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1 Introduction

The notion of intuitionistic fuzzy sets was introduced by Atanassov [1, 2], as a generalization
of the concept of fuzzy sets [3]. Intuitionistic fuzzy sets are characterized by two functions
expressing the degree of membership and the degree of non-membership respectively. In this
paper, we prove some new equalities connected with IFSs based on operations (denoted
byU, N, -, + *@, $,# ).

The paper is organized as follows: In Section 2, some basic definitions related to
intuitionistic fuzzy set theory are presented. In Section 3, new equalities connected with IFSs
are proved.

2 Preliminaries

Definition 1 (Intuitionistic Fuzzy Set): An intuitionistic fuzzy set A [1] defined on a universe
of discourse X is mathematically represented as

A={(% 1a(0.va00)[x € X (1)
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where functions z,: X —[0,1] and v,: X — [0,1] define the degree of membership and the

degree of non-membership of the element x e X to the set A, respectively, and for every
X € X, such that
0< ua(X) +va(x) <1 (2)

Furthermore, we call 7, (X)=1—u, (X) —vA(X), X€ X, the intuitionistic index or hesit-
ancy degree of xinA. Itis obvious that 0 < z,(x) <1, foreachx e X .

Definition 2 (Set operations on 1FSs): Let IFS(X) denote the family of all IFSs in the universe
X, assume A, B € IFS(X) given as

A={(x, 1a(x),va())x € X,
B = {(x, 115 (), (X)) x € X },

then some operations defined as follows:

(i) AUB = {(x,max(u,(x), a5 (X)) min(v, (x), ve (x))) | x € X };
(i) ANB= {(x min(z, (), g (), max(v o (x),vg (X)) | x € X };
(i) A+ B ={(X, 10 (%) + 125 ()= 11 (Xtts (XD (X (X)) | x € X J;

(iv) A-B= {<quA(X),UB (X) v (x)+vg (X)=va(xg (X)>| Xe X};
(“v) A@B= {<x 40+ 150 Va0 ve (X)> |xe x} ;

2 2

) A8 = {{xa Wlta ()7 (a9 x X

vii =3(X 243 (x) 20 (x)vs(x) X e or which we shall acce
D A%E {< 'ﬂA<x>+ﬂB<x>’vA(x>+vB<x>>' X}f rich we snall accept

that if s, (x)= 1z (x)=0, then ACYZAC 0 and if v,(x)=vg(x)=0, then
,UA(X)"' Hp (X)
vgl) .

va(X)+vg(x)

o meo= {fuptrinl) et s ex.

In the next section, we formulate and prove some new equalities connected with operations
on IFSs.
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3 New equalities connected with IFSs

Theorem 1: For A, B e IFS(X), it holds that
(A#B)$(A#B) = (A#B).

Proof:

{2t ottt
={<X\/2m() e (X) 2.4, (Xt (X)sz (X Bx) 2v, (X (x)
06)+ g (%) 2 () + 42 (x) Y v (%)

This proves the result. [

Theorem 2: For A, B e IFS(X), it holds that
(A+B)$(A+B)=(A+B)

Proof:

(A+B)$(A+B)
=t 115 00— 2 (0t () 1 0 125 () 24 (0125 () < X
8 {7 0o N2 (v () e X |
= (% 213 () + 5 (¥) = 224 (Ot () v (X (X)) | x € X |
=(A+B).
This proves the result. [

Theorem 3: For A, B € IFS(X), it holds that
(A-B)$(A-B)=(A-B)

Proof:

(A-B)

S R (PRI ) AN PR IEERS
{< \/( A(X)+VB( ) A(X)VB( ))( A(X)+VB(X)_VA(X)VB(X))>|Xe X}
:{<X1,UA(X)/UB( )' ( ) (X) VA( )V (X)>|Xe X}

=(A+B).
This proves the result. ]

$(A-B)
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Theorem 4: For A, B € IFS(X), it holds that,
(A@B)$(A@B)=(A@B).

Proof: (A@ B)$(A@ B)
i {< J[uA<x)ZﬂB<x>j[yA<x)ZﬂB<x>j>| . X}
A K \/(VA(X);VB(X)](VA(X);VB(X)D|Xe X}
{0 00 )
This proves the result. ) (A@ B)' L]

Theorem 5: For A, B € IFS(X), it holds that
(A#B)3$(A#B)S(A@ B)$(A@ B)) = (A$B).

Proof:

A (i ey L
and

(A@B)$(A@B))= {<x ”A(X); s (), VA(X);VB (X)> |xe X } . @)

Now with $ of (3) and (4), we have

:{<X’ \/2 £ () (09) 13 (3) + 1 (0). \/2 y

,UA(X)"'/UB(X) 2

AN A IFERY
=(A$B).

This proves the result. ]

Theorem 6: For A, B e IFS(X), it holds that
(A+B)$(A+B))@((A-B)$(A-B))=(A@B).
Proof:
((A+B)S(A+B)) = {(x, (1 (0)+ 115 ()= 11 (X1t (X)) (I (X)) ] x € X } (5)
and
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(A-B)S(A-B)) = {(x, a1 (X)tts (XD (%) v (X (X (x)) | x & X } ©)

Now with @ of (5) and (6),

(A+B)$(A+B))@((A-B)$(A-B))
_ {<X, ﬂA(X)+ﬂB (X)_,UA(X)#B (X)+ﬂA(X):uB (X)’ VA(X)VB(X)+VA(X)+VB (X)_VA(X)VB (X)> Ixe X}
2 2
_ {<X, /UA(X)+IUB(X)’ VA(X)+VB(X) >| X & X}
2 2
=(A@B).
This proves the result. [

Theorem 7: For A, B € IFS(X), it holds that
(AUB)#(ANB)=(A#B)$(A4B)
Proof:
(AUB)#(ANB)
— {(x max{12, () st (X)) iy () () 1 x < X}

#{<X’ min(ﬂA(X)’ Hg (X))' maX(VA(X)7VB (X))> | xeX }

X 2maX(/uA(X)':uB(X))min(:uA(X)’luB X))
= < | max(/uA(X)huB (X))+ min(ﬂA(X)’ﬂB (X ) >X c X )

2min(y, (x), v (x))max(v, (x). v, (x))

min(v, (x),vg (x))+ max(v,, (x), v (x))

)
| |

and
(A#B)$(A#B)
], (20015 0) 2, 00ats(x) (20,00 (0) 20, K00
{< e e x>vA<x>+vB<x>>' X} ©
~ I 205 (X)ptg (%) 2va(x)vg(x) X e
B {< "ua(%)+ g (%) va(x)+ v (X)> e X }
From (7) and (8) we get the result. ]

Theorem 8: For A, B € IFS(X), it holds that
(AUB)#(ANB)=(A#B)@(A#B)
Proof:
(AUB)#(ANB)
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{(x max(az, (x) 25 (x)), min(y, (x).v
#4(0, min(as, (x). 1 (x)), max(v, (x), v (x))) | x € X §

o 2max(u, (x). 5 (x))min(u, (x), 45 (x))

“max(zz, (x), g (X)) + min(, (x), 225 (%))’
2min(v, (x), v (x))max(v, (), v4 (%))
min(v, (), v (x))+ max(v, (x), v (x))

<[ 2, 2l ]

| xe X 9)

and
(A#B)@ (A#B)
ZIUA(X)/JB(X) n Z,UA(X):UB(X) 2VA(X)VB(X) n 2VA(X)VB(X)
B O E N O AR I BN YA A K UL PN (R
2 2

[ 200 20,xa(0)

{< PACERER: <x>+v5<x>>' X}'
From (9) and (10) we get the result. ]

Corollary 1: For A, B € IFS(X), it holds that
(AUB)#(ANB)=(A#B)$(A#B)

Proof: It obvious follows Theorems 7 and 8. ]

(A#B)@ (A#B)=(A#B).
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