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Abstract
In the paper continuous set functions are considered where the additional condi-
tion is substituted by max-min condition:p(AU B) = max(u(A), u(B)), p(ANB) =
min(u(A), u(B)). For such functions the extension theorem is proved from an alge-
bra to the generalized o-algebra.

1 Introduction

The notion of maxitive measure was introduced by Shilkret p(AUB) = max(u(A), u(B)).
In our approach we prefer a symmetric notion.

Let R be an algebra of subsets of space ).

We shall study M-measure p: R — [0, 1] satisfying the following properties:

Lou(Q) =1, u(0) =0;

2. p(AU B) = max(u(A), p(B)),
(AN B) =min(pu(a), u(B)) for any A,Be R;

3.1t A, / A, B, \. B, Ay, By € R, (n=1,2,...), A, B € R,
then yu(A,) /" p(A) and p(Bn) \, u(B).
Remark 1.1 Let A, € R, (n=1,2,...), A, C A1 and |J A, = A then A, / A.
n=1

Let B, € R, (n=1,2,...), B, D Byi1 and () B, = B then B, \, B.

n=1



The main result of the paper is the following theorem.

Theorem: To any M-measure i defined on an algebra R there exists exactly one
M-measure @ on o(R) extending p.

2 Proof of theorem

Denote by R™ the family of all sets A that can be presented in the form

A=|JA, A CA, AyER (n=1,2,.).

n=1

Evidently p(A,) < w(Ani1) < pu(2) < 1 (n=1,2,...), hence there exists lim (A4,).

n——eo0

We want to prove that the limit does not depend on the choice of the sequence (A4,)
but only the set A.

Lemma 2.1 Let A,,B,, € R (m,n=1,2...), A, /A, B, /" A.
Then lim p(A,) = lim u(B,,).

Proof.
At first we fix an index m.
Then
A,NB, ~ANB,, = B,

hence
w(Bp) = lim wu(A, N By) < lim p(A4,).

n—:moQ n—=eo0

Since the inequality holds for any m, we obtain

lim pu(B,) < lim p(A,).

m—->00 n—:aoo

Now we fix an index n and analogue we obtained

lim p(A,) < lim u(Bn),

m—->00 n—--auoQo

hence lim w(A,) = lim u(B,,).

n—:aoo

Definition 2.2 Denote by R™ the set of all A C Q such that there exist A, € R (n =
1,2,...), A, 7 A. Then we define u™(A) = lim p(A,).

Proposition 2.3 If A, € R", A, A, then A€ RT and lim p*(A,) = pt(4).

n—-aoo



Proof.
Since A, € R*, there are A, ; € R such that A,; / A,, (i — o0).
Put

n

Bn = UAZ’n (n = 1,2, )
=1
Then B, € R (n=1,2,..),
n+1

n n
Bn = U Ai,n C U Ai,n—i—l C U Ai,n-ﬁ-l = Bn+1-
=1 =1 =1

Moreover . .
B, =|JAinc|JAi=4,cA4

=1 =1

hence
p(A) = lim p"(B,) < lim p"(A,) < ' (A).

n—-s00 n—s00 -

Since p is self dual, also the dual notion can be defined.

Definition 2.4 Denote by R~ the set of all A € Q such that there exists A, € R (n =
1,2,...), A, \, A. Then we define p=(A) = lim u(A,).

Proposition 2.5 If A, € R~, A, \ A, then A€ R™, and lim p (A4,) = pu (A).

n—-aoo

Proposition 2.6 If A, Be R", C,D € R~ then
AUBEeR" ANBeR",CUDeR ,CNDER"

and
p (AU B) = max(u*(A), g7 (B)), p"(ANB)=min(u"(A),p"(B))
p(CUD)=max(u (C),p (D)), p (CND)=min(u (C),pu (D))
Proof.
Let Ay, B, €R, A, /' A, B, /' B.
Then
A, UB, SAUB, A,NB, /ANB
and

p(AUB) = lim p(A,UB,)= lim max(u(4,),u(B,)) =

max( lim_p(A,), lim ju(B,)) = max(u*(A), 1 (B)).

pH(ANB) = lim p(A,NB,) = lim min(u(A,), u(B,)) =

min( lim p(A,), lim_p(B,)) = min(u* (), j* (B)).

n

The dual assertion can be proved analogously.
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Proposition 2.7 If Be RT, C € R~ and C C B, then u~(C) < pu™(B).

Proof.
Let B, € R, B, /' B.
Then
C=(C\B,U((CnNB,),

hence
p(C) = p~ ((C'\ Bo) U(CNBy)) =max(u (C\ By),u (CNB,)) <
< max(p (C'\ Bn), (By)) < max(u~(C'\ By), u" (B)).
On the other hand
C\ B, €R, then C\ B, \,C\ B and C\ B =0,
Therefore

p(C) < max( lim p~(C'\ By), " (B)) = max(0, u"(B)) = pn™(B).

Definition 2.8 For any A C Q put
w(A) =inf{u"(B);Be R", BD A},
ps(A) =sup{p (C);C e R, C C A}.
Proposition 2.9 For any A € Q p.(A) < p*(A).

Proof.
Let CeR, CCA BeR", BDA.
By Prop. 2.7 p=(C) < pt(B), hence

p:(A) = sup{u~(C);C e R™, €' C A} < u™(B)

and therefore

u(A) < inf{u*(B): B € RY, AC B} = u(A)
Proposition 2.10 If A, /A, B, \\ B, then u*(A,)) /" u*(A), p.(Bn) \, tt«(B).

Proof.
Since A, C A evidently p*(A4,) < p*(A)hence lim p*(A,) < p*(A). On the other hand

n——o0

to any € > 0 there exists B, € R", B, D A, such that

1 (An) + &> pt(Bn).

Put C, — |J(B:). Then G, € R*, G > L) (A;) = A, and
] =1

=1

i (C) = max 1t (By) < max (i (A;) +2) = max (4" (4)) + ¢ = u'(A,) + <.

1<i<n 1<i<n 1<i<n



Therefore

pe(d) < (U €)= tim_p#(C) < i gi(An) +e.
n=1
Since the inequality holds for £ > 0, we obtain
p(A) < lim p*(An)
Then it is true,that
lim 1" (An) = p*(A).

n—aoo

The dual assertion can be proved similarly.
Definition 2.11 Define M = {A € Q; p*(A) = p.(A)}.

Proposition 2.12 M is a monotone family, i.e. A,,B, € M (n=1,2,...),
A, A, B, \, B implies that Ae M, B e M.

Proof.
We have
pa(A) < pt(A) = lim gt (Ay) = Tim p(A,) < p(A)
hence
1(A) = 1 (4), A€ M.
Similarly

pe(B) = lim p(By) = lim p*(B,) > p*(B)

n—-:u;o n—-:u;o

Then also B € M.
Proposition 2.13 R C M, u* is an extension of p.

Proof.
Evidently pu(A) = u™(A) = p=(A). Therefore p*(A) < pt(A) = p=(A) < e (A), but also
1(4) 2 p(A).
Then p(A) = p*(A) = p.(A).

Proposition 2.14 If 0(R) is the o-algebra generated by R, then o(R) C M.

Proof.
We have proved that R C M, M is a monotone family. Therefore M contains the
monotone family generated by R, and this family coincides with o(R).

Proposition 2.15 Let i = u* | 0(R). Then i is an M-measure, i | R = p.

Proof.
Since 7 = p* | 0(R), p=p* | R, we have =7 | R, hence 1(Q2) = 1, u(d) = 0.
By Prop.2.12 we obtain that 1 is continuous.
Finally to any A, B € 0(R) and any ¢ > 0 there are C € RY, De R", C D A, DD B
such that
i(A) + &= p'(A) +e > p"(0),
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i(B) +¢e=p'(B) +e > pu (D).

Therefore
max(7i(A) + ¢, A(B) +¢) > max(ut (C), u* (D)) =

=pT(CUD)>put(AUB)=7(AUB).

Since the inequality holds for any € > 0, we have max(fi(A), @(B)) > u(AU B). The
opposite inequality can be proved similarly.
Then we obtained, that

max(fi(A), 7i(B)) = (AU B)

and

min(7i(A), T(B)) = H(A N B)
Proof of Theorem

The existence of @ was proved in Proposition 2.15, now we shall prove the uniqueness.
Let v : 0(R) — [0,1] be an M-measure v | R = p.
Put

K={Ae€a(R);v(A) =n(A)}.

By the assumption K D R. Evidently K is a monotone family. Therefore K contains the
monotone family generated by R, but this family coincides with o(R).
Hence there exists exactly one measure 7z on o(R), which is extending of measure p.
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