Notes on Intuitionistic Fuzzy Sets
Vol. 19, 2013, No. 4, 15-18

On the intuitionistic fuzzy form
of the classical implication (A — B) V (B — A)

Lilija Atanassova

Institute of Information and Communication Technologies, Bulgarian Academy of Sciences
“Acad. G. Bonchev” Str., Bl. 2, Sofia—1113, Bulgaria

e-mail: 1.c.atanassova@gmail.com

Abstract: The intuitionistic fuzzy implications that satisfy the well-known logical tautology
(A — B)V (B — A) are described. Some of the intuitionistic fuzzy implications satisfy the
exprssion as intuitionistic fuzzy tautology and a part of them — as a tautology in intuitionistic
fuzzy sense.
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1 Introduction
One of the well-known logical tautologies is
(A— B)V (B — A). (%)

Here, we discuss its validity for the different cases of intuitionistic fuzzy implications. In [1],
138 of them were given, but after publishing of this book, their number had increased and in [2],
152 implications over intuitionistic fuzzy pairs were given. Three of them were introduced by P.
Dworniczak in [3, 4, 5].

Below, we determine which of these 152 intuitionistic fuzzy implications satisfy (*) as a
tautologies, which — as intuitionistic fuzzy tautologies and which — do not satisfy (*).

First, we mention that the definition and use of the concept of intuitionistic fuzzy pair is very
suitable, because in all cases, as the present one, it can be used as a makeshift of both the elements
of an intuitionistic fuzzy sets, and the intuitionistic fuzzy propositions. In [2] it is defined as
follows: “The Intuitionistic Fuzzy Pair (IFP) is an object with the form (a, b), where a,b € [0, 1]
and a + b < 1, that is used as an evaluation of some object or process and which conponents (a
and b) are interpreted as degrees of membership and non-membership, or degrees of validity and
non-validity, or degree of correctness and non-correctness, etc.
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2 Preliminaries

Below, we shall assume that for the two Intuitionistic Fuzzy Pairs (IFPs) A and B the equalities:
V(A) = {(a,b),V(B) = {¢,d), (a,b,¢c,d,a+b,c+d € [0,1]) hold.

For the needs of the discussion below, following the definition from [1], we shall define the
notion of Intuitionistic Fuzzy Tautology (IFT) by:

A is an IFT, if and only if for V'(a) = (a, b) holds: a > b,

while A will be a tautology iff « = 1 and b = 0. As in the case of ordinary logics, A is a tautology,
if V(z) = (1,0).
For two IFPs A and B, the operation “disjunction” (V) is defined (see [2]) by:

V(AV B) = (max(a, c¢), min(b, d)).
For two IFPs A and B, the relation “equality” is defined (see [2]) by:
V(A)=V(B) ifandonly if a = ¢ and b =d.

As we mentioned above, the list with all 152 implications over IFPs is given in [2]. Here we
introduce only three of them that we will use below as illustration:

A —1 B = (max(b, min(a, c)), min(a, d)),

A —9 B = (5g(a — ¢),d.sg(a — c))

and
A —12 B = (max(b, ¢),1 — max(b, ¢)).

3 Main results

Here we formulate two theorems. For each of them, two checks (for the first implications in each
list) are given: one positive — a case when the respective implication satisfies (*) and one negative
— when the implication does not satisfy (*). All other checks are similar.

Theorem 1. Two IFPs A and B satisty (*) as IFTs for the intuitionistic fuzzy implications —1,
72, T3, 74> 75, ~76s ~ 78 ~ 79, ~711, ~ 713> ~ 714, ~ 717> 718, ~ 720> ~ 721, ~ 722, ~723, ~ 724, 727,
—728, ~729, ~730> ~731> 7325 ~733, 734> 735> ~736, 737> 738> ~ 740> ~ 742, ~744, ~ 745, — 7615 ~762>
763> ~764> 765> 766> 7685 ~ 7695 ~ 771> T772 P74y P75y P76, T 7TTy T7T795 T780> 781> 782, ~ 783,
—784, ~785, ~ 788, ~7895 ~790, —7100>, —7101» ~7102> ~7103> ~7104> —7105> ~7109> ~7110>, —7111> ~71125
—2113> ~7114> ~7115> ~7116> ~7117> ~7118> ~7124> ~7125, ~7126> ~7127, ~7128, ~7129, ~7130> ~7131> —7132>
—7133, ~7139> ~7140> ~ 7141, ~7142, ~7143, ~7144, ~7145, ~ 7146, 7147, — 7148, — 7149, — 7150, 7151, ~ 71525
—7153-
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Proof. Let the IFPs A and B be given. Then for —; we obtain:
= ({0 b) =1 (e, d) V ({ed) = {a,5)
= (max(b, min(a, ¢)), min(a, d)) V (max(d, min(c, a)), min(c, b))
= (max(b, d, min(a, c¢)), min(a, b, ¢, d)).
Let
X = max(b,d, min(a, c)) — min(a, b, ¢, d).

Then
X > min(a, ¢) — min(a, b, ¢, d) > 0.

Therefore, (A —1 B) V (B —1 A) is an IFT.
Analogously, for —5 we obtain:

(A —12 B) V (B —12 A)

(max(b, c¢),1 — max(b, c)) V (max(d,a),1 — max(d, a))
(max(a, b, ¢,d), min(1 — max(b, c),1 — max(d,a)))
(max(a, b, c,d), 1 — max(max(b, ¢), max(d, a)))
(max(a, b, c,d),1 — max(a,b, c,d)).
Obviously, ifa =b=c=d =0,

max(a,b,c,d) =0 < 1=1—max(a,b,c,d),

i.e., (A —12 B) V(B —12 A) is not an IFT. O

Theorem 2. Two IFPs A and B satisfy (*) as tautologies for the intuitionistic fuzzy implications

2, —73, ~78, 711, 720> ~723> 731> 7325 ~734> ~737> 740> ~742> ~762> ~763s> ~7655 ~768s ~77ds
77> ~783, ~788-
Proof. Let the IFPs A and B be given. Then for —; we obtain (as above):

(A—1 B)V (B —1 A) = (max(b,d, min(a, ¢)), min(a, b, ¢, d)).
Obviously,ifa=b=c=d =0,
(A—1 B)V (B —1 A) =(0,0) # (1,0).
Analogously, for —5 we obtain:
(A—=3 B)V (B =2 A)
(5g(a — ), d-sgla =) V (5g(c — a), bsg(c — a))
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(max(sg(a — o), 58(c — a)), min(d.sg(a — o), bsg(c — a))).
If a > ¢, thensg(a — ¢) = 0,5g(c — a) = 1, sg(a — ¢) = 1,sg(c — a) = 0 and hence

(A—9 B)V (B —5 A) =(1,0).

If a = ¢, thensg(a — ¢) = 1,5g(c — a) = 1, sg(a — ¢) = 0,sg(c — a) = 0 and hence
(A =9 B)V (B —2 A) = (1,0).

Finally, if a < ¢, thensg(a — ¢) = 1,5g(c —a) = 0, sg(a — ¢) = 0,sg(c — a) = 1 and hence
(A—2 B)V (B —2 A) =(1,0).

Therefore, (A —1 B) V (B —; A) is a tautology. O
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