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Abstract: In the present paper, we give some properties of intuitionistic fuzzy
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [9]. Fuzzy set theory has been
shown to be a useful tool to describe situations in which the data are imprecise or vague.
Fuzzy sets handle such situations by attributing a degree to which a certain object
belongs to a set. But in fuzzy sets theory, there is no means to incorporate the hesitation
or uncertainty in the membership degrees. In 1983, Antanassov [10] introduces the
concept of intuitionistic fuzzy sets, which constitute a extension of fuzzy sets theory:
intuitionistic fuzzy sets give both a membership degree and a non-membership degree. |
The only constraint on these two degrees is that the sum must smaller than or equal to 1.
The semigroup theory of fuzzy sets was deeply studied by many authors[1-6]. In [6],
authors characterize the regular semigroup by fuzzy left, right, two-sided and biideals.
In the present paper, we will use intuitionistic fuzzy left, right, two-sided and biideals to
characterize the regular semigroup. Since intuitionistic fuzzy sets theory is a
generalization of fuzzy sets theory, and fuzzy sets can be seen as a special situation of
the intuitionistic fuzzy sets.

2. Preliminaries
Let S be a semigroup, a subsemigroup of § is a nonempty subset 4 of S

such that 4> < A and a left (right) ideal of S is a nonempty subset 4 of S such

that SAc A (AS < A), a two-ideal (or simply ideal) is a subset of S which is both a

left and a right ideal of S. A semigroup S is called regular if for every element a of
S there exists an element x in S suchthat a=axa.
Definition1[12]: An intuitionistic fuzzy set 4 in S isan object

20



A= {(x, )7y (x), v, (x))lx €S }

where, for allxe S,u,(x)e[0,1]] and v,(x)e [0,1] are called the membership degree
and the non-membership degree, respectively, of x in S, and furthermore satisfy

p(x)+v, (¥)<1.

Obviously, each ordinary fuzzy set may be written as

A= {(x,,u,, (o)l = p, () e S}.

Definition2[12]: Let 4,B be two intuitionistic fuzzy sets in S, then
Ac B iff (VxeSNu,(x)< u,(x)& v, (x)<v,(x)),
ANB = {(x, min{u,, (x), 2, (x)}, max{ v, (x),v, (x)})]x €S },

AoB = {<x> H g (x)’vAoli (x»lx es }

where

x=)z

b

' sup{min{,u ) a1, (2} if x is expressibleas x = yz
e { otherwise
1Y1=1‘f {max{v ,(»),v, (z)}} if x is expressible as x = yz
A {1 § otherwise .

Definition3: If S be a semigroup, an intuitionistic fuzzy set 4 in S is called
an intuitionistic fuzzy semigroup in S if

., (xy) = minfge, (x), o2, () andﬁv (xy) < max{v, (x)v,(y)} forall x,yeS.
And is called a left (right) ideal of S if

1, (p) 2 g1, () and v, (xy) < v, (¥ Nu, (00) 2 p1,(x) and v, (xy)<v,(x))

for all x,y e S. An intuitionistic fuzzy set 4 in S is called an intuitionistic fuzzy

two-sided ideal of S if it is both an intuitionistic fuzzy left and an intuitionistic right
ideal of §'. .

Definition4: An intuitionistic fuzzy semigroup 4 in S is called an intuitionistic
fuzzy biideal of S if

4 (xyz) 2 minfyr, (c), 1, (2)hv  (xy2) < maxdy, ()., (2)}

forall x,y,zeS.

Let A be asubset of a semigroup S, then we denote
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A= {<x,,uz (x). vy (-c)>lx € S}

where

1 xed 0 xe4d
)= )=

,V -
0 otherwise 1 otherwise

Obviously A is an intuitionistic fuzzy set in S . Obviously, semigroup S also can be

seen as an intuitionistic fuzzy set S = {(x,l,O)[x € S}. In the present paper, we will use

S represent S and S, itis easy to see their means from context.

Lemmal: Let A be a nonempty subset of a semigroup S, then

(1) A is a subsemigroup of S if and only if A i$ an intuitionistic fuzzy semigroup
of S.

(2) A isaleft (right, two-sided) ideal of S ifand only if A is an intuitionistic fuzzy
left (right, two-sided) of S.

Proof: (1) For any element x,y of A, since A4 is a subsemigroup of S, then

xyesS,

1 (x9) = 1= g1 (x) = a5 () = minfu; () 11, 0)}
v; (xy) ={=7 4 (A) =V ( y) = max{v 3 (x), v ( y)}

So A is an intuitionistic fuzzy semigroup of S'.

Conversely, for any element x,y of A, since A is an intuitionistic fuzzy

semigroup of §, then

M (xy) = min{,u,7 (x),,u;‘ (y)} =1lv; (xy)< max{vj (x),vz (y)} =0.
So xyed,thus A>c 4.
(2) A isaleftideal of S, then for arbitrary x,ye S,

In the case when y € A4, then

M (xy) =12 p; (y), V5 (xy) =0<v, (y)
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In the case when y ¢ 4, then

#y ()2 15 (0) = 0,v; () < v; () =1.
Lemma2: A nonempty subset 4 of a semigroup S is a biideal of S if'and only

if 4 is an intuitionistic fuzzy biideal of S.
Proof: First assume that A is a biideal of a semigroup S, then for any element
xyz of §.
In the case when xe€ 4 and z € 4, then
A (xyz)=12 min{,u p (x), e P (z)}, Vs (xyz)=0< max{v;l (x), vy (z)}
In the case when x¢ 4 andz e A4,
iy (xyz)= min {,u p (x), i (z),l =0,v; (xyz) = max{vZ (x)v 3 (z)} =1.
In the case when xe 4 andz ¢ 4,
iy (xyz) = min{,u P (x), M (z)} =0,v4 (xyz) < max{v‘—i (x), Vs (z)} =1.
In the case when x¢ 4 andz ¢ A4,

1 (xyz) 2 minfu; (x), g1 (2)} = 0,v; (oyz) < maxfy; (x) v (2)f = 1.
Thus A is an intuitionistic fuzzy biideal of S.
Conversely, assume A is an intuitionistic fuzzy biideal of S, then for any
element x,ze 4,yeS,
11, (ry2) = minde ()1 ()= L v (2) < maxl (2) v () =0.

Thus xyze 4,and ASA < A. This completes the proof.

Lemma3[2]: A semigroup S is regular if and only if B =BSB for all biideals
B of S.

Lemma4: An intuitionistic fuzzy set 4 in a semigroup S is an intuitionistic
fuzzy semigroup of S ifandonlyif AeAc 4.

Proof: If Ao Ac A, thenfor Vx,yeS
H (xy ) 2 M gou (xy ) 2 min{/‘A (x), My (y )} >

3095, (9) < maxl ) ).

So A is an intuitionistic {fuzzy semigroup of S.
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Conversely, for Vxe S, ifthereare y,ze S suchthat x = yz,then

H0a (x) < minfar, (v), a1, ()} < 2, (v2) = 1, (x),
Y 100 ()2 max{y, () v, ()} 2 v, (v2) = v, (x);

otherwise

Haea (1) =05 11, () 0 (x) =12, ().

Thus Ao A c 4, this completes the proof.

Lemma5: For an intuitionistic fuzzy set A of a semigroup S, the following
conditions are equivalent:

(1) A isanintuitionistic fuzzy left ideal of S.

(2) Sodc A.

Proof: First assume that (1) holds. Let a be any element of §'. In the case when

there exist element x,y €S such that a=xy. Then, since 4 is an intuitionistic

fuzzy left ideal of S, we have

st (@) = sup{min{ug (x), 12, ()} < sup{min{l, 2, (xy)}} = sup{min{l,  , (@)}} = . (a),

a=xy a=xy a=xy

b @)= i ), () 2 intfmax(0.v, o)} = inf bma (0, (@} = v, )
Otherwise
Moy (a) =0<u, (a), Vot (a) =12v, (a)
Sowehave SocAc 4.

Conversely, assume (2) holds. Let x,y be any element of S, put a=xy. Since

SoAdc A, we have

1) 1., (a) = sup{minfu (b) 1, (e)}} = minury (e). g, ()} = minfl, 1, ()} = 12, ()

1 () vy, (@)= i el (D), (N} < ey (b, () = e, )} = v, )

This means that A is an intuitionistic fuzzy left ideal of S, thus (2) implies (1). This
completes the proof.

The left-right dual of lemma5 states as follows:

Lemma6: For an intuitionistic fuzzy set 4 of a semigroup S, the following
conditions are equivalent:

(1) A isan intuitionistic fuzzy right ideal of S'.

(2) AeScA.

Combining the above two lemmas, we can obtain the following result:

Lemma7: For an intuitionistic fuzzy set 4 of a semigroup S, the following
conditions are equivalent:

(1) A4 isan intuitionistic fuzzy two-sided ideal of S.
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(2) SoAc A and A-Sc 4.

For an intuitionistic fuzzy biideal of a semigroup we have the following:

Lemma8: For an intuitionistic fuzzy set A of a semigroup S, the following
conditions are equivalent:

(1) A is an intuitionistic fuzzy biideal of S.

(2) AecAc A and AoSoAcC A.

Proof: First assume that (1) holds. Since A4 is an intuitionistic fuzzy semigroup of
S, by Lemma4 that 4do4Ac A. Let a be any element of S, in the case when

Hassl@)=0,v . (a)=1,itis obvious that doSodc 4.

Otherwise, there exist elements x,y,p,q€S such that a=xy and x=pgq .
Since A is an intuitionistic fuzzy biideal of S, we have

14 (pgy) = mindu,(p). 11, ()} v, (pay) < maxiy, (p).v, ()}

Then we have

H fosea (") = SuP{min{/‘AnS (x), Hy (.V)}}

- sup{min{sufoin b b ol O
: fﬁfg{min{f:g{mi“{”f* ()1} ae (y)}}

= sup{min{st, (p). 1, ()}

< jl_lé)&u (pay)}

= suplys (o)}

= u,(a),

V fese4 (a) = il:fy{max {VAes (x )’ Va (y )}}
= inf jmax inf {max{ v, (p)v,(q )}} (y)}}

a=xy =pq
= inf ymax jinf {max{v , (p),0}},v, (y)}
a=xy X=pq

= inf{max{v, (p)v, ()}
> irzxg_{v,., (pgy)}
=inf{v, (o)}

=v,(a),

and so we have AoScAcC 4.
Conversely, assume that (2) holds. Since Ao A< A.by lemma4 that 4 is an
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intuitionistic fuzzy semigroup of S. Let x,y,z be any element of S. Put a=xyz,

since AoSoAc A, wehave
Ha (xyz) =H, (a)
2 H goxon (a)
= supfmin{ ,.¢ (b), a1, (c)}}

a=hc

2 min{/‘AoS (xy), Ha (Z)}

. {p fmin{i o s (W 9]

xv=pq

> minfmin{u (x). 15 ()} 24 ()
= min{min{z ()1}, e, (2)}
= min{/‘A (x)’/l/i (z)}
v, (z)=v,(a)
<V o)

= ‘i,[:hf;{max{v 4oS (b) Vy (‘)}}

< maxiy ¢ (xy), v, (Z)}
! |

- max{inf fmax(y, (o) v (o)

< max{max{y, (<)} vs (7). (2)}
= max{max {vA (x),O}, v, ()}
& max{ﬂA (x)nuA (Z)}
This means that A is an intuitionistic fuzzy biideal of S . This completes the proof.

Lemma9: Let A be any intuitionistic fuzzy set in a semigroup S, and B be any
intuitionistic fuzzy biideal of S. Then4oB and Bo 4 are both intuitionistic fuzzy

biideals of S.
Proof: Since B be an intuitionistic fuzzy biideal of S, it follows from lemma8

that (4o B)o(doB)= Ao(Bo(doB))c Ao(Bo(SeB))c 4°B. Then it follows from
lemmal that Ao B is an intuitionistic fuzzy semigroup of S .And we have
(Ao B)oSo(40B)= Ao(Bo(Se A)oB)c Ao(BoSoB)c Ae B. Then it follows from

lemmad that Ao B is an intuitionistic fuzzy biideal of S. It can be seen in a similar
way that Bo A isan intuitionistic fuzzy biideal of §.
LemmalO: Every intuitionistic left (right) ideal of a semigroup is also an
intuitionistic fuzzy biideal.
Proof: The proof is obvious, we omit it.
Lemmall[13]: For a semigroup S, the following conditions are equivalent:
(1) S isregular;
(2) BNC = BCB holds for every biideal B and every two-sided ideal C of S.
Lemmal2[1]: For a semigroup S, the following conditions are equivalent:
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(1) S isregular;
(2) BC =BNC foreveryrightideal B and every left ideal C of S.

3. Characterizing regular semigroup

Theorem!1: For a semigroup S, the following conditions are equivalent:
(1) S isregular;
(2) A=AoSoA forall intuitionistic fuzzy biideals of S.

Proof: First assume that (1) holds. Let 4 be any intuitionistic fuzzy biideal of S,
and a any element of S. Since S is regular, there exists an element x in S such
that a = axa. Then we have

Hosoa (a ) aa sup{min{y AoS (,V)’ Ha (z )}}

a=yz

> minyt . (ax), 1, (@)}

= min{ sup {min{ye, (p), 115 (9)} 14 (a)}}

ax=py

2 min{min{u, (a), s (<)}, . (@)}
= min{min{z, (@)1}, 2, (a)}
= 14(a)
Y sen (@) = }’xg‘f; {max{v ,.s vz M
< maxtz 4oS (ax), v, (a)}
= max|inf {max{v (p)vg (q)}, v, (a)}}
- < max{ ax{ (a), Vg (x)}, v, (a)}
= ma(x {)ma x{v (a),O}, v, (a)}

so we have A AoSoA.Since A is an intuitionistic fuzzy biideal of S, it follows
from lemmas8 that AoSoAc A.Thus we obtain AoSoAd=A4.
Conversely, assume (2) holds, let B be any biideal of S,and a any element of

B.then B is a intuitionistic fuzzy biideal of S by lemma 2, so we have

suplminlis, b1y (= g @)= 3 ) =1,

a=\z

jlgg{lnax{ﬂﬁos oy (2)}} =V;.5.5(@) = v (a)=0.
This implies that there exist b,c € S,a =bc such that

H5.5(0) =115 () = 1v; (b) =0,;(¢) = 0.

Then we have



supfmin{us; (p) #5 ()} = 115, () = 1,

b=pqg

inf {max{vl} (p) v (q)}} =V (b) = 0.

b=pq

This implies that there exist d,e € S,b =de such that
I (d) =1,v; (d) == O,,us.(e) =1,v (e) =40,

So we have d,ce B,ee S, and a=bc= (de)c e BSB, thus we have B < BSB. On

the other hand, since B isa biideal of S, BSB < B holds. So we obtain that
B = BSB . This means that S is regular semigroup. This completes the proof.
Theorem2: Let A be an intuitionistic fuzzy set in a regular semigroup S, then
the following conditions are equivalent:
(1) A is an intuitionistic fuzzy biideal of S; ﬂ
(2) A may be represented in the form A= BoC, where B is an intuitionistic fuzzy
right ideal and C an intuitionistic fuzzy left ideal of S.
Proof: First assume that (1) holds, since S is regular, it follows from theoreml
that
A=AoS0 A4
=AoSo(doSoA)
=(4o(So4))o(So4)
c(408)o(S04)
=Ao(SoS)o4
c AoSo A
=4

and so we have A=(40S)o(SoA) . On the other hand, we have

(A408)oS=A0(SoS)c AoS , then it follows form lemma8 that AoS is an

intuitionistic fuzzy ideal of S . Similarly, we can prove that So A is an intuitionistic
fuzzy left ideal of §.

Conversely, assume (2) holds, then it follows from lemma9 and lemmal0 that A4
is an intuitionistic fuzzy biideal of S . This completes the proof.

Theorem3: For a semigroup S, the following conditions are equivalent:
(1) S isregular;
(2) BNC=BoCoB holds for every intuitionistic fuzzy biideal B and every
intuitionistic fuzzy two-sided ideal C of S.

Proof: First assume (1) holds, let B be any intuitionistic fuzzy biideal, and C

any intuitionistic fuzzy two-sided ideal of S . Then by lemma8 we obtain
BoCoBgBoSoB_C__B.

By lemma7 we have BoCo B SoCoSc SoCc C.Thus BoCoBc BMC.
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Next we will prove the converse inclusion holds, let a be any element of S,
since S is a regular semigroup, there exists an element x in S such that a=axa,
then

Mo (xax) £ Hy (ax) Z M (a), V. (xax) v (ax) SV (a)
Thus

Hpyecon (a) = sup{min{,u,; (y), Heop (Z)}}

a=)z

> min ,u,,( ) He B(xam)}

zmm{,,,,@ sup {minf (), ()}

xaxa=pq

me{,u, a mm{,u(( ), Hy (a)}}
= mm{y,, }

= Hpne )
Vpoon (a) . }Illyf;{max{v” ()’)’ Veon (z )}}
< maxg‘\: P (a), Veon (xaxa)} }

< max ,,(a), inf {max{vC (xax),vg (a)}}

xXaxa=pq

< max {v 8 (a), max {v(. (a), Vg (a)}}
= max{v, (a), v (a)}
= Vene (a)
Soweobtain BoC < BoCo B, therefore BoC=Bo(CoB.
Conversely, since S itself is an intuitionistic fuzzy two-sided ideal of S, we
have B=B(1S=BoSoB,thus S isregular. This completes the proof.
Theorem4: For a semigroup S, the following conditions are equivalent:

(1) S isregular;
(2) BoC=BNC for every intuitionistic fuzzy right ideal B and every intuitionistic

fuzzy left ideal C of S.
Proof: First assume (1) holds, let B be any intuitionistic fuzzy right ideal and C
any intuitionistci fuzzy left ideal of S. Then by lemma6 and lemmaS5 we obtain

BoCc BoSc B,BoCcSoCcC,andwehave BoC < BMC.

Next we will prove the converse inclusion holds, let a be any element of §,
since S is regular, there exists an element x €S suchthat a = axa, then we have

Hpoc (a ) = S“p{min{/‘li (.V ), He (Z )}}

2 minfyy (o) o)
= min{ﬂﬂ (")’ He (a)}

= Mo (‘1)’

29



Vo (a) = inf {max {vh‘ (y )’ Y (Z )}}

=y

< max {v 5 (ax), V. (a)}
< max{v B (a), v(‘(a)}
= Ve (a)'

Then we obtain B(1C < BoC ,thus B(NC=BoC.
Conversely, let P be any right ideal and Q be any left ideal of S, a be any

element of P()Q.Then by lemmal , P,Q are an intuitionistic fuzzy right ideal and

an intuitionistic fuzzy left ideal of S, respectively, so we have PoQ=PNQ and
3u1pimm{ﬂ )t = (@) = ()= minfa ) 1 @) = 1

intfmaxs (075 = 1.5 (0) = 50 @) = maxly, (@) a)} =0

This means that there exist element b,c € S,a =bc such that
,Llr,(b):l,/tg( )—l,v,,(b) 0,v; (c) 0.
Thus a=bce PQ, so we have P(1Q c PQ, since the converse inclusion always

holds, we obtain that PO =P[1Q,so S isregular. This completes the proof.
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