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1. Introduction.

Rough sets were introduced by Pawlak ([3]) as an extension of crisp sets to model
imperfect knowledge. In fact, the idea of rough set consists of the approximation of a set by
a pair of sets called the lower and upper approximation of this set.

As observed by Pawlak, our perception of knowledge about universe depends upon
our capability to classify objects. It is wellknown that every classification or partition of a
set induces an equivalence relation on it and the converse also holds. So, the definition of
Rough set depends upon equivalence relations defined over a set.

However, as it has been found in practice, pure classification of objects, that is
classification which is a partition is less useful or rarely available. So, attempts have been
made to relax the requirement of equivalence relations to define rough sets by taking a
fuzzy approximation space which depends upon the concept of fuzzy proximity relation
([2]), which are more abundant than equivalence relations.

In this article, we define intuitionistic fuzzy proximity relations (IF-proximity
relation) and use it to introduce the notion of intuitionistic fuzzy approximation space (IF-
approximation space). Then we define rough sets on IF-approximation space and study
their properties.

2. Rough sets on Fuzzy Approximation Space.

We unfold the background of this article in the current section by presenting the
definitions, notations and results on rough sets on fuzzy approximation space.

Definition 2.1. Let U be an universe. We define a fuzzy relation on U as a fuzzy subset
of U x U.
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Definition 2.2. A fuzzy relation R on U is said to be a fuzzy proximity relation if

(2.1) 4 (X,x) =1 forall xeU, and

(2.2) He (X, Y) = 1z (y, x) forall x, y eU.

Definition 2.3. Let R be a fuzzy proximity relation on U. Then, for any « €[0,1], then
the elements of R, the a-cut of R, are said to be a-similar with respect to R.

If x and y are a-similar with respect to R then we write X R, y.

Definition 2.4. Two elements x and y in U are said to be a-identical with respect to R,
denoted by 'x R(a) y' if either x is a-similar to y or x is transitively a-similar to y with

respect to R, that is, there exists a sequence of elements u, , u, , ..., u, in U such that
XR, u,u R, u,,..u R, Y.

The relation R(a), for each fixed ae[o, 1] is an equivalence relation on U.

Definition 2.5. The pair (U, R) is called a fuzzy approximation space.

For any ae[O, 1] , we denote by R’ the set of all equivalence classes of R(c). Also,
we call (U , R (a)) , the generated approximation space associated with R and .

Definition 2.6. Let X cU. Then the rough set of X in (U, R(«)) is denoted by
(Xa ,X_a),where

(2.3) X, =U{Y:YeR, and Y c X}
and
(2.4) X,=U{Y:Y &R and Y N X = ¢|.

Here, X, is called the a-lower approximation of X and X_a is called the a-upper
approximation of X.
Definition 2.7. Let X < U. Then for any « €[0,1], we say that X is « -discernible if and
only if X, = X and X is said to be a-rough if and only if X = X_ .

Many properties on a-lower approximation and o-upper approximation, similar to
those for lower and upper approximation of rough sets have been established by Dey

([2]). We shall be presenting extensions of these results in the context of IF-approximation
spaces and prove some of them in the next section.
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3. Rough Sets on IF-approximation Spaces.

As an extension of fuzzy sets introduced by Zadeh ([6]), intuitionistic fuzzy sets
were introduced by Attanasov ([1]). Fuzzy relations and intuitionistic fuzzy relations are
extension of the concept of crisp relations.

We first define the following concepts leading to the introduction of rough sets on
IF-approximation space. We use the standard notations ‘p” for member ship and ‘v’ for non
membership functions associated with an intuitionistic fuzzy set.

Definition 3.1. An intuitionistic fuzzy relation on U is an intuitionistic fuzzy subset of
UxU.

Definition 3.2. An intuitionistic fuzzy relation R on U is said to be an intuitionistic fuzzy
proximity relation (IF-proximity relation) if

(3.2) tr (X, x)=1and vy (x,x)=0 for all xeU

and

(3.2) He (X YY) =z (¥, X), ve (X, y)=vg(y, x) for all x,yeU.
We write J={(a, B)/ a.p,[0,1] and 0<ar+ p <1}.

Definition 3.3. Let R be an IF-proximity relation on U. Then for any («,f) e J, the
(e, B)-cut 'R, ,* of R is given by

(3.3) R, = {(xy)/ te(xy) 2 and vy (x y) < B}.

Definition 3.4. Let R be an IF-proximity relation on U. We say that two elements x and y
are (e, f)-similar with respectto Rif (x,y) e R, , and write xR, , .

Definition 3.5. Let R be an IF-proximity relation on U. We say that two elements x and y

are (a,f)-identical with respect to R for (a, 8) € J , written as x R(«, B)y if and only if
XR,,y or there exists a sequence of elements u, ,u,,..u, in U such that

XR,,u,u R ,Uy, ..u R,y (wesay x is transitively (a,f)-similar to y with respect
to R this case).

Note 3.1. Itis easy to see that for any (o, 8) € J, R(a, ) is an equivalence relation on
U.

We use R; , to denote the set of equivalence classes generated by the
equivalence relation R(a.,B) for any (a, B) € J. By [x]aﬁ we denote the R(o,B)-
equivalence class of an element x in U.

An intuitionistic fuzzy approximation space (IF-approximation space) is a pair
(U, R).
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Note 3.2. An IF-approximation space (U, R) generate usual approximation space
(U, R(a, B)) of Pawlak for every (a, ) e J .

Theorem 3.1. If o, >, and p, < f, then

(34) ROq B < Raz B!
(3.5) R(a, ) < R(e, , B,) and
(3.6) Resn SRe s

in the sense that every equivalence class in R:M is contained in some equivalence class in
o5y
Proof. We have by hypothesis,
(xy)eR, 5 = u(xy)2e and vp(xy)<p
= 1z (X, ¥) 2, and vy (X,y) < 5,

= (x,¥) eR

02 By
This proves (3.4).
Again  (x,y)eR (e, f)=xR, , yor xR, ,u,u R, U, ..,u R, ,y. In
the first case by (34) xR, , y. So, (x,y)eR(a, f,). In the second case
XR, , U,u R, U ,..u R, y. S0 (xy)eR(a, f).
This proves (3.5).
Next, let [x]al’ﬂ1 eR; ,. Then for any ye [x]%ﬂl, y R, 4 X. So by (3.4)
YR

ay,

4, X. Hence y e [x]%ﬁ2 . Thus we get [x]%]ﬂl g[x]a2 4, This proves (3.6).

Theorem 3.2 . Let R and S be two IF-proximity relations on U. Then for any pair
(a,ﬂ) el,

(3.7) (RUS) (@, B) < R(a, B)U S(a, )
and
(3.8) (RNS) (a,B) 2 R(a, B)N S(a, B)
Proof. Let (x,y)e(RUS)(a, B). Then we have x(RUS) (e, B)y. This implies
x(RUS)M y or there exists a sequence of elements u, , u, , ..., u, such that
x(RUS), , u,u (RUS), Uy, ...u,(RUS) .
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The second case being similar, we consider only the first case
X(RUS), , ¥ = trys (X ¥) 2 @ and vgys (x,y) < B
= max{u, (%,Y), ts (X, ¥)} 2 and max{v, (x,y),vs(x,y)} < B
= iz (X y)=aor ug(x,y)=a and vy (X y), vs (X y)<p
:>{,uR(x,y)2a and vR(x,y)sﬂ} or {us(x,y)zaand vg(xy)< B}
= X R(a, B)yor xS(a, B)y
= X R(a, B)US(a, p)y

= (x,y) e R(a, f) U S(a, B).
This proves (3.7). Proof of (3.8) is similar.

Theorem 3.3. If R and S are two IF-Proximity relations on U then for any pair
(a,8)ed,

(3.9) (RUS),, =R, US,,
and
(3.10) (RNS), , 2R;, NS,

Proof. Let [x] € (RUS), . Then by (3.7), for anyy,
ye[x] = (xy) e(RUS)(a,8)
= (x,y) e R(e, ) U S (e, B)
= (xy)eR(a p)or (xy)eS(ap)
= [x]€R;, or [x]€s,,
=[x]eR:, US.,.
This proves (3.9). Proof of (3.10) follows similarly.

Consider on IF-approximation space (U,R) and X < U. Also, we take any pair

(a,/i’)eJ.

Definition 3.6. The rough set on X in the generalised approximation space
(U,R(a, B)) is denoted by
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(3.11) (R.s X, Ras X) or (X, 4, Xayp ) inshort, where
(3.12) X, =U{Y:YeR, and Y c X} and
Xap =U{Y:Y R, and YN X #¢}.

Definition 3.7. Let X be a rough set in the generalised approximation space
(U, R(e, B)). Then we define

(3.13) BNR, , (X) = Xus = X, 4,

called the (o, B)-boundary of X with respect to R.

Definition 3.8. Let X be a rough set in the generalised approximation space
(U, R(a, B)). Then we say

(3.14) Xis (a, B)-discernible with respect to R if and only if X, , = Xarp,
and
(3.15) Xis (a,ﬂ) -rough with respect to R ifand only if X, , # Xarp.

Example. Let U ={x, X,, X;, X, ,X;} . We define an IF-proximity relation R on U is
given by

R X1 X2 X3 Xq X5

X1 (1,0 (.8,.1) |(.6,.3) | (.5.3) |(.2,.6)
X2 (.8,.1) | (1,0 (.7,.2) | (.6,.3) | (.4,.5)
X3 (6,.3) |(.7,.2) [(1,0) |(9,.1) |(.6,3)
X4 (5,.3) |(.6,.3) |(.9,.1) | (1,0) (.4,.5)
X5 (.2,.6) | (4,5) |(6,3) | (.4,5) |(1,0)

Here, for a(-7,-8] and fe(-1,-2],

Res = {{Xl’ Xobo %0 %} {X5}}

and for (-9,-1] and B e (0, -1]

Res = {{Xi} X b % f X} 1% }

Let us consider two subsets X, ={x, %} and X, ={x, x,, X;} of U. Now, for
ae(7,-8] and Be(-1-2]

Xiwy =0 and Xuep ={X, X, X5, X},
so that X; is («, #8) -rough. On the other hand for (-9, -1] and g < (0,-1],

Xows = 1% X X} @nd Xowp =X, X, X},
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so that Xz in (a, B)-discernible.

The following theorem establishes properties of (a, ,B)-Iower approximation and
(a, ﬂ)-upper approximation sets of a rough set. We shall provide proofs for only two
cases. The proofs of other cases are similar.

Theorem 3.4. Let X and Y be rough sets in the generalised approximation space
(U, R(a,8)), (a,8) € J . Then

(3.16) Xo s SXC Xap.

(3.17) 4., =0, ,=0U,, =Uayp=U.
(3.18) (XUY), , = Xap UYap.

(3.19) (XN Y)a’ﬂ =Xap N Y,y

(3.20) XcY=>X, Y.,

(3.21) XcY= X, ,cVas

(3.22) (XUY) =2X,,UY.,

(3.23) (X—ﬂY)ﬁ < Xap NYap

Proof. xeX,, = xe[y]eR;, and [y]c X.
=>XxeX.
Again, xe X = XR(a, B)x forany (o, B)eJ by (3.1)

:>X€[X]ER*

o 5o suchthat [x] N X = ¢

= X € Xa,p.

This proves (3.16).

Next, xe(XUY )a’ ;= there exists an equivalence class [z] with respect
to R(a,pB) such that
xe[z] and [z]N(X UY)=g.

= xez]and [z]N X #¢ or [zZ]NY = ¢

= X€ Xap OF XEYayp
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(3.24) =X € Xap UYas
Also, XeXapUYap = XeXap OF XeYap
= 3[y] such that xe[y] and [y]N X =¢ or
3[z] suchthat xe[z] and [z] N X # ¢.

= In any case there exists an equivalence class
containing X which has nonempty intersection
with X UY .

(3.25) = xe(xUy)

We get (3.18) from (3.24) and (3.25).
Theorem 3.5. If a, >, and B, <}, then

a,B’

(3.26) Xes S Xos

(3.27) Xy p, € Xy

Proof. Let xe X, ,.Then [x]az'ﬁ2 c X.

Now,

ye [x]al]ﬂ1 = 1z (X y) =, and vy (X, y)< B

= 1z (X, y) 2, and v (X, y)< 5,
=>ye [X]az,ﬂz'

So, [x]%ﬁl < X . Hence xe X, , . This proves (3.26).

Again Xe Xap = [x], , NX#¢

= [x] 5 N X # ¢, as above

ay

> X e Yaz ,ﬂz .
This completes the proof.

Theorem 3.6. Let R and S be two IF-proximity relations on U and o, be chosen level
values with (o, #) € J . Then

(3.28) (R US)M X cR,, XUS, , X,
(3.29) (RUS), , X DRup X USus X,
(3.30) (RN S)M X2R,, XNS,, X
and
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(3.31) (RNS),, X €Rup XNSap X.

Proof. We prove only (3.28). Rest of the proofs are similar.

4. Kinds of rough sets on IF-approximation spaces.

Pawlak ([4]) has introduced the concept of kinds of rough sets depending upon the
characteristics of their lower and upper approximation sets. This was extended to the setting
of rough sets on fuzzy approximation spaces by Tripathy ([5]), where properties on union
and intersection of rough sets of same kind have been studied.

In this section we extend the concept further by defining kinds of rough sets on IF-
approximation spaces. Also, we provide physical interpretation of each kind of such sets
and state properties on union and intersection of these sets, which can be proved in the
same lines as in ([5]).

Definition 4.1. (i) If X,, #¢,X«p #U then we say that X is roughly
R, ; - definable.

(ii) If X, ;,=¢ and X, #U then we say that X is internally
R, ;-undefinable.

(iii) If X, , # ¢ and Xa,p=U then wesay X isextrenally R, -
undefinable..

(iv) If X, , =¢ and X.,s =U then we say that X is totally R, ,-
undefinable.

For any subset X of U, we denote by - X the complement of X in U.

Physical interpretations.
Q) A set X is roughly R, ,-definable means that we are able to decide for some
elements of U whether they are («, B) -similar/transitively («, £)-similar to

some elements of X or —X with respect to R.
(i) A set X is roughly R, ;-undefinable means that we are able to decide

whether some elements of U are («, £) -similar/transitively (e, B)-similar

to some elements of —X but we are unable to indicate this property for any
element of X with respect to R.
(i) A set X is externally R, ,-definable means that we are able to decide

whether some elements of U are («, B) -similar/transitively («, ) -similar
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(iv)

to some elements of X, but we are unable to indicate this property for any
element of —X with respect to R.
A set X is totally R, ;-undefinable means that we are unable to decide for

any element of U whether it is («, B) -similar/transitively («, £)-similar to
some element of X or —X with respect to R.

The following theorem is an extension of the corresponding theorem in [5]. The
proof requires the use of results of section 3 above which are extensions of the
corresponding results used in ([5]). It may be noted that in ([5]) examples have been
provided to show that in general the results can not be sharpened.

Theorem 4.1.

(i)

(i)

(iii)

(iv)

(V)

(vi)

(vii)

(viii)

If X and Y are internally R, ,-undefinable then X (Y is internally R, ,-

undefinable.
If X'and Y are internally R, ;-undefinable then X UY can be in one of the

four classes.
If X and Y are roughly R, ,-definable then X UY can be roughly R, ,-

definable or internally R, ;-undefinable.

If X and Y are roughly R, ,-definable then X UY may be roughly
R, ;-definable or externally R, ,-undefinable.

If X and Y are externally R, ,-undefinable then X (1Y can be in any one of

the four classes.
If X and Y are externally R, ,-undefinable there X UY is externally R, ,-

undefinable.
If X'and Y are totally R, ,-undefinable then X Y can be internally R, ,-

undefinable or totally R, ,-undefinable.
If X'and Y are totally R, ,-undefinable then X UY can be externally R, ,-
undefinable or totally R, , -undefinable.

5. Conclusion.

In this article we introduced the concept of IF-approximation spaces and rough sets
defined over them. Some properties of these notions have been established. Also, the
concept of kinds of rough sets is extended to this general context. Some more results in the
line of those in ([5]) and application of rough sets on IF-approximation spaces to the study
of dependency of attributes are to come out in a subsequent paper.
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