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1 Introduction

In [1], Atanassov introduced intuitionistic fuzzy sets in a set X. In [6], Mondal and Samanta gave
the concept of intuitionistic gradation of openness of fuzzy sets in X and using this, they defined
an intuitionistic fuzzy topological space (IFTS, in short). Yue and Fang, in [15] considered the
separation axioms 7, T} and T, in an [-fuzzy topological space in the sense of Sostak [8] and
Kubiak [4]. We extend and study these separation axioms in an intuitionistic fuzzy topological
space in the sense of Mondal and Samanta [6]. In addition, we also define - and «*- separation
axioms in this setting.

It is observed that if an IFTS (X, 7,7%) is «-T; or o*-T}, then T;(X,7,7*) > « where
T;(X,7,7*) denotes the degree to which (X, 7,7*) is T;, ¢ = 0,1,2. Further it is proved that
all these separation properties satisfy the hereditary, productive and projective properties.

2 Preliminaries

Let X be a nonempty set. By I, where I = [0, 1], we denote the set of all fuzzy sets in X i.e. all
functions from X to I. For a fuzzy set A € I~ A’ will denotes its (Zadeh [16]) complement. For
a € I, a will denote the a-valued constant fuzzy set in X. Each Y C X will be identified with
the fuzzy set in X which is its /-valued characteristic function, which too will be denoted as Y.

Definition 2.1. (Wong [14]). A fuzzy point z, in X is a fuzzy set in X taking value r € (0,1)
at x and zero elsewhere. A fuzzy singleton (Zadeh [17]) z, in X is a fuzzy set in X taking value
r € (0,1]. Here x and r are respectively called the support and value of z,.

A fuzzy point z, is said to belong to a fuzzy set A if r < A(x). It can be easily seen that
T, € UjepA; & x, € A; forsome i € A.

Two fuzzy points/fuzzy singletons are said to be distinct if their supports are distinct.
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Definition 2.2. (Pu and Liu [5]). Let z, be a fuzzy singleton in X and A € . Then z, is said
to be quasi-coincident with A (notation: z,.qA) if A(x) + r > 1. Two fuzzy sets A, B in X are
said to be quasi-coincident (notation: AqB) if A(z) + B(z) > 1 for some x € X. The relation (is
not quasi-coincident) is denoted by "q.

We use the well known notion of ‘fuzzy topology’as given in Chang [2]

Definition 2.3. (Pu and Liu [5]). Let (X, 7) be a fuzzy topological space in the sense of Chang
and z,. be a fuzzy singleton. Then a ()-neighborhood (in short, ()-nbd) of a fuzzy singleton x, is
afuzzyset N € I X such that there exists U € 7 with z,qU C N.

Definition 2.4. (Sostak [8], Kubiak [4]). An I- fuzzy topology on aset X isamap 7 : [X — T
such that

(i) 7(1) =7(0) = L

(ii) T(UNV)>7(U)AT(V), VU,V € I,
(148) T(Uien Ui) = Niea T(U2), VU; € I, i € A.
The pair (X, 7) is called an /- fuzzy topological space.

Definition 2.5. (Mondal and Samanta [6]). Let X be a nonempty set. An intuitionistic gradation
of openness (in short, IGO) of fuzzy sets of X is an ordered pair (7, 7*) of functions from I* to
I such that

(i) 7(U) +7*(U) < 1,VU € I,

(i2) 7(0) =7(1) =1, 77(0) =7°(1) = 0;
(1) T(Uy N Us) > 7(Uy) A7(Us) and 7*(Uy N Uy) < 7%(Uy) V 75(Uy), Us € I, i = 1,2
v) T

( (UzeA ) > /\zGA (UZ) and T*(UzeA ) < \/zeA (Uz), UZ € [X,i € A.

The triplet (X, 7, 7*) is called an intuitionistic fuzzy topological space (IFTS, in short), where 7
and 7* may be interpreted as gradation of openness and gradation of non openness respectively.

Proposition 2.1. (Mondal and Samanta [6]). Let (X, 7, 7*) be an IFTS. Then,
=71 ', 1]and 7F = (*)70,1 —r],r € I,

are two descending families of fuzzy topologies on X such that 7. C 7.7.

Definition 2.6. (Mondal and Samanta [6]).

(1) Let (X, 7,7*) be an IFTS and Y C X. Then, the IFTS (Y, 7y, 7y ) is called a subspace of
(X, 7,7*) where 7y : IY — Tand 7 : IY — I are defined as follows:
v(U)=V{r(V):VelI¥,V|Y =U}
and - (U) = A{7*(V): V e IV, V | Y =U}.

(2) Let{(Xj,7;,7;):j € J} beafamily of IFTSs, X = Il;c;X; and {p; : X — (X}, 7, j)}je]
be the prOJectlon mappings. Then, the product IGO on X, denoted by (ILjc;7j, ;e 77),
which is defined as follows:

(IIr)(U) = V{r: U € T, } and (II7})(U) = M{1 —r: U € T}},

where T, and T are fuzzy topologies on X, generated respectively by | J ies1jrand U
where T, = {pj’l(U) U € (1)} and T, = {pj’l(U) U € (15)r )

(X, Ijey7j, e 775) is called the product IFTS of the family { (X, 75, 7;) }je.

jedJ jr
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(3) Let (X, 7,7%) and (Y, 9, ") be two IFTSs and f : X — Y be a mapping. Then, f is called
a gradation preserving map (gp-map, in short) if for each V € I,

0(V) < 7(f7H(V)) and 8"(V) = 7*(f7H(V)).
Definition 2.7. (Abu Safia et al. [7]). Let X be a nonempty set and 71, 75 be two fuzzy topologies
on X. Then (X, 7y, 7) is called a bifuzzy topological space (BFTS, in short).
Definition 2.8. A fuzzy topological space (X, 7) is called

(a) TyifVa,y € X, x # y, there exists U € 7 such that either U(x) = 1, U(y) =0or U(y) = 1,
U(x)=0.

(b) Ty if Va,y € X, x # y, there exist U,V € 7 such that U(x) = 1, U(y) =0, V(y) = 1 and
V(z) = 1.

(¢) T, (Hausdorff) if V pair of distinct fuzzy points z,,y, in X, there exist U,V € 7 such that
r,elU,ys € VandU NV = 0.

Here, definitions (a), (b) and (c) are from [11], [12] and [10], respectively.
Definition 2.9. Let (X, 71, 72) be a BFTS. Then it is called

(a) ToifVo,y € X,z # y, there exists U € 1y U such that U(x) =1, U(y) = 0 or U(z) = 0,
Uly) = 1.

(b) Ty if Vo,y € X,x # y, there exist U € 7y and V' € 7 such that U(z) = 1, U(y) = 0 and
V(z)=0,V(y) = 1.

(¢) Ty if ¥ pair of distinct fuzzy points x,.,ys in X, there exist U € 7, and V' € 7, such that
rr,elU,ys, € VandU NV = 0.

Here definitions (a) and (b) are from [9] and (¢) is from [13].

Definition 2.10. Let (X, 7,7*) be an IFTS and x, be a fuzzy singleton in X. Fang [3] defined
Q., : I — I as follows:

— VJBTQVSUT(V)’ Zf xqu
er<U) - {0 Zf J}TﬁqU

Here, ()., (U) is called the degree to which U is a Q-nbd of z,.

We define Q% : I — I as follows:
Q* (U) _ /\qung T*(V)v Zf xqu .
o 1 if  x,—qU

Q3 (U) will be called the degree to which U is a non )-nbd of z,..
We have,
Qq, (U) + Q5 (U) < 1,VU € I,
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3 «a-Ty, a-T7 and o-T) separation axioms in intuitionistic fuzzy
topological spaces
Definition 3.1. Let (X, 7, 7*) be an IFTS and z,., ys be two distinct fuzzy singletons in X. Then,

(a) The degree to which z,., ys are Tj is defined as

o) = (V@ @)V 0-Qom)v( V Q.on)v( V 1-0,w))

ys—qU xrqV zrqV ys—qU

and the degree to which (X, 7, 7%) is Ty, is defined as

To(X,1,7") = /\{Tg(ajr, Ys) © X, Ys are distinct fuzzy singletons in X }.

(b) The degree to which ., y, are T} is defined as

Ti(ery) = (\V Qu@)A(V a=@0)A( V Q.0n)A(V a-a;, )

ys—qU zrqV zrqV ys—qU

and the degree to which (X, 7, 7%) is 77 is defined as

(X, 7,7 = /\{T1 (xr,ys) : T, ys are distinct fuzzy singletons in X }.

(c¢) The degree to which ., y, are T5 is defined as

) = |V AQu @) AL =Q (kA V {QuV)A(L=-Q;, )]

Unv=0 Unv=0

and the degree to which (X, 7, 7%) is Ty is defined as
To(X,1,7") = /\{Tg(xr, Ys) © X, ys are distinct fuzzy singletons in X }.

It is easy to see that

(1) To(X,7,7) <TV(X,7,7") < To(X, 7, 7")
but none of the implications are reversible.

(ii) If 7*(U) = (1 — 7(U)), YU € I then the above definitions reduce to corresponding
definitions in Yue and Fang [15].

Definition 3.2. An IFTS (X, 7, 7%) is called

(a) a-Tpy, a € Iy (resp. a*-Ty, a € I) if there exists U € IX such that 7(U) > a, 7%(U) <
(1 —a) (resp. 7(U) > a, 7(U) < (1 — o)) such that U(z) = 1, U(y) = 0or U(x) = 0
Uly)=1Va,ye X,z #y.

(b) a-Ty, a € Iy (resp. a*-Ty, a € 1) if there exist U,V € I* such that 7(U) > a, 7*(V) <
(1 —a) (resp. 7(U) > a, 7(V) < (1 — «)) such that U(z) = 1, U(y) = 0 and V( )=20
Viy)=LVa,ye X,z #y.
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(¢) a-T; (i.e. a-Hausdorff), o € Iy (resp. o*-T5 i.e. *-Hausdorff, o € [;) if V distinct pair of
fuzzy points z,., y, in X, there exist U,V € IX such that 7(U) > a, 7*(V) < (1 — «) (resp.
TU)>a,m™V)<(1-a)),z,€U,ys€VandUNV = 0.

The following propositions can be easily verified.
Proposition 3.1. An IFTS (X, 7, 7%) is o-T; ift BFTS (X, 7, 7)) is T}, = 0,1, 2.

Proposition 3.2. An IFTS (X, 7, 7*) is a-Hausdorff, o € I, (resp. a*-Hausdorff, @ € I) iff
V distinct pair of fuzzy singletons z,, y, in X, there exist U,V € IX such that 7(U) > a,
™(V)<(1—a) (resp. 7(U) > o, 7*(V) < (1 — ), 2,.qU, ys¢V and U NV = Q.

Proposition 3.3. If an [FTS (X, 7, 7*) is a-T}, « € I (resp. o*-T;, € I1) then T;( X, 7, 7%) > «,
1€0,1,2.

Proof: Let us first suppose that (X, 7,7*) is a-Tp then (X, 7,,7) is To. Choose any two
distinct fuzzy singletons x,, ys in X. Then z # y and therefore there exists U € 71, U 7
such that U(x) = 1, U(y) = Oor U(x) = 0, U(y) = 1. Let U € 7, and be such that
U(z) =1, U(y) = 0. Then 7(U) > o, 2,qU, ys—qU =\, _ 1 @z, (U) > a = Tp(zr,ys5) > @
= MN{To(z,,ys) : x,,ys are distinct fuzzy singletons in X} > «aie. To(X,7,7") > a. Now
let U € 7, be such that U(z) = 0, U(y) = 1. Then V/, _ Q. (U) > a = Ty(v,,ys) > «
= To(X,7,7") > a. Furtherif U € 7} andissuchthatU(z) = 1,U(y) = 0= Q; (U) < (1—a)
= (1-0Q;.(U) 2a=V,_,1-0;)U) > a= Ty(r,ys) > a= To(X,7,77)
and if U € 7 such that U(z) = 0, U(y) = 1 then \/, _ (1 — @Q; )(U) > a = Ty(z:, ys)
= To(X,7,7) > .

>«
>«

Next, let (X, 7,7*) be a-T7. Then, (X, 7,, 7%) is 71. Choose any pair of distinct fuzzy singletons
Zr, Ys in X. Then z # y, hence there exist U € 7,, V € 7% such that U(x) = 1, U(y) = 0,
V(z) =0, V(y) = 1. So we have z,.qU, ys—qU, x,—qV, ysqV, 7(U) > a, 7(V) < (1 — «)
SV @ (0) = aand Q:, (V) < (1-0) = (1-Q1, (V) = a =V, (1-Q;)(V) = a.
Similarly, for the distinct pair of fuzzy singletons y, and z, in X, since y # x, there exist U € 7,
Ve rysuchthat U(zx) = 0,U(y) = 1, V(z) = 1L, V(y) = 0=V, _v@yU) > aand
Vv (1 = Q3 )(V) > a. Therefore, Ti (2, ys) > o = N{T1(r, ys) : @, ys are distinct fuzzy
singletons in X'} > «, i.e. T1(X,7,7") > a.

Finally, suppose that (X, 7, 7*) is a-Ts. Then (X, 74, 7.7) is T5. Choose any pair of distinct fuzzy
singletons x,., ys in X. Then there exist U € 7,, V' € 7} such that z,.qU, ysqV and U NV = 0.

Hence
V Qe () A(1=Q; (V)} = a.

Uunv=0

Similarly considering the pair of fuzzy singletons y;, x, in X, there exist U; € 7,, Vi € 77 such
that y,qU,, z,.qV, and U; NV} = 0. Therefore

V {Q.U)A(1=Q; (i)} > a.

UiNV1=0

Thus Ty(z,,ys) > a = A{Ta(z,,ys) : x,,ys are distinct fuzzy singletons in X} > « i.e.
T(X,1,7") > a.

On similar lines, it can be proved that if (X, 7, 7*) is o*-T; then T;( X, 7,7*) > o, 1 = 0, 1, 2.
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Proposition 3.4. The separation properties a-7; (resp. a*-T;), 1 = 0, 1, 2 are hereditary.
The proof is easy and hence is omitted.

Theorem 3.1. Let {(X;, 7, 7;") : ¢ € J} be a family of IFTSs. Then, their product IFTS (X, 7, 7%)
is o*-T7 iff (X;, 77, 77) is o*-T1, Vi € J.

%

Proof: First let us suppose that each coordinate space (X;, 7;, 7) is a*-T7. To show that
the product IFTS (X, 7,7%) is a*-T1, choose any two distinct points x,y € X. Let x = Ilz;,
y = Ily;. Since x # y, there exist j € J such that z; # ;. Now since (X}, 7;, 77) is *-T}, there
exist Uy, V; € I such that 7;(U;) > o, 7/(V;) < (1 — ), Uj(x;) = 1, Uj(y;) = 0, Vj(z;) =
0, Vi(y;) = 1. Now consider p; ' (U;) and p;'(V;). Since p; is a gp-map, 7(p; ' (U;)) > a,
7*(p; ' (V})) < (1 — ) and further, we have p; ' (U;)(x) = 1, p; ' (U;)(y) = 0, p; ' (Vj)(y) = L,
pj_l(V;)(x) = 0. Hence (X, 7,7") is a*-T}.

Conversely, let the product IFTS (X, 7,7*) be o*-T}. To show that (X}, 7;, 75) is a*-T1, choose
any two distinct points z;,y; in X;. Consider the distinct points * = Ilz;, y = Ily; in X
where x; = y; for 7 # j and the j-th coordinate of z, y are z;, y;, respectively. Then there exist
U,V € I*suchthat 7(U) > a, 7(V) < (1 — ), U(z) = 1,U(y) =0, V(z) =0, V(y) = 1.
Now 7(U) = AM{t : U € T3} > o, 7(V) = V{(1 —t) : V € Ty} = J t; > « such that
U € T,, and there exist £, > « such that V' € T;}. Now consider the distinct fuzzy points x,
and y,. Then there exist basic fuzzy open sets [IU] and IIV," in T}, and T}, respectively such
that x, € IIU] C U and y, € IIV;" C V. Hence, r < IIU/ (z) < U(z), r < IV (y) < V(y).
Therefore,

r < inf{U (zr,), Uy, (Try), -, Uy, (@) } (1)
and
r < anf{Vi (), Vio (W), - Vi, () }- (2)
Now we claim that
J €k, koo ki } Ay, s, . 1) (3)

Since if it is not so, then x;, = y;,, 1, = Y, ---, T1,, = Y1, and hence in view of (2),

r< lnf{v}:(xll)’ ‘/l;(xh)v X %Z(xln)}

Therefore, ITV,"(z) > 0. Hence, V(x) > 0, which is a contradiction. Similarly, it can be shown
that U(y) > 0, a contradiction. Thus, U7 (z;) > r and V] (y;) > r implying that (z;), € U7,
(yj)r € V]. Now, consider U; = U,er, U7, V; = UperV/ . Then, Uj(z;) = 1, Vi(y;) = 1.
Now, it remains to show that U;(y;) = 0, Vj(z;) = 0. Since U(y) = 0, IIU](y) = 0 =
inf {Uy, (Yx, ), Up,(Yks), - U, (Uk,, )} = 0 = Ul (y;) = 0in view of (1), (3) and the fact that
x; = y; for i # j, Vr € Iy. Hence, U;(y;) = sup Uj(y;) = 0. Similarly, it can be shown that
Vi(z;) = 0. Further Vr € I, 7;(Uj) > t1 > aand 7;(V]) < (1 —t3) < (1 — «). Therefore,
7 (UUT) > A7 (UF) >t > acand 77(U, V) <V, 77 (V) < (1 —t2) < (1 —a),

Hence, 7;(U;) > aand 7 (V;) < (1 — ). Thus, (X, 75, 7}) is o*-T1.

The following theorem can be proved on similar lines.

Theorem 3.2. Let {(X;, 7;,7) : i € J} be afamily of IFTSs. Then, their product IFTS (X, 7, 7*)
is a*-Tj iff each coordinate space is a*-T1j.

Theorem 3.3. Let {(X;, 7;,7) : i € J} be a family of IFTSs. Then their product IFTS (X, 7, 7)
is a*-Hausdorff iff each coordinate space (X, 7;, 7;) is a*-Hausdorff.

i
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Proof: Let each coordinate space (X;, 7;, 7;°) be a*-Hausdorff. Then to show that the product
IFTS (X, 7, 7*) is a*-Hausdorff, consider any two distinct fuzzy points z,, ys in X. Then = # y.
Let x = Ilz; and y = Ily, then there exists j € J such that z; # y;. Now, consider the distinct
fuzzy points (z;), and (y;), in X;. Since (X;, 75, 77) is a*-Hausdorff, there exist U;, V; € 1%
such that 7;(U;) > o, 77(V}) < (1 — ) and (7;), € Uy, (y;)s € Vyand U; NV = 0.

Let U = p;'(U;) and V = p;*(V;). Then since p; is a gp-map, 7(U) > 7;(U;) > o and
(V) < 77(V;) < (1—a). Rurther, z, € p; '(U;), ys € p; " (V;), p; (U;) Np; ' (V;) = 0. Hence,
(X, 7,7") is a*-Hausdorff.

Conversely, let (X, 7, 7) be a*-Hausdorff. To show that (X}, 75, 7}) is a*-Hausdorff, choose any
two distinct fuzzy points (z;),, (y;)s in X;.Then, z; # y;. Consider x = Ilz;, y = Ily; where
x; = y; fori # j and the j'" coordinate of x, y are x; and y; respectively. Consider the distinct
fuzzy points z,. and y, in X. Since (X, 7, 7*) is a*-Hausdorff, there exist U,V € I such that
TU)>a,m™V)<(1l—-—a),z,€eU,ys € VandUNV = 0.

Now 7(U) =V{t: U e T;} >aand (V) = AN{(1 —t) : V € T/} < (1 — «) which implies
that there exists £; > « such that U € T}, and there exists to > « such that V' € T . Since
U €1, and z, € U, there exists a basic fuzzy open set

Wi = pi, (Un) N, (Uks), - N, (Us,)

in 73, such that z, € W7 C U which implies that

r < inf{p, (Ue)(@), Py, (Uk,) (@), s P, (Uk,,) ()}

- r < inf{Uk (Tr,), Uy (Tky), s Uk, (Thy ) (4)

Similarly since y, € V and V' € T}, there exists a basic fuzzy open set
We =p,' (Vi) N py, (Vi) s 0y, (Vi)

in 7} such that y, € W5 C V' which implies that

s < inf{p, (Vi) (®):pi,' (Vi) (@), - 1, (Vi) ()}
- s < inf{‘/l1(yl1)v WQ(yb)? R Vn(yln)} (5)

Now we claim that j € {ky, ko, ...,k } N {l1, 1o, ..., 1, }. Since if it not so, then z;, = y;,, x;, =
Ylys - T1,, = Yi,,- Hence, in view of (5), we have s < {Vj,(z;,), Vi,(21,), ..., Vi, (z,,)} =
Wy(x) > 0= V(z) > 0= UnNV(x) > 0. which is a contradiction to the fact that U NV = 0.
Hence, U;(x;) > r, V;(y;) > s = (z;), € Uj,(y;)s € V;. Now we show that U; N'V; = 0. If
U; NV} # 0, there exists z; € X such that

Uj(z) > 0,Vj(z) > 0. (6)

Now, consider z = Ilz; where z; = x; = y,; for i # j and the j-th coordinate is z;. Then in
view of (4), (5) and (6) we get Wy(z) > 0, Wa(z) > 0 which implies that W, N Wy # 0.
Therefore, U NV # 0, again a contradiction. Hence, U; N V; = 0. Further, 7,(U;) > t; > a and

7 (V;) < (1 —t3) < (1 — a) showing that (X, 75, 7}) is a*-Hausdorff.

Proposition 3.5. Let { (X, 7;,7;) : j € J} be afamily of IFTSs, (X, 7, 7*) be their product IFTS.
Let T} denote the product fuzzy topology II(7}); and let T} denote the product fuzzy topology
I1(7;); on X. Then,
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(1) ﬂsq T, =1T,.
(”) ns<r TS>k = T:
Proof:

() Since T, C Ty, forall s < r, we have T, C (,_, T
Conversely, U € (,_, Ts = U € T,,¥Vs <. Hence
T(U)=V{t:U €T} >sforalls <rie.,7(U) >r=Uc€cT,
Therefore, (,_, Ts € T.. Thus, (,_,. T = T;.

s<r

(it) Ty C Ty foralls <r,= T C,.,T;
Conversely, let V € (,_, T = V € T}, forall s < r. Hence,

(V)=V{1—-1t):Vely} < (1—3) foralls <rie. (V)< (1—-r)=V eT:r
Therefore, (,_, Ty € T;. Thus (,_, T = T}.
Theorem 3.4. If { (X}, 7;,77) : j € J} is a family of IFTSs and (X, 7, 7) is their product IFTS.
Then Tr = H(Tj)ra 7’: = H(T’F)r.

J

The proof follows from Theorem 2.15, Definition 5.5 of (Mondal and Samanta [6]) and the
previous proposition.

Theorem 3.5. Let {(X;,7;,7;) : j € J} be a family of IFTSs and (X, 7, 7*) be their product
IFTS. Then, (X, 7, 7) is -T; iff each coordinate space (X}, 7;,77) is a-T;, 1 = 0, 1, 2.

Proof: (X, 7,7%)is a-T; & (X, 7o, 72) is T;
A (XaH(Tj)OHH<Tj)Z) is T;
& (Xj, (T)a, (13)5) is T,V j € J
& (X, 7,7))isa-T;, Vi€ J,i=0,1,2.
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