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Abstract

From a general point of view of t-norms and ¢-conorms there are
considered some possibilities for the probability theory on IF-events.
Keywords: IF-events, t-norms, probability.

1 Introduction

In the paper we discuss main notions of probability theory (probability, ob-
servable) from the point of view of two modern concepts of fuzzy sets theory
with valuable applications: IF-sets theory [1] and ¢-norms theory [3].

Let (€2,S8) be a measurable space. By an IF-event we mean any pair

A= (pa,va)
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of S-measurable functions, such that p4 > 0,v4 > 0, and
patva<l
An important notion is the ordering
A< B <= pa < [iB,VA 2 Vp.

Denote by F the set of all IF-events with respect to (£, S).

Recall that a t-norm is a commutative and associative binary operation
T on [0, 1] non-decreasing in any variable and such that T'(u,1) = u for
any u € [0,1]. Similarly a t-conorm is a commutative and associative binary
operation S on [0, 1] non-decreasing in any variable and such that S(u,0) = u
for any w € [0, 1]

We shall consider pairs (S,T") of dual t-conorms and ¢-norms, i.e.

Su,v)=1-T(1 —u,1—v)

for any u,v € [0,1]. Moreover we shall assume that S,7 : [0,1] x [0,1] —
[0, 1] are Borel measurable functions. We shall use also the notation uwSu =
S(u,v),uTv = T(u,v).
In the probability theory on I F-events still the most frequent pairs (S, T')
were the following dual pairs (Sr,T7), (Sar, Thr)
St(u,v) = min(u + v, 1), Ty (v, v) = max(u + v — 1,0),
S (u,v) = max(u,v), Tnys(u,v) = min(u, v).
Of course, for any dual pair (S,7") we can define the correspoding operations
on F. Let a,b € F,a = (la,Va),b = (it5, ). Then
S((L, b) = (#aSﬂba VaTVb)a
T(a,b) = (1T oy, VaSth).
It is easy to see that S(a,b) € F because of inequalities v, < 1 — pig, v <
1-— -
S(,u’m /’Lb) + T(Uaa Vb) =
=1—-T(1 — pta, 1 — ) + T(Va, 1) <
<1-TQ = pg, 1 — pp) + T(L — g, 1 — 1) = 1.
Therefore it is possible to define a probability and an observable with
respect to the pair (S,7T). The first problem is realized in Section 2, the

second in Section 3. In Section 4 we consider the probability distribution
and in Section 5 we propose some directions for further research.
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2 Probability

1. Definition. Denote by F the set of all IF-events, by J the family of all
compact intervals on R. A probability is a mapping P : F — J satisfying
the following properties:

(1) P((1a,0)) = [1,1], P((0g, 1)) = [0,0];

(II) aTb = (0, 1q) = P(a) + P(b) = P(aSh) for all a,b € F;

(IIl) @, /" a = P(an) /" P(a).

Here a, /" a means that ., /" fa,Ve, \ Ve Of course, P(a,) =
[P*(an), P¥(an)] /" P(a) = [P"(a), P!(a)] means that P*(a,) ,/ P*(a), PH(ay) /
Pi(a).

2. Definition. A mapping m : F — [0,1] is called a state, if the
following properties are satisfied:

(i) m((1a,0q)) = 1,m((0g, 1q)) = 0;

(ii) aTb = (0g, 1g) => m(a) + m(b) = m(aSd) for all a,b € F

(ili)a, /" a = m(ay,) / m(a).

3. Proposition. If P = [P, P¥] : F — J is a probability, then
P, PY: F — [0,1] are states.

Since any probability on F can be decomposed into two states, in the pa-
per we shall study only states m : 7 — [0, 1]. Moreover, since the properties
(i) and (iii) does not depend on the pair (S, T'), we shall be concentrated to
the additivity (ii) only.

4. Example. Consider the Lukasiewicz connectives (S, T7). The review
of the corresponding theory will be published in [7]. The additivity is defined
by the following way:

(w) a ®b=(0q,1lg) = m(a & b) = m(a) + m(b).

As a consequence of the representation theorem [6] one can prove the equiv-
alence (w) and

(5) m(a) +m(b) = m(a®b) + m(a @ b),a,b € F.

Indeed, by[6] to any state satisfying (w) there exists a probability measure
P:Q —[0,1] and « € [0, 1] such that

m(a) = (1 —a) /Q,uadP +a(l - /Qz/adP).
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From this expression (s) can be derived immediately.
Recall that the family F in the Lukasiewicz case can be imbedded to the
well developed MV-algebras probability theory ([9],[10]).

5. Example. M. Krachounov [4] used the pair (Sa;, Ta). His additivity
condition is defined by the following way:
m(a) +m(b) =m(aVb)+m(aAb),abecF.
Evidently this property implies the condition (ii).

3 Observable

6. Definition. An observable is a mapping z : B(R) — F(B(R) being the
o-algebra of subsets of R) satisfying the following conditions:
1. L(R) = (].Q,OQ),.L(@) = (OQ, 19).
2. ANB= (Z) - J(A)TLL(B) = (OQ, 1Q),
z(AU B) = x(A)Sx(B).
3. An \ w = :E(An) \; (OQa 19)

7. Example. Consider again the pair (Sp,,77). In [7] the additivity is
defined by the following way:

ANB=0= z(A) ®z(B) = (0q, 1a)
z(AUB) = z(A) @ z(B).
Evidently it is a special case on the point 2 of Definition 6.

8. Example. In [7] the pair (Sys, Thr) has been considered and the ad-
ditivity defined by the following way: We shall use the following connectives
for a,b € R:

z(AUB) = z(A) Vz(B),z(AN B) = z(A) N z(B).
We shall prove that this definition implies the point 2 of definition 6. Indeed,
if ANB =0, then z(A)Tz(B) = x(A) Az(B) = (AN B) = z2(0) = (0, 1q),

and

z(A)Sz(B) = z(A) Va(B) = z(AUDb).
It seems that a valuable mean in the max - min probability theory should be
the existence of the joint observable in this case. It is the main result of [7].
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4 Probability distribution

9. Theorem. Let (2, S)be a measurable space, F the family of all 1F-

events. Let m : F — [0,1] be a state, 2 : B(R) — F be an observable. Then

the composite map p = mox : B(R) — [0, 1] is a probability measure.
Proof. Evidently

p(R) = m(z(R)) = m((1a,00)) = 1.
If AN B =0, then 2(AU B) = 2(A)Sz(B). Moreover
2(A)Txz(B) = (0g, 1q).
Therefore by (ii) of definition 2
p(AUB) = m(z(AU B)) =
= m(a(A)Sz(B)) =

= m(z(A)) + m(z(B)) = p(A) + p(B).
Finally, let A, \, #. Then z(A4,) \, (0Oq, 1a), hence

p(A,) = m(z(An)) \y m((0q, 1a)) = 0.

5 Conclusion

1. Since the special case (S, 7) can be embedded to a suitable MV -algebra,
it is reasonable to give an attention to the MV-algebra probability theory.
In [9] there is a review of the theory. It could be developed further at least
in two directions: a) conditional probability, b) entropy theory.

2. Although MV-algebra probability theory contains many valuable re-
sults and Lukasiewicz IF-probability theory can be considered as its special
case, it is important to translate the general results to a simple language of
IF sets for to be these results applied in some practical circumstances.

3. The max-min probability theory on IF sets has in this moment two
useful means: a) the existence of the joint observable of any two observables
([7]); b) a local representation theorem of sequences of observables by se-
quences of random variables in the framework of the Kolmogorov probability
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theory ([8]). Therefore a very effective way has been discovered for achieving
new results in the max-min theory.

4. For any dual pair (S,T) the methods of the theory of independency

([9], Chapter 2) can be applied immediately. Possibly some interesting results
could be obtained by this way.

5. It would be reasonable from our point of view study some connections

with the Lendelové concept of probability theory on so-called L-posets [4].
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