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Abstract: An interval-valued intuitionistic fuzzy set (IVIFS) whose universe is an intuitionis-
tic fuzzy set (IFS) is introduced here and its basic properties are discussed. One step further, it is
discussed the case when the universe represents an IVIFS itself. Again, some basic properties of
the so constructed object are formulated and proved. Ideas for further research are presented.
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1 Introduction

In [5], the idea for an Intuitionistic Fuzzy Set (IFS) whose universe is an IFS with respect to
another universe, is discussed. Here we will develop this idea for the case of an Interval-Valued
Intuitionistic Fuzzy Set (IVIFS).
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Following [5, 6], we mention that for a fixed universe £ and a subset A of F, the set

A" = {{z, pa(), va(e)) | v € E},

where
0 <pa(x)+rvalz) <1

is called IFS and the functions py : E — [0,1] and v4 : E — |0, 1] represent the degree of
membership (validity, etc.) and non-membership (non-validity, etc.) of element x € FE to a fixed
set A C E. Thus, we can also define function 74 : E — [0, 1] by means of

m(z) =1 — p(z) —v(z)

and it corresponds to the degree of indeterminacy (uncertainty, etc.).
An IVIFS A over E is an object of the form:

A = {{z, Ma(z), Na(2)) | = € E},

where
Ma(z) € [0,1) and Ny(z) C [0, 1]

are intervals and for all x € E:
sup My (z) + sup Ny(z) <1

(see [3,5,7].

This definition is analogous to the definition of an IFS. It can be however rewritten to become
an analogue of the definition of IFS, namely, if M4 and N4 are interpreted as functions. Then, an
IVIFS A (over a universe set E) is given by the above inequality and the functions

My :E — INT([0,1]) and N4 : E — INT([0,1]).
For every two IVIFSs A and B, the following relation holds:

ACB iff (Vxe E)(inf Ma(x) < inf Mp(z) & sup Ma(z) < sup Mp(z)),
&inf Ny(z) > inf Ng(x) & sup Na(z) > sup Np(z)),

A=B iff (Vze E)(inf Ma(x) = inf Mp(z) & sup Ma(x) = sup Mp(x),
&inf Ny(z) = inf Ng(x) & sup Na(x) = sup Np(z)).

2 Main results

In [4] the idea for a new IFS-construction was proposed. It was extended in [5] but only for the
IFS-case. Here, we will do this for the IVIFS case. Partially, the idea was generated with regards
to the definition of a soft set and some of its modifications [1,2,8—14]. But in the present research,
we will keep only the IFS- and IVIFS-forms of the sets without adding any soft-set component.
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Let E be a fixed universe and let A be an IVIFS over E.
Let F’ be another universe and let the set £/ be an IFS over F' having the form:

E={(y,pne),ve(y))ly € F}.

Therefore, the element x € E has the form:

T = <y,uE(y),VE(y)>a

ie,z € F x[0,1] x [0,1],

A={{{y, ne), ve)), Ma({y, ne(y), ve())), Na({y, ue(y), ve(y))))
|y, ue(y), ve(y)) € E}

and there exists a bijection between the F/- and F'- elements of x- and y-types, respectively.
Thus we can use the symbol “y” for both y- and z-elements.
Let A // E stands for “A is an IVIFS over E” and A // (E/F) stands for “A is an IVIFS over
FE, which is an IFS over F'”.

2.1 IVIFS whose universe is an IFS

If the degrees of membership and non-membership of an element y to a set A in the frames of a
universe F are M4 (y) and N4(y), and the element (y, M4 (y), Na(y)) has degrees of membership
and non-membership to the set £/ within the universe F' that are ;g (y) and vg(y), then we can
define the first batch of six forms of the transformation of the universe of the IVIFS A:

A [ (E/F) = {{y, [ug(y) + inf Ma(y) — pp(y). inf Ma(y), pe(y)
+sup Ma(y) — pe(y)-sup Ma(y)],
Ve (y). inf Na(y), ve(y).sup Na(y)))|ly € F},
A [y (E/F) = {{y, [max(ug(y), inf Ma(y)), max(ue(y), sup Ma(y))],

)
(min(vp(y), inf Na(y)), min(ve(y), sup Ma(y)))ly € F},
)

S e T
{ +1anA( ),VE(y)+52uPNA(y)]>|y€F}7

AJ) (E/F) = {{y, [min(pg(y), lnfMA( ), min (g (y), sup Ma(y))],
[max(vp(y), inf Na(y)), max(ve(y),sup Na(y)))ly € F},
A s (E/F) = {(y, [ug(y)- inf Ma(y), pp(y)-sup Ma(y)],
[ve(y) +inf Na(y) — ve(y). inf Na(y), ve(y)
+sup Na(y) — ve(y). sup Na(y)])ly € F},
Al (EJF) = {{y, [ug(y)- inf Ma(y), pe(y)-sup Ma(y)],

[we(y). inf Na(y), ve(y).sup Na(y)])|y € F'}.
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We can call all these transformations, respectively, very optimistic, optimistic, average,

pessimistic, very pessimistic, standard. Last name is given for the older transformation described
for the IFS-case in [5].

Here, for the first time we formulate and prove the following

Theorem 1. For each set A in the universe E, that is an IFS over the universe F,
AJl(EJF)CAJ[ (E/F)C A/ (E/F)C A/, (E/F)C A/ (E/F),

AJl5(BJF) S A5 (E/F) CAJf\ (E/F).

Proof. Let A be a set in the universe F, that is an IFS over the universe. For it, the following
inequalities are valid for each y € F:

pe(y) +inf Ma(y)
9

< max(pp(y), inf Ma(y)) < pp(y) +inf Ma(y) — pe(y). inf Ma(y),

pe(y). inf Ma(y) < min(up(y), inf Ma(y)) <

e (y) +sup Ma(y)
2

< max(pgp(y),sup Ma(y)) < pe(y) +sup Ma(y) — pe(y). sup Ma(y),

e (y).sup Ma(y) < min(pg(y), sup Ma(y)) <

and
ve(y) +inf Na(y) — ve(y).inf Na(y) > max(vg(y),inf Na(y))
v +inf N . . .
> VN EIENA) » i), nf Nafy) 2 vi(y). inf Nay),
ve(y) + sup Na(y) — ve(y).sup Na(y) > max(ve(y),sup Na(y))
v +sup NV )
> VLI NAWD) 5 (v (y), sup Ma(w) > vi(y). sup Na0)
that proves both assertions in the Theorem. O]

Let F' be a universe and let the set £ be an IVIFS over F' having the form:

E={{y, Mp(y), Ne(y))ly € F}.

Therefore the element x € E has the form:

z = (y, Me(y), Ne(y)).

33



2.2 IVIFS whose universe is an IVIFS

Now, we can define the second batch of six new forms of the transformation of the universe of
the IVIFS A:

A Y)Y (B/F) = {{y, [inf Mp(y) + inf Ma(y) — inf Mp(y). inf Ma(y),
sup Mp(y) + sup Ma(y) — sup Mg(y). sup Ma(y)],
[inf Ng(y). inf Na(y),sup Ne(y). sup Na(y)])|y € F},
A //;v (E/F) = {{y, [max(inf Mg(y),inf M(y)), max(sup Mg(y),sup Ma(y))],
[min(inf Ng(y), inf Na(y)), min(sup Ng(y), sup Na(y)))ly € F},
A (EJF) = {<y, {meE(y) +inf M4(y) sup Mg(y) —l—supMA(y)} |

2 ! 2
{ianE(y)vLianA(y) sup Np(y) +SupNA(y)}> y e F}
2 ’ 2 ’

A J/3 (EJF) = {{y, [min(inf Mp(y), inf Ma(y)), min(sup Mg(y), sup Ma(y))],
[max(inf Ng(y), inf Na(y)), max(sup Ng(y),sup Na(y))])|y € F'},
A YIS (E/F) = {{y, [inf Mp(y). inf Ma(y), sup Mu(y). sup Ma(y)],
[inf Ng(y) 4+ inf N4(y) — inf Ng(y).inf Na(y),
sup Np(y) + sup Na(y) — sup Np(y). sup Na(y)])|y € F},
A/ (BJF) = {{y, inf Mg(y). inf Ma(y), sup Mp(y). sup Ma(y)),
[inf Np(y). inf Na(y),sup Ne(y). sup Na(y)])|y € F'}.

We can formulate and prove a theorem similar to the above one:
Theorem 2. For each set A in the universe I, that is an IFS over the universe I,
AJfS(BJF)CAJY (BJF) C A/ (B/F) C Ay (E/F) C AJlY (E/F),

A S (B/F) C A5 (EJF) C AJJY (E/F).

3 Conclusion

Out next research will fork in two directions. On the one hand, we will study the possibility to
represent a soft set by some of the above defined new types of sets. On the other hand, we will
search for new ways of constructing of IVIFSs over universes with with IFS- or IVIFS-forms.
For this aim, we plan to modify the extended interval-valued intuitionistic fuzzy modal operators,
similarly to the modification, discussed in [6], in which the parameters « and (3 of the operators
were changes with whole IFSs.
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