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1 Introduction

The notion of a fuzzy set was introduced by L. A. Zadeh [10], and since then this concept have
been applied to various algebraic structures. The idea of intuitionistic fuzzy set was first
published by K. T. Atanassov [1] as a generalization of the notion of fuzzy set. ['-near-rings
were defined by Bh. Satyanarayana [9] and G. L. Booth [2, 3] studied the ideal theory in I'-
near-rings. W. Liu [7] introduced fuzzy ideals and it has been studied by several authors. The
notion of fuzzy ideals and its properties were applied to semi groups, BCK-algebras and semi
rings. Y.B. Jun [5, 6] introduced the notion of fuzzy left (respectively, right) ideals.

In this paper, we introduce the notion of intuitionistic fuzzy ideals in I'-near-rings and
study some of its properties.

2 Preliminaries

In this section we include some elementary aspects that are necessary for this paper.

Definition 2.1. A non-empty set R with two binary operations “ + ” (addition) and “.” (multi-
plication) is called a near-ring if it satisfies the following axioms:
(1) (R, +)1isa group,
(i) (R,.)is a semigroup,
(i) (x+y)'z=x'z ty z forallx,y, z € R. It is a right near-ring because it satisfies
the right distributive law.

Definition 2.2 A I'-near-ring is a triple (M, +, I') where
(i) (M, +)isa group,
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(i) T is a nonempty set of binary operators on M such that for each o € T, (M, +, o) is
a near-ring,
(i) xo(yPz) = (xay)pzforallx,y,ze Manda, P €T.

Definition 2.3 A subset A of a ['-near-ring M is called a left (respectively, right) ideal of M if
(1) (A, +)isanormal divisor of (M, +),
(i) uo(x +v)—uav € A (respectively, xau € A) forallx €e A,a € Tandu, v € M.

Definition 2.4 A fuzzy set p in a ['-near-ring M is called a fuzzy left (respectively, right) ideal
of M if
(1) wx-y)zmin{pux), py)},
(i) wy+x-y)>ux),forallx,y e M.
(i) puo(x + v) —uav) > wx) (respectively, w(xou) > u(x)) for all x, u, ve M and a €
I.

Definition 2.5 [1] Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS) A in X is an
object having the form A = {(x, pa(x), va(x)) | xe X}, where the functions pa . X —[0, 1] and
va: X — [0, 1] denote the degree of membership and degree of non membership of each
element x € X to the set A, respectively, and 0 < pa(x) + va(x) < 1.

Notation. For the sake of simplicity, we shall use the symbol A = (ua, va) for the IFS
A = {{x, pa(x), va(x)) | xe Xj.

Definition 2.6 [1]. Let X be a non-empty set and let A = < pa va> and B = < ug vg> be IFSs
in X. Then,
1. AcBiff pypa<pgand va > vg.
A=Biff AcBand BcCA.
A® = (Va, Ua).
ANB=(uaAWB, VAV V).
AUB=(uaV us, va AVp).
oA = (MA,I—MA) 0A = (l—VA, VA).

Definition 2.7. Let p and v be two fuzzy sets in a ['-near-ring. For s, t € [0, 1] the set U(w,s) =
{x € w(x)>s} is called upper level of n. The set L(v, t) = {x € v(x) <t} is called lower level of v.

S bk

Definition 2.8. Let A be an IFS in a ['-near-ring M. For each pair (t,s) € [0, 1] with t+s <1,
the set Ay, o = {Xx € X | pa(x) = tand va(x) <s} is called a (t, s)—level subset of A.

Definition 2.9. Let A = (ua, va) be an intuitionistic fuzzy set in M and let t € [0,1]. Then, the
sets U(ua;t) = {x € M| pa(x) >t} and L(va; t) = {x € M| va(x) <t} are called upper level set
and lower level set of A, respectively.

3 Intuitionistic fuzzy ideals

In what follows, let M denote a I'-near-ring, unless otherwise specified.

Definition 3.1. An IFS A = (ua, va) in M is called an intuitionistic fuzzy left (respectively,
right) ideal of a ['-near-ring M if

1) pax—y) = {pa®) A pay)},

(i)  pay +x—y) = pa(x)

(1i1) pa(uo(x +v) —uav) > pa(x) (respectively, pa(xou) > pa(x) ),
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(iv)  va(x—y) < {va(x) v va(y)},

(V) valy +x=y) = va(x),

(vi) va(uoux +v) —uav) < va(x) (respectively, va(xau) < va(x) ),
forallx,y,u,ve Manda €T.

Example 3.2. Let R be the set of all integers then R is a ring. Take M =T"=R. Leta, b € M,
a € I', suppose aob is the product of a, a, b € R. Then, M is a I"-near-ring.

Define an IFS A = (ua, va) in R as follows.

pa(0) =1 and pa(£l) = pa(£2) = pa(x3) = .... =t and

va(0) =0 and va(£l) = va(£2) = va(£3) = ....=s, where t € [0, 1], s € [0, 1]and t + s < 1.
By routine calculations, clearly A is an intuitionistic fuzzy ideal of a I'-near-ring R.

Theorem 3.3. If A is an ideal of a ['-near-ring M, then the IFS A= (%A, XAy 18 an intuitionistic
fuzzy ideal of M.

Proof. Letx,y € M.

Ifx,y,uuveAandael,thenx -y e A, (y+x—-y) € A and (ua(x + v) —uav) € A, since
A is an ideal of M.

Hence, xa (x —y) = 1 = {ga(x) A xa(y)},

xa(y tx—y)=12ya(x) and

ya(uou(x + v) —uav) = 1 > ya (X) (respectively, ya (xau) > ya (X)) .

Also, we have

0=1-xa(x=y)= xax-y) < {xa(®) V xa(},
O0=1-ya(y+x-y)= xa(y £x-y)<ya(x),and
0=1-ya(uo(x +v)—uav) = ya(uo(x + v) —uav) < ya(x) (respectively, xa (xau) < ya (X)).
Ifx ¢ Aory ¢ A, then ya(x) =0 or ya(y) = 0. Thus, we have
xax =) = {xa(x) A xa(y)},
xa(y +x—y)= ya(x)and
ya(uo(x + v) —uav) > ya (x) (respectively, ya (xou) > ya (x)) foralla € T'.
Also
xax —y) < {xa(®) v xa(¥);,
= {1l =xax) v (I = xa(y)} =1
xa(y +x—y) < Yax)
=(1 —xa(x)) =1
and
ya(uax + v) —uov) = 1 — ya (wox + v) —uav) < 1 —xa(x) = ya(x).
This completes the proof.

Definition 3.4[3]. An intuitionistic fuzzy left (respectively, right) ideal A ={ua, va) of a I'-
near-ring M is said to be normal if pa(0) = 1 and va(0) = 0.

Theorem 3.5. Let A = (ua, va) be an intuitionistic fuzzy left (respectively, right) ideal of a I'-
near-ring M and let (x) = pa(x) + 1 — pa(0), (X) = va(x) — va(0). If (x) + (x) <1 for all xeM,
then A" =(, ) is a normal intuitionistic fuzzy left (respectively, right) ideal of M.

Proof. We first observe that s (0) = 1, va'(0) = 0 and pa'(x), va'(x) € [0,1] for every x € M.
Hence,

A" ={(ua", va") is a normal intuitionistic fuzzy set. To prove that it is an intuitionistic fuzzy left
(respectively, right) ideal, let x, y € M and a € I'. Then,

HAT(X = y) = pa(x = y) + 1 = pa(0)
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= {Ha(X) A pAY)} + 1= pa(0)

= {a(x) + 1= pa(0)} A {pay) + 1 - 1a(0)}

= pa"(x) A pa'(y)
VA (X —y) =va(x —y) = va(0)

< {va(x) v va(y)} — va(0)

= {va(x) —va(0)} v {va(y) —va(0)}

=va'(X) v VA'(y),
HA'(Y +x—y) =paly Tx—y) + 1 - ua(0)

> {na(x) + 1 = pa(0)}
= pa' (%)
va'(y +x—y) =valy +x—y) - va(0)
{va(x) = va(0)}
= Va'(x)
and
A (uou(x + v) —uowv) = pa(uo(x + v) —uav) + 1 — pa(0)
> a(x) + 1= pa(0) = pa" ()
va (uou(x + v) —uav) = va (ua(x + v) — uov) — va(0)
< va(x) = va(0) = va'(x).

This shows that A" is an intuitionistic fuzzy left (respectively, right) ideal of M. So, A" is a
normal intuitionistic fuzzy left (respectively, right) ideal of M.

Definition 3.6. Let I be an ideal of a ['-near-ring M. If for each a+I, b+I in the factor group M/I
and each ael’, we define (a+I)a(b+]) = aab+], then M/I is a I'-near-ring which we shall call
the I"-residue class ring of M with respect to I.

Theorem 3.7. Let I be an ideal of a I'-near-ring M. If A is an intuitionistic fuzzy left (respect-
ively, right) ideal of M, then the IFS A of M/I defined by uz@+1)= N Hp(a+X) and

vi(@+l)= A va(@a+X) is an intuitionistic fuzzy left (respectively, right) ideal of the I'-

residue class ring M/I of M with respect to I.

Proof. Leta,b € Mbesuchthata+I=b+1.
Thenb=a+y for some y € I and so
pr+D)= v up(b+x)= v pp@+y+x) = 4 Ha(a+z) = pa(a +1I),

x+y=zel

Va1 = Avab+x)= Ava@+y+x) = /N va@+2)=va(a+1).

x+y=zel

Hence, A is well defined.
Foranyx+1,y+1 € M/l and a € I', we have

A D= (y+D)=pa((x-y)+1)
\/MA((X—Y) +2)

zel

Vo a(x-y) + (1))

z=u-vel

V a((eru) - (y+v)

u,vel

V' (a(hu) A pa(y+v)

u,vel

v

(Vi) A (Y paiyv)
= pAx+1I) Apaly +D.
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VA((x+ D = (y +D) = va((x=y) +1)
= Z . Wval(x-y) +2)

zel

= N\ ey + @)

z=u-vel

= /\ ) - (34v)

u,vel

< /\ (va(x+u) v va(y+v))

= ({d\ va(x+u)) v ({el\ va(y+v) )

= va(x+1) v va(y + 1),

uA@+I)+((X+I)—(y+I))=MA((y+X—y)+I)
= ua((y +x-y) +2)

zel

= V(@ +x-y)+ @+ @-v)

z=v+(u-v)el

= V(@ +9) + (& +1) - (y + V)

u,vel

> V()
= pax+1I).

VA(R+ D+ (x+D = +D) = val(y +x-y)+1)
= Jawvally +x-y)+2)

zel

= N L x—y)+ v+ -V

z=u-vel

= AN\ @+ (x+u) -y + V)

< ({EI\ va(x+u))
= va(x + 1),

pa((a+ Do((x + 1) + (b + D)) — ((a + Doub +1))) = pa( (ao(x + b) -aob) +1)
= VY ua((ao(x +b) -aab) + z)

> V pa(aox + aaz) because aoz € I

- zel

- }E./HA(aoc(x +7))> >|/ MAK+2) = T,
Va((g + Do(x + D) + (b + I)) = ((a + Daub + 1)) = va((ao(x + b) -aab) + 1)
=7/ va((ao(x + b) -aab) + 2)

< {GI\VA(aocx + aoz) because aaz € |
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= /\VA( ao(x +z)) < 4|\ va(x +z) =va(x + ).

zel

Similarly,
paA((x + Da(a+ 1)) > pa(x + 1) and va( (x + Da(a + 1)) < va(x + ).

Hence, A is an intuitionistic fuzzy left (respectively, right) ideal of M/I.

Theorem 3.8. If the IFS A = (ua, va) is an intuitionistic fuzzy left (respectively, right) ideal of
M, then the set My = {x € M | pa(x) = na(0) and va(x) = va(0)} is an ideal of M.

Proof. Let x, y € Ma. Then pa(x) = pa(y) = pa(0) and va(x) = va(y) = va(0). Since A is an
intuitionistic fuzzy ideal of M, it follows that
HA(X —y) = {pa(x) A pa(y)} = {Ha(0) A pa(0) = pa(0),
VAX = ¥) < {Va(X) v va(y)} = {va(0) v va(0)} = va(0).
Hence, pa(x —y) = pa(0) and va(x —y) = va(0). So, x —y € My.
Ha(y +x —y) Zpa(x) = pa(0),
VA(Y + X = y) S va(x) = va(0).
Hence, pa(y + x —y) = pa(0) and va(y + x —y) =va(0). Soy + x —y € Ma.
Let x e M,a € I' and y € Ma. Therefore, pa(xo(y + z) — xaz) > pa(x) = pa(0) (respectively,
pa(yox) > pa(x) = na(0)) and va(xo(y + z) — x0z) < va(y) = va(0) (respectively, va(yox) < va(x)
=va(0)). Hence, pa(xo(y +z) — xaz) = ua(0) and va(xa(y + z) — x0z) = va(0).
So, (xa(y + z) — xaz) € Ma. Hence, M, is an intuitionistic fuzzy ideal of M.

Theorem 3.9. Let A be an intuitionistic fuzzy left (respectively, right) ideal of a I'-near-ring
M. For each pair (t, s) € [0, 1], the level set A, s 1s an ideal of M.

Proof. Let X,y € Ay . Then pa(x) >t, pa(y) > t and va(x) < s, va(y) <s. Since A is an
intuitionistic fuzzy left (respectively, right) ideal, we have

HAX = ¥) 2 {pa(x) A pa(y)} = tand va(x —y) < {va(x) v va(y)} ss.

Sox—y e Ays.

HA(Y T X —y) 2 pa(x) 2 tand va(y T X —y) < va(X) Ss.

Soy+x—y € Ay,

Letx e M,y € Agganda e I'.

Then pa(xo(y + z) — xaz) > pa(y) >t and va(xo(y + z) — xaz) < va(y) <s.

So (xa(y +z) —x0z)€ Ay, ).

Hence, A, s 1s an ideal of M.

Definition 3.10. Let A and B be two intuitionistic fuzzy subsets of a I'-near-ring M and
a € I'. The product AI'B is defined by

parp(X) = X:(uy(ww)_uyw)(yA (u) A\ (V)) foruveM, yel
0 otherwise,

/\ (VA(u)\/vB(V)) foruveM, yel

VAFB(X) = J x=(uy(v+w)—-uyw)
1 otherwise.

Definition 3.11 Let A= (ua, va) and B ={up, vg) be two IFSs in a I'-near-ring M. Then, the
composition of A and B is defined to be the intuitionistic fuzzy set AoB = (Uaop, Vaop) in M
given by
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U (X):\/ /\(/UA(ui)/\luB(vi)):Xzzt:(uiyi(vi +W)—UyW)u,v, e M,y elkeN

1<i<k

0 Otherwise

Vpop (X) = N\ V(VA(ui)VVB(Vi)) : X=zl::(uiyi(vi + W) — U7 W),U;, v €M,y ek eN

1<i<k

1 Otherwise

Theorem 3.12. If A = (ua, va) and B = (up, vg) are intuitionistic fuzzy ideals in a ['-near-ring
M, then AoB is an intuitionistic fuzzy ideal in M.
Proof. For any x, y € M, we have

k
Hao(X — ) =V{ Q pua(u) A pp(vi) @ Xx—y= ; (uou(vi +u') —uow'), u;, v, u' €M, ael” and keN}
> {(/\ pa@) A DA \pa(-e) A (@) : x = 2 (aiabiea) - aioa),
—y :; —(ciol(d; + ¢') —cjac'), a;, by, ¢;, d;, a', ¢' eM, ael’and m, n eN }

=v{( 1<|/<\m Ha(@i) A pa(b)A( é}n ua(ci) A ps(dy)) : x = ? (aio(bi+a') — o)), y =; (cio(d; + ¢')—ciac)),
a;, b, ci,d,a,c'eM,ael"andm,n eN }

=v{ 1{<\ pa(ai) A us(b;) : x =; (ajou(bi+a") — ajoa'), aj, by, a'eM, ael’ and meN }A
v { 1</<\ pa(ci) A us(dy) 1y :21: (cio(di + ¢') —cijac"), ci, di, ¢' €M, ael’ and n eN}
= Haon(X) A Haon(y)
k
Vaop(X —y) =A{ ></k va(u) vve(v) i X—y= 2 (uiou(vi +u') —ujor'), u;, vi, u' €M, ael” and keN}
< /\{(></k va(a) v va(bi) v (1\/ va(-e) v va(d) : x = X (aiou(bi+ a) —ajoa),
-y =§ —(ciol(di + ¢') —cjac'), ai, b, ¢;, di,a’,c'eM, o e Tand m,n eN }
= ACY va@) v va®) v (Y vale) v vi(d) : x =  (aiabira) - aa),
y :; (cio(d; + ¢")—ciac'), a;, by, ¢ di, a,c' eM, oel’and m,n eN }
=A{ ></k va(ai) v vp(bj) : x 221: (aiou(bi+a") — ajaa"), aj, bj, a' eM, ael’and m eN } v
A {></ va(ci) v ve(d) : y :; (cio(d; + ¢') —cjac'), ¢i, di, c'eM, ael"andn eN }

= VAOB(X) Vv VAOB(Y)‘

k
Haos(y + X —y) > Vv{ Q pa(u) 1 x= 21: (ujo(vi +u') —yjan"), uj, vi, u' eM, ael"and k € N }
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=v{( lsg pa(ai) A ps(by)) : x = 213 (ajou(bi+a") — ajoa"), aj, by, a'eM, ael’ and m €N }

= Hao(X)

k
Vaos(Y T X —y) < A{ ></k va(u) @ x= le (ujou(v; +u") —ujor'), vy, vi, ' eM, ael"and k eN }

= /\{(></kvA(ai) v vp(bi)): x = 21: (aioubi+a') — ajoa'), aj, b, a'eM, ael’ and m €N }
= VAOB(X) .
Also

Haos(x) = v{ 1{<\ pa(a) A us(bi) : x = ; (aioubi+a") — ajaa'), aj, b;, a' €M, e’ and m €N }
<V 1</<\ pa(a) A pp(biay) : (xo(y+z) —xoz) = ? ((ajoubi+a") — ajoa)ay), a;, bioy € M, ae I' and m eN}

=v{ Q pa(ui) A us(vi) : (xoly +z) —x0z) = % (uio(vi +u') —ujod), v, vi, u' €M, a0 € I'and m eN}

= Haop((xa(y + 2) — x0z))

Vaop(X) = A{ ¥n va(aj) v vp(bi) : x = ? (ajoub;+a') —ajaa’), a;, bjeM, ael’ and m eN }

> A V va(a) v vg(biay) : (xay +z) —x0z) = 213 ((ajou(bi+a") — ajoa’)ay), aj, bioyeM, ael” and meN}

1<i<m
=A{ 1\/ va(ui) v ve(vi) : (xaly +z) —x0z) = % (uou(vi +u') —wou'), u;, vi, u' €M, ael’ and m eN}

= Vaop(Xa(y + z) — x0z).

That is, paop(Xoy + z) — X0z) > Haop(X) and vaop(Xoy + z) — X0z) < Vaop(X).
Similarly, we get paos(yox) > paos(x) and vaop(yox) < vaop(X).
Hence, AoB is an intuitionistic fuzzy ideal of M.

Definition 3.13. A function f: M — N, where M and N are ['-near-ring, is said to be a I'-
homomorphism if f(a +b) = f(a) + f(b), f(aab) = f(a)af(b), foralla,b e Mand a € T.

Definition 3.14. A function f : M — N, where f is a ['-homomorphism and M and N are I'-
near-ring, is said to be a ['-endomorphism if N M.

Definition 3.15. Let f : X — Y be a mapping of ['-near-rings and A be an intuitionistic fuzzy
set of Y. Then, the map f'(A) is the pre-image of A under f, if p () (%) = pa(f(x)) and
vi a(x) = va(f(x)), for all x € X.

Theorem 3.16. Let f be a ['-homomorphism of M. If the IFS A = (ua, va) is an intuitionistic
fuzzy left (respectively, right) ideal of M, then B = (uf_l(A), Vf_l(A)> is an intuitionistic fuzzy left
(respectively, right) ideal of M.

Proof. For any x,y € M, a € I', we have
e w(x —y) = pa(fx—y)) = pa(fx) - f(y))

> {pa(f (x)) A pa(f(y))}

= {ur W) A B WO}
By Tx—y) = pa(y +x-y) = pa(y) + f(x) - f(y))
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.2 pa(f (x))

= (a)(%)
and
by (xa(y + 2) — x0z) = pa(f(xoy))
= pa(f(x)af(y))
> s () (%)
Similarly,

vi (X — y) = va(f(x — y)) = va(f(x) — f(y))
< {va(f(x)) v va(fy))}
= {vf 'w(X) v vi \ay(y)} and
vi 'y + X —y) = va(fly + x — ) = va( f(y) + f(x) - f(y))
va(f(x))
vi ' w(x)
via((xa(y +2) - x0z)) = va(f(xay))
= va(f(x)af(y))
< v ayy).

Hence, B is an intuitionistic fuzzy left (respectively, right) ideal of M.

I IA

Theorem 3.17. If A ={ua, va) is an intuitionistic fuzzy set in M such that the non-empty sets
U(ua; t) and L(va; t) are ideals of M for all t € [0, 1], then A is an intuitionistic fuzzy left
(respectively, right) ideal of M.

Proof. Suppose that there exists Xo, yo € M such that pa(xo — yo) < {pa(Xo) A pa(yo)}. Let
to="2 {Ha(Xo — Yo ) +( 1a(X0) A Ha(¥0))}. Then, (Ha(Xo) A Ha(Y0)) = to > Ha(Xo — Yo). It follows
that xo, yo € U(ua; to) and xo — yo € U(ua; to). This is a contradiction.

Hence, pa(x —y) > {pa(x) A pa(y)}, forall x , y € M.

Suppose that there exists X, yo € M such that pa(yo+ Xo — Yo) < pa(Xo).

Let to=" {pa(yo+Xo — yo) + Ma(Xo)}. Then pa(xo) > to> pa(yo+ Xo —yo). It follows that
X0, Yo € U(ua;to) and yo + Xo —yo € U(ua; to). This is a contradiction.

Hence, pa(y +x —y) > pa(x), forall x , y € M.

Now let X, yo € M and a € I" such that pa(xect((yo + Zo) — X00Zo)) < pa(Xo)-

Let to = %2 {ua(Xoa((Yo + Zo) — X00Z0)) + Ha(Xo)}.

Then we get pa(Xoa((yo+ Zo) — Xo0zp)) <ty < pa(xp). It follows that yo € U(ua;to) and
xo0((Yo + Zo) — Xo0tZo) 2U(1a - to). This is a contradiction.

Thus, pa(xa(y + z) —x0z) = pa(x) (respectively, pa(yox) = pa(x)).

Similarly, suppose that there exists X, yo € M such that va(Xo— yo) > {va(X0) v va(yo0)}.

Let to =2 {va(xo— yo) + (va(Xo0) Vv va(Y0))}. Then (va(xo) Vv va(yo)) < to < va(Xo— Yo)-

It follows that x¢, yo € L(ua;to) and xo—yo & L(ua ; to). This is a contradiction.

Hence, va(x —y) < {va(x) v va(y)}, forall x, y € M.

Suppose that there exists X, yo € M such that va(yo+ Xo — Yo ) < va(Xo).

Let to =" {va(yo + X0 — Yo) + va(X0)}. Then, va(xo) > to > va( Yo + X0 — Yo)-

It follows that x¢, yo € U(ua;to) and yo + Xo —yo € U(ua ; to). This is a contradiction.

Hence, va(y + x —y) > va(x), forall x, y € M.

Now let Xy, yoeM and a.el” such that va(Xea((Yo + Zo) — X00Z9)) > Va(Xo).

Let ty =% {va(xoa((Yo + Z0) — X00LZo)) + Va(Xo)}-

Then we get va(xoo((Yo+ zo) — Xo0Zo)) > to > va(Xo). It follows that yo € L(ua ;to) and
xoayo € L(va;ty). This is a contradiction. Thus, va(xo(y + z) — xaz) < va(Xo) (respectively,
va(yox) < va(Xo)). Hence, A is an intuitionistic fuzzy left (respectively, right) ideal of M.
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