [〈u, v〉]α and [〈u, v〉]α are nonempty compact convex sets in R.
(iii) If α ≤ β, then [〈u, v〉]β ⊂ [〈u, v〉]α and [〈u, v〉]β ⊂ [〈u, v〉]α.
(iv) If αn ↗ α, then [〈u, v〉]α = ∩n[〈u, v〉]αn and [〈u, v〉]α = ∩n[〈u, v〉]αn .

Let M be an arbitrary set and α ∈ [0, 1]. We denote by

Mα = {x ∈ R : u(x) ≥ α} and Mα = {x ∈ R : v(x) ≤ 1− α}.

Lemma 2.6. Let {Mα, α ∈ [0, 1]} and {Mα, α ∈ [0, 1]} be two families of R which satisfy (i)–(iv)
in Proposition 2.5. If u and v are defined by

u(x) =

0, if x /∈M0

sup{α ∈ [0, 1] : x ∈Mα}, if x ∈M0

,

v(x) =

1, if x /∈M0

1− sup{α ∈ [0, 1] : x ∈Mα}, if x ∈M0

,

then 〈u, v〉 ∈ F1.

Lemma 2.7. A mapping d : F1 × F1 → R is said to be an intuitionistic fuzzy metric on F1 if it
satisfies the following conditions:

1. d(〈u1, v1〉, 〈u2, v2〉) ≥ 0, ∀〈u1, v1〉, 〈u2, v2〉 ∈ F1.

2. d(〈u1, v1〉, 〈u2, v2〉) = 0 iff 〈u1, v1〉 = 〈u2, v2〉.

3. d(〈u1, v1〉, 〈u2, v2〉) = d(〈u2, v2〉, 〈u1, v1〉) ∀〈u1, v1〉, 〈u2, v2〉 ∈ F1.

4. d(〈u1, v1〉, 〈u3, v3〉) ≤ d(〈u1, v1〉, 〈u2, v2〉)+d(〈u2, v2〉, 〈u3, v3〉), ∀〈u1, v1〉, 〈u2, v2〉, 〈u3, v3〉 ∈
F1.

On the space F1 we will consider the following metric,

d∞(〈u, v〉, 〈z, w〉) =
1

4
sup

0<α≤1
‖ 〈u, v〉+r (α)− 〈z, w〉+r (α) ‖

+
1

4
sup

0<α≤1
‖ 〈u, v〉+l (α)− 〈z, w〉

+
l (α) ‖

+
1

4
sup

0<α≤1
‖ 〈u, v〉−r (α)− 〈z, w〉−r (α) ‖

+
1

4
sup

0<α≤1
‖ 〈u, v〉−l (α)− 〈z, w〉

−
l (α) ‖,

where ‖ . ‖ denotes the usual Euclidean norm in Rn.
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Proposition 2.8 ([7]). (F1, dp) is a metric space.

Definition 2.9. The generalized Hukuhara difference of two fuzzy numbers 〈u, v〉, 〈u′, v′〉 ∈ F1 is
defined as follows

〈u, v〉�gH 〈u′, v′〉 = 〈w, z〉 ⇔

〈u, v〉 = 〈u′, v′〉+ 〈w, z〉, or

〈u′, v′〉 = 〈u, v〉+ (−1)〈w, z〉.

Definition 2.10. Let F : (a, b) → W 1 and x0 ∈ (a, b). It is said that F is strongly generalized
differentiable on x0, if ∃ F ′+(x0), ∃ F

′−(x0) ∈ E1, such that

(i) for all h > 0 sufficiently small, ∃ F+(x0 + h) − F+(x0), F+(x0) − F+(x0 − h) and the
limits (in the metric D)

lim
h→0

F+(x0 + h)− F+(x0)

h
= lim

h→0

F+(x0)− F+(x0 − h)
h

= F
′+(x0)

or

(ii) for all h > 0 sufficiently small, ∃ F+(x0) − F+(x0 + h), F+(x0 − h) − F+(x0) and the
limits

lim
h→0

F+(x0)− F+(x0 + h)

−h
= lim

h→0

F+(x0 − h)− F+(x0)

−h
= F

′+(x0)

or

(iii) for all h > 0 sufficiently small, ∃ F+(x0 + h) − F+(x0), F+(x0 − h) − F+(x0) and the
limitis

lim
h→0

F+(x0)− F+(x0 − h)
h

= lim
h→0

F+(x0 − h)− F+(x0)

−h
= F

′+(x0)

or

(iv) for all h > 0 sufficiently small, ∃ F+(x0) − F+(x0 + h), F+(x0) − F+(x0 − h) and the
limits

lim
h→0

F+(x0)− F+(x0 + h)

−h
=
F+(x0)− F+(x0 − h)

−h
= F

′+(x0).

Lemma 2.11. Let f : R × (0,∞) → F1 be strongly generalized differentiable with respect
to x. Suppose there exists a continuous real-valued function g(x, t) such that D(∂f

∂
x(x, t), χ0)

≤ g(x, t) for x ∈ R, t ≥ 0. Then F (x, t) =
∫ t
0
f(x, s)ds is strongly generalized differentiable

with respect to x and we have ∂F
∂x
(x, t) =

∫ t
0
∂f
∂x
(x, s)ds.

Proof. Let f : R × (0,∞) → F1 with [f(x, t)]α = [f−l (α)(x, t), f
−
r (α)(x, t)] and [f(x, t)]α =

[f+
l (α)(x, t), f

+
r (α)(x, t)] be (i)-differentiable. We first notice that due to the our assumption we

have the following derivatives uniformly with respect to α.

∂

∂x

∫ t

0

f−l (α)(x, s)ds =

∫ t

0

∂f−l (α)

∂x
(x, s)ds,

∂

∂x

∫ t

0

f−r (α)(x, s)ds =

∫ t

0

∂f−r (α)

∂x
(x, s)ds,

∂

∂x

∫ t

0

f+
l (α)(x, s)ds =

∫ t

0

∂f+
l (α)

∂x
(x, s)ds,

∂

∂x

∫ t

0

f+
r (α)(x, s)ds =

∫ t

0

∂f+
r (α)

∂x
(x, s)ds.
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This fact yields:

lim
h→0

F (x+ h, t)� F (x, t)

h
= lim

h→0

∫ t
0
f(x+ h, s)ds�

∫ t
0
f(x, s)ds

h

= lim
h→0

∫ t
0
(f(x+ h, s)� f(x, s))ds

h

=

∫ t

0

lim
h→0

f(x+ h, s)� f(x, s)

h
ds

=

∫ t

0

∂f

∂x
(x, s)ds.

It is easy to show for F (x, t)� F (x− h, t).
In a similar way, we can prove the assertion for (ii)-differentiability.

Lemma 2.12. Let f : R× (0,∞)→ F1 be a continuous intuitionistic fuzzy-valued function and
b ∈ (0,∞). Then

lim
h→0

1

h

∫ t+h

t

f(x+ (t− s)b+ bh, s)ds = f(x, t).

Proof. Let (x, t) ∈ R×(0,∞), for given ε > 0 there exists δ1 > 0 such that for all 0 ≤ α ≤ 1 and
|x−y| < δ1, |t−s| < δ1, we have |f−l (α)(y, t)−f

−
l (α)(x, s)| < ε, |f−r (α)(y, t)−f−r (α)(x, s)| < ε,

|f+
l (α)(y, t)− f

+
l (α)(x, s)| < ε and | f+

r (α)(y, t)− f+
r (α)(x, s) |< ε.

Let δ = min{ δ1
2b
, δ1}. For | h |≤ δ, we have

1

h

∫ t+h

t

| f−l (α)(x+ (t− s)b+ hb, s)− f−l (α)(x, t) | ds ≤ ε,

and the same result is valid for f−r (α), f
+
l (α) and f+

r (α) for all α ∈ [0, 1]. It shows that

lim
h→0

D(
1

h

∫ t+h

t

f(x+ (t− s)b+ bh, s)ds, f(x, t)) = 0.

This completes the proof.

It is well-known that an intuitionistic function f : (a, b)→ F1 is (i)-differentiable if and only
if the functions [f ]α, [f ]α are continuously differentiable with respect to x, uniformly with respect
to α ∈ [0, 1], provided that [(f−l (α))

′(x), (f−r (α))
′(x)] and [(f+

l (α))
′(x), (f+

r (α))
′(x)] define an

intuitionistic fuzzy number f ′(x) ∈ F1.
Similarly, f is (ii)-differentiable if and only if the functions [f ]α, [f ]α are continuously

differentiable with respect to x, uniformly with respect to α ∈ [0, 1], provided that [(f−r (α))
′(x),

(f−l (α))
′(x)] and [(f+

r (α))
′(x), (f+

l (α))
′(x)] define an intuitionistic fuzzy number f ′(x) ∈ F1.

In the following, we present a result only for existence of Hukuhara differences related to
strongly generalized differentiability.

Theorem 2.13 ( [2]). Let f : (a, b) → F1 be such that [f ]α = [f−l (α), f
−
r (α)] and

[f ]α = [f+
l (α), f

+
r (α)]. Suppose that real valued functions f−l (α), f

−
r (α), f

+
l (α) and f+

r (α)

are differentiable with respect to x.
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1. If the intervals [(f−l (α))
′(x), (f−r (α))

′(x)] and [(f+
l (α))

′(x), (f+
r (α))

′(x)] for all α ∈ [0, 1]

and x ∈ (a, b), determine valid α-cuts of a fuzzy number, then the H-differences
f(x+ h)� f(x) and f(x)� f(x− h) exist for all h > 0 sufficiently small.

2. If the intervals [(f−r (α))
′(x), (f−l (α))

′(x)] and [(f+
r (α))

′(x), (f+
l (α))

′(x)] for all α ∈ [0, 1]

and x ∈ (a, b), determine valid α-cuts of a fuzzy number, then the H-differences
f(x)� f(x+ h) and f(x− h)� f(x) exist for all h > 0 sufficiently small.

3 Homogenous transport equation

In this section, we intend to study the transport of a mass without any source with an intuitionistic
fuzzy initial value and a positive speed (it can be negative, too):ut = bux on R× (0,∞).

u(x, 0) = g(x).
, (3.1)

where g is intuitionistic fuzzy valued function, and b is a constant real number.
We say that u(x, t) is a solution of (3.1) on R × (0,∞) if u is strongly differentiable with

respect to x, t and it verifies (3.1).
Our method is based on the constructive method in which we introduce the solution and

examine that it verifies the problem.

Theorem 3.1. Suppose g is a strongly generalized differentiable function on R. Then u(x, t) =
g(x+ bt) is a solution of (3.1), where b is a constant positive real number.

Proof. First, let g be (i)-differentiable, then g(x+tb+th)�g(x+tb) and g(x+tb)�g(x+tb−bh)
for h sufficiently small exist and we have:

ut = lim
h→0

u(x, t+ h)� u(x, t)

h
= lim

h→0

g(x+ tb+ bh)� g(x+ tb)

h

= lim
h→0

b
g(x+ tb+ bh)� g(x+ tb)

bh
= bg′(x+ tb).

Similarly:

ut = lim
h→0

u(x, t)� u(x, t− h)
h

= lim
h→0

g(x+ tb)� g(x+ tb− bh)
h

= lim
h→0

b
g(x+ tb)� g(x+ tb− bh)

bh
= bg′(x+ tb).

On the other hand, we have:

ux = lim
h→0

u(x+ h, t)� u(x, t)

h
= lim

h→0

g(x+ tb+ h)� g(x+ tb)

h
= g′(x+ tb).

In the same way, we find limh→0
u(x,t)�u(x−h,t)

h
. This proves the (i)-differentiability of u with

respect to x and t.
It is clear that u satisfies the equation and the initial condition.
Similarly, when g is (ii)-differentiable we can show that it is a solution.
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4 Nonhomogeneous transport equation

In this section, we focus on the following non homogeneous intuitionistic fuzzy transport equation
for which the second member and initial value can be intuitionistic fuzzyut = bux + au on R× (0,∞).

u(x, 0) = g(x)
, (4.1)

where g and f are intuitionistic fuzzy valued functions.

Theorem 4.1. Let u : R×(0,∞)→ F1 be (i)-differentiable with respect to x, t and let g : R→ F1

and let a and b be positive real numbers.

1. If g is (i)-differentiable, then u1(x, t) = g(x + tb) +

∫ t

0

au(x + (t − s)b, s)ds is a

(i)-differentiable solution of (4.1).

2. If g is (ii)-differentiable, then u2(x, t) = g(x + tb) � (−1)
∫ t

0

au(x + (t − s)b, s)ds is a

(ii)-differentiable solution of (4.1) provided the H-difference exists.

Proof.

1. First we suppose that g is (i)-differentiable. We show that u1(x, t) is (i)-differentiable and
this solves the problem.

∂u1
∂x

= lim
h→0

u1(x+ h, t)� u1(x, t)

h

= lim
h→0

(g(x+tb+h) +
∫ t
0 au(x+h+(t−s)b, s)ds)� (g(x+ tb)+

∫ t
0 au(x+ (t−s)b, s)ds))

h

= lim
h→0

(g(x+ tb+ h)�g(x+ tb))

h
+ lim
h→0

∫ t
0 a(u(x+ h+ (t−s)b, s)�u(x+ (t−s)b, s))ds

h

= g′(x+ tb) + lim
h→0

a

h

∫ t

0
((u(x+ h+ (t− s)b, s)� u(x+ (t− s)b, s))ds.

∂u1
∂x

= g′(x+ tb) +

∫ t

0
a
∂

∂x
u(x+ (t− s)b, s))ds.

For the derivative with respect to t, from Lemma 2.11, we have:

∂u1
∂t

= lim
h→0

u1(x, t+ h)� u1(x, t)

h

= lim
h→0

(g(x+(t+h)b)+
∫ t
0 au(x+ (t+ h−s)b,s)ds)�(g(x+ tb) +

∫ t
0 au(x+(t−s)b,s)ds))

h

= bg′(x+ tb) + lim
h→0

∫ t

0

a(u(x+ (t− s)b+ hb, s)� u(x+ (t− s)b, s))ds

h

+ lim
h→0

∫ t+h

t

au(x+ (t− s)b+ hb, s)ds

h
.

∂u1
∂t

= bg′(x+ tb) + a.b

∫ t

0

∂u

∂x
(x+ (t− s)b, s)ds+ au(x, t).

Therefore, u1 is a (i)-differentiable solution of (4.1).
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2. Now let g be (ii)-differentiable. From Lemma 2.12, u2 is (ii)-differentiable with respect to
x and we have:

∂u2
∂x

= g′(x+ tb) + (−1)
∫ t

0

−a∂u
∂x

(x+ (t− s)b, s)ds.

Now, we compute (ii)-derivative of u2 with respect to t, first we have:

u2(x, t)�u2(x, t+ h) = [g(x+ tb)�
∫ t

0

−au(x+ (t− s)b, s)ds]

� [g(x+ tb+ bh)�
∫ t+h

0

−au(x+ (t− s)b+ bh, s)ds]

= [g(x+ tb)� g(x+ tb+ bh)]

+ [

∫ t+h

0

−au(x+ (t−s)b+ bh, s)ds�
∫ t

0

−au(x+ (t−s)b, s)ds]

= [g(x+ tb)� g(x+ tb+ bh)] +

∫ t

0

−au(x+ (t− s)b+ bh, s)ds

�
∫ t

0

−au(x+ (t− s)b, s)ds+
∫ t+h

t

−f(x+ (t− s)b+ bh, s)ds.

After multiplying by − 1
h

and taking the limit as h→ 0+, we obtain:

∂u2
∂t

(x, t) = lim
h→0

u2(x, t)� u2(x, t+ h)

−h
.

∂u2
∂t

(x, t) = b g′(x+ tb) + a.b

∫ t

0

∂u

∂x
(x+ (t− s)b, s)ds+ a.u(x, t).

5 Equation by non-precise speed

In this section, we study the following homogeneous intuitionistic fuzzy transport equation for
which the speed and initial value can be intuitionistic fuzzy.ut = bux on R× (0,∞)

u(x, 0) = cg(x)
, (5.1)

where b, c ∈ F1 and g is a real-valued function.
In the following theorem, using Zadeh’s extension principle, we intuitionistically fuzzify the

real function g : R → R to intuitionistic fuzzy function g̃ : F1 → F1. Since g is a continuous
function, we have [g̃(X)]α = g([X]α) and [g̃(X)]α = g([X]α).

For instance, let X = x+ tb and g be an increasing function. Then, ∀α ∈ [0, 1] we have:

[g̃(x+ tb)]α = g([x+ tb]α), [g̃(x+ tb)]α = g([x+ tb]α).

So

[g̃(x+ tb)]α = g([x+ tb]α) = [g(x+ tb−l (α)), g(x+ tb−r (α))], and

[g̃(x+ tb)]α = g([x+ tb]α) = [g(x+ tb+l (α)), g(x+ tb+r (α))].
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Theorem 5.1. Suppose g ∈ C2(R) is an integrable nonnegative monotone function and b, c ∈ F1.
Let g̃ : F1 → F1 be the Zadeh’s extension of g. Consider:

u : R× (0,∞)→ F1, u(x, t) = cg̃(x+ tb).

(i) If b, c ∈ F+
1 and g, g′ are nondecreasing functions, then u is (i)-differentiable with respect

to both t, x and it is a solution of (5.1);

(ii) If b ∈ F−1 , c ∈ F+
1 and g is nonincreasing and g′ is nondecreasing function, then u is

(i)-differentiable with respect to t and (ii)-differentiable with respect to x and satisfies (5.1);

(iii) If b ∈ F+
n , c ∈ F−n and g, g′ are nondecreasing functions, then u is (i)-differentiable with

respect to both t, x and satisfies (5.1);

(iv) If b, c ∈ F−n and g is nonincreasing and g′ is a decreasing function, then u is (i)-differentiable
with respect to t and (ii)-differentiable with respect to x and satisfies (5.1).

Proof. Case (i): It is easy to check that the α-cuts:

[u]α = [c−l (α)g(x+ tb−l (α)), c
−
r (α)g(x+ tb−r (α))],

[u]α = [c+l (α)g(x+ tb+l (α)), c
+
r (α)g(x+ tb+r (α))]

satisfy the conditions in case (i) of Theorem 2.13.
Indeed,

[c−l (α)b
−
l (α)g

′(x+ tb−l (α)), c
−
r (α)b

−
r (α)g

′(x+ tb−r (α))]

and
[c+l (α)b

+
l (α)g

′(x+ tb+l (α)), c
+
r (α)b

+
r (α)g

′(x+ tb+r (α))]

are valid α-cuts of intuitionistic fuzzy number. Then the H-differences u(x, t + h)� u(x, t) and
u(x, t)� u(x, t− h) exist.

In a similar way, since

[c−l (α)g
′(x+ tb−l (α)), c

−
r (α)g

′(x+ tb−r (α))]

and
[c+l (α)g

′(x+ tb+l (α)), c
+
r (α)g

′(x+ tb+r (α))]

form an intuitionistic fuzzy number, the H-differences u(x + h, t) � u(x, t) and
u(x, t)� u(x− h, t) exist.

Now, we show that the following limits are uniform with respect to α ∈ [0, 1].

lim
h→0

c−l (α)g(x+ (t+ h)b−l (α))− c
−
l (α)g(x+ tb−l (α))

h
= c−l (α)b

−
l (α)g

′(x+ tb−l (α)). (5.2)

lim
h→0

c−r (α)g(x+ (t+ h)b−r (α))− c−r (α)g(x+ tb−r (α))

h
= c−r (α)b

−
r (α)g

′(x+ tb−r (α)). (5.3)

lim
h→0

c+l (α)g(x+ (t+ h)b+l (α))− c
+
l (α)g(x+ tb+l (α))

h
= c+l (α)b

+
l (α)g

′(x+ tb+l (α)). (5.4)

lim
h→0

c+r (α)g(x+ (t+ h)b+r (α))− c+r (α)g(x+ tb+r (α))

h
= c+r (α)b

+
r (α)g

′(x+ tb+r (α)). (5.5)

lim
h→0

c−l (α)g(x+ tb−l (α))− c
−
l (α)g(x+ (t− h)b−l (α))
h

= c−l (α)b
−
l (α)g

′(x+ tb−l (α)). (5.6)
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lim
h→0

c−r (α)g(x+ tb−r (α))− c−r (α)g(x+ (t− h)b−r (α))
h

= c−r (α)b
−
r (α)g

′(x+ tb−r (α)). (5.7)

lim
h→0

c+l (α)g(x+ tb+l (α))− c
+
l (α)g(x+ (t− h)b+l (α))
h

= c+l (α)b
+
l (α)g

′(x+ tb+l (α)). (5.8)

lim
h→0

c+r (α)g(x+ tb+r (α))− c+r (α)g(x+ (t− h)b+r (α))
h

= c+r (α)b
+
r (α)g

′(x+ tb+r (α)). (5.9)

For (5.2) we have

lim
h→0

sup
α∈[0,1]

| c
−
l (α)g(x+ (t+ h)b−l (α))− c

−
l (α)g(x+ tb−l (α))

h
− c−l (α)b

−
l (α)g

′(x+ tb−l (α)) |

= lim
h→0

sup
α∈[0,1]

| c−l (α)b
−
l (α) ||

g(x+ (t+ h)b−l (α))− g(x+ tb−l (α))

hb−l (α)
− g′(x+ tb−l (α)) |

= lim
h→0

sup
α∈[0,1]

| c−l (α)b
−
l (α) || g

′(x+ tb−l (α) + ζ(h, α))− g′(x+ tb−l (α)) |

= lim
h→0

sup
α∈[0,1]

| c−l (α)b
−
l (α) || g

′′(x+ tb−l (α) + η(h, α))ζ(h, α) |

≤ lim
h→0

c0b
2
0M(x, t)h = 0,

where ζ(h, α) is a point on the line segment between 0 and hb−l (α) and η(h, α) is a point on
the line segment between 0 and ζ(h, α). And also, |b−l (α)| ≤ max{b−l (0), b−r (0)} = b0 and
|c−l (α)| ≤ max{c−l (0), c−r (0)} = c0, for all α ∈ [0, 1]. Then

x+ (t+ h)b0 ≤ x+ tb−l (α) + η(h, α)) ≤ x+ (t+ h)b0,

| g′′(x+ tb−l (α) + η(h, α)) ≤M(x, t) | .

This concludes that

[ut(x, t)]
α = [c−l (α)b

−
l (α)g

′(x+ tb−l (α)), c
−
r (α)b

−
r (α)g

′(x+ tb−r (α))]

and
[ut(x, t)]α = [c+l (α)b

+
l (α)g

′(x+ tb+l (α)), c
+
r (α)b

+
r (α)g

′(x+ tb+r (α))].

Case (ii): According to Zadeh’s extension principle, α level sets u is defined as:

[u]α = [c−l (α)g(x+ tb+l (α)), c
−
r (α)g(x+ tb+r (α))],

[u]α = [c+l (α)g(x+ tb−l (α)), c
+
r (α)g(x+ tb−r (α))].

Also, since g′ is a non-positive function, then

[c−l (α)b
+
l (α)g

′(x+ tb+l (α)), c
−
r (α)b

+
r (α)g

′(x+ tb+r (α))]

and
[c+l (α)b

−
l (α)g

′(x+ tb−l (α)), c
+
r (α)b

−
r (α)g

′(x+ tb−r (α))]

form an intuitionistic fuzzy number, by Theorem 2.13, the H-differences u(x, t+h)�u(x, t) and
u(x, t)� u(x, t− h) exist.
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In a similar way, since [c+l (α)g
′(x+ tb−l (α)),c

+
r (α)g

′(x+tb−r (α))] and [c−l (α)g
′(x+ tb+l (α)),

c−r (α)g
′(x + tb+r (α))] form an intuitionistic fuzzy number, by the theorem, the H-differences

u(x, t)� u(x+ h, t) and u(x− h, t)� u(x, t) exist.

Case (iii): According to Zadeh’s extension principle, α level sets u is defined as:

[u]α = [c+l (α)g(x+ tb−l (α)), c
+
r (α)g(x+ tb−r (α))],

[u]α = [c−l (α)g(x+ tb+l (α)), c
−
r (α)g(x+ tb+r (α))].

Also, since g′ is a nonnegative function, then:

[c+l (α)b
−
l (α)g

′(x+ tb−l (α)), c
+
r (α)b

−
r (α)g

′(x+ tb−r (α))]

and
[c−l (α)b

+
l (α)g

′(x+ tb+l (α)), c
−
r (α)b

+
r (α)g

′(x+ tb+r (α))]

form an intuitionistic fuzzy number, by Theorem 2.13, the H-differences u(x, t+h)�u(x, t) and
u(x, t)� u(x, t− h) exist.

In a similar way, since

[c−l (α)g
′(x+ tb+l (α)), c

−
r (α)g

′(x+ tb+r (α))]

and
[c+l (α)g

′(x+ tb−l (α)), c
+
r (α)g

′(x+ tb−r (α))]

form an intuitionistic fuzzy number, by Theorem 2.13, the H-differences u(x+h, t)�u(x, t) and
u(x, t)� u(x− h, t) exist.

Case (iv): According to Zadeh’s extension principle, α level sets u is defined as:

[u]α = [c−l (α)g(x+ tb−l (α)), c
−
r (α)g(x+ tb−r (α))],

[u]α = [c+l (α)g(x+ tb+l (α)), c
+
r (α)g(x+ tb+r (α))].

On the other hand, since g′ is a nonpositive function, then

[c−l (α)b
−
l (α)g

′(x+ tb−l (α)), c
−
r (α)b

−
r (α)g

′(x+ tb−r (α))]

and
[c+l (α)b

+
l (α)g

′(x+ tb+l (α)), c
+
r (α)b

+
r (α)g

′(x+ tb+r (α))]

form a fuzzy number. By Theorem 2.13, the H-differences u(x, t + h) � u(x, t) and
u(x, t)� u(x, t− h) exist. In a similar way, since

[c+l (α)g
′(x+ tb+l (α)), c

−
r (α)g

′(x+ tb−r (α))]

and
[c−l (α)g

′(x+ tb−l (α)), c
+
r (α)g

′(x+ tb+r (α))]

form a fuzzy number, the H-differences u(x, t)� u(x+ h, t) and u(x− h, t)� u(x, t) exist.
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6 Application

Consider the advection equation (5.1) to study an example of the transport of a Gaussian curve
along a channel, where g(x) = exp[−200(x − xc)2] and xc is the center of the curve at t = 0,
b and c ∈ F+

1 .
Then u(x, t) = cg̃(x+ tb) is the solution with α-cuts.
To solve this equation we are going to use the finite difference method, so transmissive

boundary conditions are employed at either of the domain, i.e.,

u−1 = u1.

uN+1 = uN−1.

Assume that Ũ is an intuitionistic fuzzy function of the independent crisp variable x and t.
Subdivide the x − t plane into sets of equal rectangles of sides δx = h, δt = k by equally space
grid lines parallel to Oy, defined by xi = ih, i = 0, 1, 2, 3, . . . , n. And equally spaced grid lines
parallel to Ox, defined by yj = jk, j = 0, 1, 2, . . . , n. Denote the value of Ũ at the representative
mesh point p(ih, jk) by Ũp = Ũ(ih, jk) = Ũij .

Also, denote the parametric form of the intuitionistic fuzzy number, Ũij as follows
Ũij = [(U i,j, U i,j), (Ui, j, U i,j)], such thatU i,j = [Ui,j]

+
l (α), U i,j = [Ui,j]

+
r (α), Ui, j = [Ui,j]

−
l (α)

and U i,j = [Ui,j]
−
r (α).

We have (Dt)Ui,j = [[(Dt)Ui,j]α, [(Dt)Ui,j]
α] and (Dx)Ui,j = [[(Dx)Ui,j]α, [(Dx)Ui,j]

α],
where

[(Dt)Ui,j]α = [(Dt)Ui,j, (Dt)Ui,j]; [(Dt)Ui,j]
α = [(Dt)Ui,j, (Dt)Ui,j],

[(Dx)Ui,j]α = [(Dx)Ui,j, (Dx)Ui,j]; [(Dx)Ui,j]
α = [(Dx)Ui,j, (Dx)Ui,j].

Then, for (Dt)Ũij at p we have:

(Dt)Ui,j =
U i,j+1 − U i,j

k
; (Dt)Ui,j =

U i,j+1 − U i,j

k

(Dt)Ui,j =
U
i,j+1
− U

i,j

k
; (Dt)Ui,j =

U i,j+1 − U i,j

k
.

For (Dx)Ũij at p we have:

(Dx)Ui,j =
U i,j − U i−1,j

h
; (Dx)Ui,j =

U i,j − U i−1,j

h
;

(Dx)Ui,j =
U
i,j
− U

i−1,j

h
; (Dx)Ui,j =

U i,j − U i−1,j

h
.

Therefore, the parametric form of one dimensional transport equation (Dt)Ũi,j = b(Dx)Ũi,j
is:

95



U i,j+1 − U i,j

k
= b(

U i,j − U i−1,j

h
), (6.1)

U i,j+1 − U i,j

k
= b(

U i,j − U i−1,j

h
), (6.2)

U
i,j+1
− U

i,j

k
= b(

U
i,j
− U

i−1,j

h
), (6.3)

U i,j+1 − U i,j

k
= b(

U i,j − U i−1,j

h
). (6.4)

By (6.1), (6.2), (6.3) and (6.4) the following equation must hold:

U i,j+1 = U i,j + r(U i,j − U i−1,j),

U i,j+1 = U i,j + r(U i,j − U i−1,j),

U
i,j+1

= U
i,j

+ r(U
i,j
− U

i−1,j),

U i,j+1 = U
i,j

+ r(U
i,j
− U i−1,j),

where xi = ih, (i = 0, 1, 2, 3, . . . , n), yj = jk, (j = 0, 1, 2, . . . , n) and r = kb
h

.

Figure 1: The 3D of intuitionistic fuzzy exact and approach solution at h = 0.01, k = 0.009.
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Figure 1 presents the α-cuts of intuitionistic fuzzy solutions in 3D, i.e., the curves of the
solutions correspond to the upper and lower bounded [U(x, t)]α and [U(x, t)]α.

7 Conclusion

In this paper, we have studied the existence result for a solution of intuitionistic fuzzy transport
equation in homogeneous and non-homogeneous cases. Also, we showed the solution for
advection equation by the finite difference method that gave a good approximation for the solution.
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