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1 Introduction

The present paper studied the existence of intuitionistic fuzzy fractional evolution problem intu-
itionistic fuzzy nonlinear differential equations of fractional order

(guDix(t)) = Ax(t) + f (t,x(t), t €1 = [to,T]

(1)
l’(to) =ux9 € [F].

where 0 < g < 1, A is an operator of IF; from IF; generated an intuitionistic fuzzy a-semigroup
T, the operator {, D" denote the Caputo fractional generalized derivative of order v, f : I x
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The concept of intuitionistic fuzzy sets is intoduced by K. Atanassov [3]. The authors in [8]
built the concept of intuitionistic fuzzy metric space and intuionistic fuzzy numbers.

In [9], S. Melliani introduce the extension of Hukuhara difference in the intuitionistic fuzzy
case. T. Allahviranloo, A. Armand and Z. Gouyandeh in [1] solve the fuzzy fractional differential
equations under generalized fuzzy Caputo derivative. From this end idea we introduce in this
paper the concept of generalized intuitionistic fuzzy Caputo derivative, and we give an integral
solution of an intuitionistic fuzzy fractional equation.

This paper is organized as follows. In Section 2 we recall some concept concerning the
intuitionistic fuzzy numbers. The concept of generalized intuitionistic fuzzy derivative and gen-
eralized intuitionistic fuzzy Caputo derivative, takes place in Section 3. The integral solution has
descused in Section 4. Finally, in Section 5 we illustrate by an example.

2 Preliminaries

Definition 2.1. [8] The set of all intuitionistic fuzzy numbers is given by
F, = IF\(R) = {(u,v) R [0, 0<utv< 1}
with the following conditions:
1. Foreach (u,v) € IFy is normal, i.e., 3xo, v1 € R, such that u(zy) = 1 and v(z,) = 1.

2. For each (u,v) € IFy is a convex intuitionistic set, i.e., u is fuzzy convex and v is fuzzy
concave.

3. For each (u,v) € IFy, uis a lower continuous and v is appear continuous.
4. cl{x € R, v(z) < a} is bounded.
Definition 2.2. [8] For a € [0, 1], we define the upper and lower c-cut by
[(u,v>]a ={z eR, u(z) > a}, [(u,v}]a ={zeR, v(z)<1-a}.

Definition 2.3. The intuitionistic fuzzy zero is intuitionistic fuzzy set defined by

Proposition 2.1. /8] We can write

(o] = [ o)l (@), [l @], [ )] = [l o)l (@), s )] (o)
Remark 2.1. We can write [(u,v)], = [u]* and [(u,v)|" = [1 — v]®, in the fuzzy case.
Proposition 2.2. [8] For all (u,v), (u',v") € IF,, we have

(u,v) = (U, v") <= [(u,v)], and [(u,v)]", Vt € [0,1].
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We define two operations on IF; by

(u,v) ® (W', 0") = (u Vo, AV) V(uv), (W) €T
Mu,v) = (Au, dv) VYA € R, Y(u,v) € TF.

According to Zadeh extension, we have
(u,v) & (', v')]a = [(u,v)]a + [(u', v')]a, [(u, v) B (v, v'>]a = [(u, v>]a + [(u', v'>]a
[Mu, v)} = )\[(u, v)L, [A(u,w]a = )\[(u, v)r.

Theorem 2.3. [8] Let M = {M,, M* a € [0,1]} be a family of subsets in R stisfying the
following conditions

«

1. a<s= M, C M, and M* C M*?, for each a, s € [0, 1].
2. M, and Mg are nonempty compact convex sets in R for each o € [0, 1].

3. for any nondecreasing sequence o; — o on [0, 1], we have M, € [0,1] = (), M,, and

M =, M.
We define u and v by
0 T ¢ Mg
u(z) = sup M, =z € M,
a€l0,1]
1 x ¢ M°
v(z) = 1— sup M, z¢&M°
a€l0,1]

Then (u,v) € IFy with M, = [(u, v>] and M* = [(u,v>] °
Remark 2.2. /8]

1. The family {[(u,v)]q, [(u,v)]*, a € [0, 1]} satisfying conditions 1-3 of the previous theo-

2. Foralla € [0,1], [(u,v)]s C [{u,v)]*

Theorem 2.4. [8] On IF, we can define the metric

(w0 o) = 3 (s [[(00)] @) =[] (@)
+ s |[(w.0)]] (@) = [Ew)] @) + s |[0)] @) - [w)] @)
+ s |[w0)], (@) - [iz0)], @)])
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and

dp<<u,v> ( / ‘ w, o) (@) — [, v>]+(a)‘pdt
v / M<u,v>ma>—[< i [ ] w0 (@) = [(e )] ()

p

dt

+_

Lt (o) - [<u',v'>1r<a>]”dt)’l’

0

Forp € [1,00), we have (F 1 dp> is a complete metric space.

3 The generalized Hukuhara derivative

of an intuitionistic fuzzy-valued function

The concept of intuitionistic fuzzy Hukuhara difference is introduced by the authors in [9], in this
paper we will give the definition of generalized Hukuhara difference betwen two intuitionistic
fuzzy number.

Definition 3.1. The generalized Hukuhara difference of two fuzzy number (u,v), (u',v') € IFy is
defined as follows

(u,v) —gg (U, V") = (2, w) <= (u,v) = W',V O (z,w).

Note that the a-level representation of fuzzy-valued function f : [0, 7] — IF; expressed by

[f]a = [foc,h fa,r] and [f]a = [fa,l’ fa,r] .

Definition 3.2. The generalized Hukuhara derivative of a intuitionistic fuzzy-valued function f :
[0, T] — IFy at tg is defined as

£ (to) = lim f(t) —gm f(to)

t—to t—1p

if fou(to) € IF1, we say that f is generalized Hukuhara differentiable at t.

Also we say that f is [(i) — g H|-differentiable at ¢, if

(Fosr)o = | ) ar )]

(for)" = (£ (F2)
and that f is [(7i) — gH|-differentiable at ¢, if

(Fotr)o = | o) ()|

(Fyr) "™ = [0 (oY |
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Remark 3.1. We can define the generalized derivative of higher order by

fO =
) : (2)
f5 = (fo) . vneN

Definition 3.3. Ler f : (0,7) — IFy. We say that f is of class C™, m € N, if fé,:“) exists and

continues, by respect to metric d..

Now if the a-levels of f : (0,7] — IF,, are given by [f]o = [fas, far] and [f]* =
[ft, for] and fag, far f*, f®" are Riemann integrable on [0, T']. Since the family

{ [fats farl s [f 1] }

builds an intuitionistic element and the integral preserves the monotony, then by Theorem 2.3 the

{ [/m} o /[(LT] fw} ’ [/[OT] £~ A,T} fw] }

defines an intuitionistic fuzzy element, which is the integral of f on [0, T'], we denote by fOT I

family

Definition 3.4. Ler f : [0,T] — IF, be a intuitionistic fuzzy-valued function. We say that f is
integrable on [0, T) if fo1, far O, fO7 defined in the previous are integrable on [0, T).

4 Intuitionistic fuzzy generalized Caputo-derivative

Let f : [0,7] — 1IF; be a intuitionistic fuzzy-valued integrable function on [0,7], and
d € (m —1,m] and m € N¥, its a-levels are defined by [f]o = [fai, far] and [f]* = [fa,l’ fom"]
where foz,l’ fa,ra fOéJ’ fa,r S Cm([(), T])

So
M, = {ﬁ /0 (t — s)P~m1 (fa,z>(m)(s), %/0 (t — s)0-m1 (foz,r> (m)(s)_

Proposition 4.1. The the family {M 5, MP, 3 €0, 1]} defines an intuitionistic fuzzy element.

and

Proof. Just use Theorem 2.3. O]

Definition 4.1. The intuitionistic fuzzy preceding item is called the generalized Caputo derivative
of f, we denote D* f. We say that f is °/[(i) — gH|-differentiable at t, if

[gHDéf]a = [Défoz,laD&foz,r]
[gHDéf}a _ [D(Sfa,l’ D&foz,r}
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and that f is */[(ii) — gH|-differentiable at t, if
[ gHDéf]a = [Défa,ra Défoa7l]
[ gHDaf} a_ [Défa’r, Défa’l} .
As in the previuos definition we will give the difinition of intuitionistic fuzzy fractional

Riemann-Liouville integral. If the a-levels of f : (0,7 — Ty, are given by [f|o = [fai, far]
and [f]* = [f*!, f*] and fay, fa.r, !, f" are Riemann integrable on (0, 7). Since the family

{[fa,l) fa,r] ) [fa’l7 fa7T] }

builds an intuitionistic element and the integral preserves the monotony, then by Theorem 2.3 the

family
{Aa, A% o € [0,1]},
where ' 1
= | — IRV A s Y
Aa—{p((s) /(O’t)(t s) fa,z(s),F((S) /(Oi)(t s) fa,r(s):|
and

A= {ﬁ /(o,t) (# = o), ﬁ /(o,t) - 8)6_1]0&7%8)} ’

defines an intuitionistic fuzzy element, which is the Riemann—Liouville fractional integral of f
on (0,7T), we denote ﬁ Jow = s)0~1f(s)ds.

Definition 4.2. The Riemann—Liouville fractional integral of f on (0,T), defined as
1
A= [ = s)ds
I'(0) Jq

where § € (m — 1,m).

5 Embedding theorem and intuitionistic fuzzy a-semigroup

Since the element of IF; are closed (Hausdorff topology) and convex, so we can apply the result
of [11].

Theorem 5.1. We can extend IF', in a normed space.
Proof. Consider the following relation on IF; x IF; defined by
((u,v), (z,t)) ~ ((u, '), (2, 1)) <= (u,v) + (', t') = (W', 0) + (2,1).

It is clear that such relation a equivalence relation.
We denote that F* = IF; x IF;/. is a vector space (see [11]).
Now consider the map

F, — IF;

(u,v) — ((u, v),6> )
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is an injective mapping, indded:

) = ) = ((u.0).0) = ({ur.v).0)

— ((u,v),a) ~ ((u,0'),0) = (u,v) = (u,0').

Further we can define the norm on IF] as

I ((w,v), (', 0)) [|= da ({u, ), (', ")),
which proves that (IF7, ||.||) is a normed vector space. O

Theorem 5.2. There exists a Banach space X such that IF\ can be embedded as a convex cone
C with vertex 0 in X. Furthermore, the following conditions hold true:

1. The embedding j is isometric,
2. The addition in X induces the addition in IF';,

3. The multiplication by a nonegative real number in X induces the corresponding operation
in ”‘71,

4. C—-C={a—b, a,be C}isdensein X,
5. Cisclosed

Proof. By Theorem 5.1, IF; can be embedded as a convex cone C in a normed linear space Y such
that C spans Y and the conditions 1 — 3 hold true.

If X is a completion of Y, then also 4. is satisfied. Since (IFy, d; ) is complete, which follows
by combining results in [5] and [10], and the embedding j is isometric we have 5. O]

Definition 5.1. A continuous one-parameter intuitionistic fuzzy a-semigroup {T,(t), t > 0} of
operators on IFy is defined by the following conditions:

1. Forany fixedt > 0, T, (t) is a continuous operator defined on IF; into IF.
2. Forany (u,v) € IFy, T,(t){u,v) is strongly continuous in t, with the metric d;.
3. T, ((t+9)2) =T (0%) T ((5)7)

4. Forall (u,v), (u',v') € IF;

Q=

dy (T (t){u, ), T (t){u',0")) < Me*™" dy ((u,v), (', v)) Vt >0,

where M > 0.
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We call such a family {T,(t)} simply intuitionistic fuzzy a-semigroup of type w. The strict a-
infinitesimal generator A, of a intuitionistic fuzzy a-semigroup {T,(t)} is defined by

Agz = 1m T (1) (u, v), (u,v) € IF;.
t—0

The right side exists in IF;.
We define the domain of A, by

D(A,) = {(u,v> eI, li_{%Téa)(t)(u, v) exist} )

Lemma 5.3. If the family {T,(t), t > 0} is an intuitionistic fuzzy o-semigroup of type w, then
JT,(t)j =1 is a nonlinear a-semigroup of type w on C.

Proof. By [6], jT,(t)j~' : C — C, since j is an isometric, which implies that j7,,(¢);j " is a
nonlinear a-semigroup of type w on C. [

Lemma 54. If A, is an intuitionistic fuzzy infinitesimal generator of an intuitionistic fuzzy o-

semigroup of type w {T,(t) }i>0. Then jA,j~ " is the infinitesimal generator of jT,(t)j .

Proof. Letx € C and put R, (t) = jT,(t)j~'. We have T'(t) : C — C, and (u,v) = j "'z

. Ro(t+et'™)x 6 Rux
lim || -
t—0 €

R (t)z =0

— lim | ST () © Tu (05 e — T2 ()2 = 0
%

— lim dy (T.(6)] 2 © T (6) we, jT2()] ') = 0
in

— limd; (Ta(t)<u, V) © 5Ta(t) (u, v)e, jTg<t)<u,v>) —0.

[]
6 Intuitionistic fuzzy Caputo fractional evolution problem
In this section we consider the following problem
o Dix(t) = Ax(t) + f(t,z(t)), t € [to,T] @

x(0) =< ug, vy >€ IFy

where 0 < ¢ < 11is areal number and the operator ;5 D denotes the Caputo fractional general-
ized derivative of order «, and f : [0,00) x IF; — IFy, is a continuous fuzzy function. A is an
operator of IF; from IF; generated an intuitionistic fuzzy a-semigroup 7.

In this section, the existence and uniqueness of solutions of problem (1) with fuzzy initial
conditions is proved under ¢/[g H|-differentiability.

/ ads = ta.
(0,t)
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Proof. We set [a], = [a_,a,] and [a]* = [a~, a™]. We have

ads|, = [ta_,ta ] =tla_,a ] = tlal,
and
ads|® = [ta™, at] = a_,a+ = t|a]®.
]

Lemma 6.2. Let f : [a,b] — IF\ be a fuzzy-valued function such that f,y € clF Y([a, b)) N
LF1 ([, b)), then
I* (D7) (t) = f(t) ©gn f(a).

Proof.  Weset f = (fi, fo), itbecome I* (;;z D) (t) = f1(t)Ogn f1(a) and I (o, D*2) (t) =
f2(t) ©g1 fa(a), but 0 < f1 + fo < 1, which implies that

1% (yuD*) () = f(t) O f(a),
We denote

+ if xis ¢/ [(i) — gH]-differentiable
sgn(x) = (5)
o(—=1) ifwxis¢ [(i1) — gH]-differentiable.

Theorem 6.3. The initial value problem (1) is equivalent to one of the following integral equa-
tions

o) = Lot + 5 [ (0= 5006, ©
if £(t) be *f[(i) — gH)-differentiable

o) = Tul© o [ (0= 9 (s,000) )
if 2(t) be °f[(ii) — gH)-differentiable

o(t) = o P07+ 1 Jy (0= 9)7 7 (s,2(5)), if 1 € far]
Ta <t)$0 S F_(; fto (t s)a_lf(svz(s))y Zf te [C, b]

)
Proof. Wehave ,;y D%x(t) = Ax(t)+f(t, z(t)), wich implies [,y D92 (t)]* = [Ax(t)+f (¢, x(t))]*
and [;g D%x(t)]o = [Ax(t) + f(t, 2(t))]a. Dy [4] we get

®)

()] = [Ta(t)zo + ﬁ/t (t— )" f(s,2(s)))"

and .
1
[2(0)]a = [Ta(t)zo + —/ (t—5)"""f(s,2(5))]a-
F(q) to
Now using Theorems 2.3, 6.2 and [2] for completing the proof. [
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Theorem 6.4. [7] Consider U : T — X to be a set of continuous function. Then U is a relative

compact set if and only if U is equicontinuous and for any t € T, U(t) is a relative compact set
in X.

Theorem 6.5. [7] Let U be a closed convex subset of a Banach space X. If A : U — U is
continuous and U = A(U) is compact, then A has a fixed point in U.

Theorem 6.6. Let f continue on Ry = {(to,z),t € [to,to + h*], ||z, z0|| < n} such that

sup dy (f(t,x),0) = M, where n > dy(T,(t)xo, o) and f is %-Lipschitz. Then the prob-
te(to,T)

lem (1) has a unique solution.

Proof. We set

(Az)(t) = To(t)xo + ﬁ /t 1 (t1 — 8)* 1 f(s,2(s))ds.

The proof is presented in several steps.
Step 1: (Ax)(t) € B(xo,n) is continuous

1 - -
dy ((Az)(t), x0) < ) /to (t— )" dy <f(s,x(s), O)) ds + dy (T (t)zo, z0)

<7

Soif z € B then Az € B.
Step 2: t — (Ax)(¢) is contraction. For tg < t; <ty <ty+ h,

iy (An)(1). (Ar) (1)) < ﬁdl (/tt (- 5" F(s.2(s). /t2 (s — )% f(s. x(s)))

to

< ﬁ{ /: (11 = 5)"" = (2 = )"y (f(5.2(5)),0) ds

- / os s>q‘1d1<f<s,x<s>>,6>ds},

t1

Since ¢ < 1then ¢ — 1 < 0, so we have

t1
/ (t; — 8)17F — (ty — )77 |ds < 1(t2 — )%,
to !
which implies that
2 M
<
dl((Am)(h% (Al“)(t?)) ~“T(g+1)

By Lemmas 5.3 and 5.4, A has a fixed point, which is the solution of the problem.
Step 3: By the same proof, we prove that T'(t)zo © % tzl (ty — 5)* 1 f(s,z(s))ds has a fixed

point.
Step 4: Uniqueness. Suppose that « and y two solution of (4), we have
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i (w(t), (1)) = da (Aa(t), Ay(t))

< g J 1= (1G5 0(6) P61 s

< q/ (t—8)7 (s —ty) %, (ac(s), y(s))ds.

to

By setting ¥(t) = (t — to)~%d (z(t), y(t)) and m = supy, 7 ¥(t), we get

t1
m < mq(t, — to)_q/ (t; — 8)1 ds = m,

to

which completes the proof. O]
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