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Abstract
In the paper continuous set functions are considered where the additional condi-

tion is substituted by max-min condition:µ(A∪B) = max(µ(A), µ(B)), µ(A∩B) =
min(µ(A), µ(B)). For such functions the extension theorem is proved from an alge-
bra to the generalized σ-algebra.

1 Introduction

The notion of maxitive measure was introduced by Shilkret µ(A∪B) = max(µ(A), µ(B)).
In our approach we prefer a symmetric notion.
Let R be an algebra of subsets of space Ω.
We shall study M-measure µ : R −→ [0, 1] satisfying the following properties:

1. µ(Ω) = 1, µ(∅) = 0;

2. µ(A ∪B) = max(µ(A), µ(B)),
µ(A ∩B) = min(µ(a), µ(B)) for any A,B∈ R;

3. If An ↗ A, Bn ↘ B, An, Bn ∈ R, (n=1,2,...), A,B ∈ R,
then µ(An)↗ µ(A) and µ(Bn)↘ µ(B).

Remark 1.1 Let An ∈ R, (n = 1, 2, ...), An ⊂ An+1 and
∞⋃

n=1

An = A then An ↗ A.

Let Bn ∈ R, (n = 1, 2, ...), Bn ⊃ Bn+1 and
∞⋂

n=1

Bn = B then Bn ↘ B.
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The main result of the paper is the following theorem.

Theorem: To any M-measure µ defined on an algebra R there exists exactly one
M-measure µ on σ(R) extending µ.

2 Proof of theorem

Denote by R+ the family of all sets A that can be presented in the form

A =
∞⋃

n=1

An, An ⊂ An+1, An ∈ R (n = 1, 2, ...).

Evidently µ(An) ≤ µ(An+1) ≤ µ(Ω) ≤ 1 (n = 1, 2, ...), hence there exists lim
n−→∞

(An).

We want to prove that the limit does not depend on the choice of the sequence (An)
but only the set A.

Lemma 2.1 Let An, Bm ∈ R (m,n = 1, 2...), An ↗ A, Bm ↗ A.
Then lim

n−→∞
µ(An) = lim

m−→∞
µ(Bm).

Proof.
At first we fix an index m.
Then

An ∩Bm ↗ A ∩Bm = Bm,

hence
µ(Bm) = lim

n−→∞
µ(An ∩Bm) ≤ lim

n−→∞
µ(An).

Since the inequality holds for any m, we obtain

lim
m−→∞

µ(Bm) ≤ lim
n−→∞

µ(An).

Now we fix an index n and analogue we obtained

lim
m−→∞

µ(An) ≤ lim
n−→∞

µ(Bm),

hence lim
n−→∞

µ(An) = lim
m−→∞

µ(Bm).

Definition 2.2 Denote by R+ the set of all A ⊂ Ω such that there exist An ∈ R (n =
1, 2, ...), An ↗ A. Then we define µ+(A) = lim

n−→∞
µ(An).

Proposition 2.3 If An ∈ R+, An ↗ A, then A ∈ R+ and lim
n−→∞

µ+(An) = µ+(A).
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Proof.
Since An ∈ R+, there are An,i ∈ R such that An,i ↗ An, (i −→∞).
Put

Bn =
n⋃

i=1

Ai,n (n = 1, 2, ...).

Then Bn ∈ R (n = 1, 2, ..),

Bn =
n⋃

i=1

Ai,n ⊂
n⋃

i=1

Ai,n+1 ⊂
n+1⋃
i=1

Ai,n+1 = Bn+1.

Moreover

Bn =
n⋃

i=1

Ai,n ⊂
n⋃

i=1

Ai = An ⊂ A,

hence
µ+(A) = lim

n−→∞
µ+(Bn) ≤ lim

n−→∞
µ+(An) ≤ µ+(A).

Since µ is self dual, also the dual notion can be defined.

Definition 2.4 Denote by R− the set of all A ∈ Ω such that there exists An ∈ R (n =
1, 2, ...), An ↘ A. Then we define µ−(A) = lim

n−→∞
µ(An).

Proposition 2.5 If An ∈ R−, An ↘ A, then A ∈ R−, and lim
n−→∞

µ−(An) = µ−(A).

Proposition 2.6 If A,B ∈ R+, C,D ∈ R− then

A ∪B ∈ R+, A ∩B ∈ R+, C ∪D ∈ R−, C ∩D ∈ R−

and
µ+(A ∪B) = max(µ+(A), µ+(B)), µ+(A ∩B) = min(µ+(A), µ+(B))

µ−(C ∪D) = max(µ−(C), µ−(D)), µ−(C ∩D) = min(µ−(C), µ−(D)).

Proof.
Let An, Bn ∈ R, An ↗ A, Bn ↗ B.
Then

An ∪Bn ↗ A ∪B, An ∩Bn ↗ A ∩B

and
µ+(A ∪B) = lim

n−→∞
µ(An ∪Bn) = lim

n−→∞
max(µ(An), µ(Bn)) =

max( lim
n−→∞

µ(An), lim
n−→∞

µ(Bn)) = max(µ+(A), µ+(B)).

µ+(A ∩B) = lim
n−→∞

µ(An ∩Bn) = lim
n−→∞

min(µ(An), µ(Bn)) =

min( lim
n−→∞

µ(An), lim
n−→∞

µ(Bn)) = min(µ+(A), µ+(B)).

The dual assertion can be proved analogously.
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Proposition 2.7 If B ∈ R+, C ∈ R− and C ⊂ B, then µ−(C) ≤ µ+(B).

Proof.
Let Bn ∈ R, Bn ↗ B.
Then

C = (C \Bn) ∪ (C ∩Bn),

hence

µ−(C) = µ−((C \Bn) ∪ (C ∩Bn)) = max(µ−(C \Bn), µ−(C ∩Bn)) ≤

≤ max(µ−(C \Bn), µ(Bn)) ≤ max(µ−(C \Bn), µ+(B)).

On the other hand

C \Bn ∈ R, then C \Bn ↘ C \B and C \B = ∅.

Therefore

µ−(C) ≤ max( lim
n−→∞

µ−(C \Bn), µ+(B)) = max(0, µ+(B)) = µ+(B).

Definition 2.8 For any A ⊂ Ω put

µ∗(A) = inf{µ+(B);B ∈ R+, B ⊃ A},

µ∗(A) = sup{µ−(C);C ∈ R−, C ⊂ A}.

Proposition 2.9 For any A ∈ Ω µ∗(A) ≤ µ∗(A).

Proof.
Let C ∈ R−, C ⊂ A, B ∈ R+, B ⊃ A.
By Prop. 2.7 µ−(C) ≤ µ+(B), hence

µ∗(A) = sup{µ−(C);C ∈ R−, C ⊂ A} ≤ µ+(B)

and therefore
µ∗(A) ≤ inf{µ+(B);B ∈ R+, A ⊂ B} = µ∗(A).

Proposition 2.10 If An ↗ A, Bn ↘ B, then µ∗(An)↗ µ∗(A), µ∗(Bn)↘ µ∗(B).

Proof.
Since An ⊂ A evidently µ∗(An) ≤ µ∗(A),hence lim

n−→∞
µ∗(An) ≤ µ∗(A). On the other hand

to any ε > 0 there exists Bn ∈ R+, Bn ⊃ An such that

µ∗(An) + ε > µ+(Bn).

Put Cn =
n⋃

i=1

(Bi). Then Cn ∈ R+, Cn ⊃
n⋃

i=1

(Ai) = An and

µ+(Cn) = max
1≤i≤n

µ+(Bi) < max
1≤i≤n

(µ∗(Ai) + ε) = max
1≤i≤n

(µ∗(Ai)) + ε = µ∗(An) + ε.
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Therefore

µ∗(A) ≤ µ+(
∞⋃

n=1

Cn) = lim
n−→∞

µ+(Cn) ≤ lim
n−→∞

µ∗(An) + ε.

Since the inequality holds for ε > 0, we obtain

µ∗(A) ≤ lim
n−→∞

µ∗(An)

Then it is true,that
lim

n−→∞
µ∗(An) = µ∗(A).

The dual assertion can be proved similarly.

Definition 2.11 Define M = {A ∈ Ω; µ∗(A) = µ∗(A)}.

Proposition 2.12 M is a monotone family, i.e. An, Bn ∈M (n = 1, 2, ...),
An ↗ A, Bn ↘ B implies that A ∈M, B ∈M.

Proof.
We have

µ∗(A) ≤ µ∗(A) = lim
n−→∞

µ∗(An) = lim
n−→∞

µ∗(An) ≤ µ∗(A)

hence
µ∗(A) = µ∗(A), A ∈M.

Similarly
µ∗(B) = lim

n−→∞
µ∗(Bn) = lim

n−→∞
µ∗(Bn) ≥ µ∗(B)

Then also B ∈M.

Proposition 2.13 R ⊂M, µ∗ is an extension of µ.

Proof.
Evidently µ(A) = µ+(A) = µ−(A). Therefore µ∗(A) ≤ µ+(A) = µ−(A) ≤ µ∗(A), but also
µ∗(A) ≥ µ∗(A).
Then µ(A) = µ∗(A) = µ∗(A).

Proposition 2.14 If σ(R) is the σ-algebra generated by R, then σ(R) ⊂M.

Proof.
We have proved that R ⊂ M,M is a monotone family. Therefore M contains the
monotone family generated by R, and this family coincides with σ(R).

Proposition 2.15 Let µ = µ∗ | σ(R). Then µ is an M-measure, µ | R = µ.

Proof.
Since µ = µ∗ | σ(R), µ = µ∗ | R, we have µ = µ | R, hence µ(Ω) = 1, µ(∅) = 0.
By Prop.2.12 we obtain that µ is continuous.
Finally to any A,B ∈ σ(R) and any ε > 0 there are C ∈ R+, D ∈ R+, C ⊃ A, D ⊃ B
such that

µ(A) + ε = µ∗(A) + ε > µ+(C),
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µ(B) + ε = µ∗(B) + ε > µ+(D).

Therefore
max(µ(A) + ε, µ(B) + ε) > max(µ+(C), µ+(D)) =

= µ+(C ∪D) ≥ µ+(A ∪B) = µ(A ∪B).

Since the inequality holds for any ε > 0, we have max(µ(A), µ(B)) ≥ µ(A ∪ B). The
opposite inequality can be proved similarly.
Then we obtained, that

max(µ(A), µ(B)) = µ(A ∪B)

and
min(µ(A), µ(B)) = µ(A ∩B)

Proof of Theorem

The existence of µ was proved in Proposition 2.15, now we shall prove the uniqueness.
Let ν : σ(R) −→ [0, 1] be an M-measure ν | R = µ.
Put

K = {A ∈ σ(R); ν(A) = µ(A)}.

By the assumption K ⊃ R. Evidently K is a monotone family. Therefore K contains the
monotone family generated by R, but this family coincides with σ(R).
Hence there exists exactly one measure µ on σ(R), which is extending of measure µ.
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