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1 Introduction

The concept of fuzzy sets was first initiated by Zadeh [20] in 1965. Since then these ideas have
been applied to other algebraic structures such as group, semigroup, ring, vector spaces, etc.
Imai and Iseki [10] introduced BCK-algebras as a generalization of notion of the concept of set
theoretic difference and propositional calculus and in the same year Iseki [11] introduced the
notion of BClI-algebra.
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It is known that the class of BCK-algebra is a proper sub class of the class of BCI-algebras.
Iseki [12] introduced the concept of prime ideal in commutative BCK-algebras. In [2], Ahsan
et al. studied the theory of ideals in particular, prime ideals of a commutative BCK-algebras.
Completely fuzzy prime ideals of distributed lattices was studied by Attallah [4] and Koguep
et al. [13] discussed fuzzy ideals in hyperlattices. The concept of prime fuzzy ideal was first
introduced by Swamy and Raju [16]. In [17, 18], Jun and Xin have studied fuzzy prime ideals
and invertible fuzzy ideals in BCK-algebras. Abdullah [1] introduced the notion of intuitionistic
fuzzy prime ideals of commutative BCK-algebras. The concept of fuzzy point introduced by
Ming and Ming in [14] and also they introduced the idea of relation “belongs to” and “quasi
coincident with” between fuzzy point and fuzzy set. Murali [15] proposed a definition of a fuzzy
point belonging to fuzzy subset under natural equivalence on fuzzy subset. Bhakat and Das [8, 9]
used the relation of “belongs to” and “quasi-coincident” between fuzzy point and fuzzy set to
introduced the concept of (€, € Vq)-fuzzy subgroup, (€, € Vq)-fuzzy subring and (€ Vq)-level
subset. Basnet and Singh [5] introduced (€, € Vq)-fuzzy ideals of BG-algebra in 2011 and some
properties of (€, € Vq)-fuzzy ideals of d-algebra was discussed by Barbhuiya and Choudhury [6].
In [7], Barbhuiya introduced (€, € Vq)-intuitionistic fuzzy ideals of BCK/BCI-algebras. It is
now natural to investigate similar type of generalisation of the existing fuzzy subsystem with
other algebraic structure. In this paper, we introduced the notion of (€, € Vq)-intuitionistic fuzzy
prime ideals of commutative BCK-algebras and got some interesting results.

2 Preliminaries

Definition 2.1. [1,17,18] An algebra (X, *, 0) of type (2, 0) is called a BCK-algebra if it satisfies
the following axioms:

) (xxy)x(x*x2))*x(zxy) =0;

(i) (zxx (x*xy)) *y = 0;

(iil) x * x = 0;

iv)0xxz=0;

W rxxy=0andyxzr=0=z=yforalzy zec X.

We can define a partial ordering “ <”on X by xz < yiffz xy =0

Definition 2.2. [1,17,18] A BCK-algebra X is said to be commutative if it satisfies the identity
xANy=yANzwherexz ANy =yx(yxx)Vr,y € X. Inacommutative BCK-algebra, it is known
that x A y is the greatest lower bound of z and y.
In a BCK-algebra X, the following hold:
Dx*x0=uxa;
() (z*xy)*xz= (v *2)*y;
) xxy <
(iv) (zxy)xz < (x*2)*(y*2);
V) x<yimpliesrxxz <yxzand z xy < 2 x x.

Definition 2.3. [19] A nonempty subset / of a BCK-algebra X is called an ideal of X if
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@Hoel;

()zxyelandye [ =z lforalz,ye X.

Definition 2.4. [19] A fuzzy set ;1 in BCK-algebra X is called a fuzzy ideal of X if it satisfies
the following axioms:

(i) p(0) = p();

(i) p(x) > min{pu(z *y), u(y)} forall x,y € X.

Definition 2.5. [1] An ideal / of a commutative BCK-algebra X is said to be prime if z A y €
I=x¢clorx el

Definition 2.6. [18] A non-constant fuzzy ideal x of a commutative BCK-algebra X is said to be
fuzzy prime if p(z A y) < max{pu(z), u(y)} forall x,y € X. Since z A y < x,y and p is order
reversing, it follows that () < p(z Ay) and p(y) < p(x A y) Therefore, a non-constant fuzzy
ideal y of a commutative BCK-algebra X is fuzzy prime iff p(z A y) = max{pu(z), u(y)} for all
x,y € X orequivalently u(x Ay) = pu(x) or u(y) forall z,y € X.

Definition 2.7. [3] An intuitionistic fuzzy set (IFS) A in a non-empty set X is an object of the
form A = {(z, pua(x),va(x))|z € X} where us : X — [0,1] and v4 : X — [0, 1] with the
condition 0 < p4(z) + va(z) < 1,Vx € X. The numbers 14(z) and v4(x) denote respectively
the degree of membership and the degree of non membership of the element x in the set A. For
the sake of simplicity, we shall use the symbol A = (ua,v4) for the intuitionistic fuzzy set
A= {(z, pa(z), va(z))|r € X}.

Definition 2.8. [3,7] If A = {(x, pa(x),va(z))|z € X} and B = {(z, up(z),vp(z))|r € X}
be any two IFS of a set X then: A C B iff for all 2 € X, ua(z) < pp(x) and vu(z) >
vp(x); A = Biff forall x € X, pa(x) = pp(r) and va(z) = vp(z); AN B = {{z,(ua N
1) (@), (vaUvp)(z))|r € X}, where (pa N pp)(x) = min{pa(z), pp(2)} and (va Uvp)(z
max{va(x), vp(x)}; AUB = {(z, (paUpp)(x), (vanvp)(z))|r € X}, where (14U pup)(
max{ua(z), up(z)} and (va Nvp)(z) = min{va(z), ve(z)}.

Definition 2.9. [7] An intuitionistic fuzzy set A = (ua,v4) of a BCK-algebra X is said to be an
intuitionistic fuzzy ideal of X if

(i) pa(0) = pa(z)

(ii) v4(0) < va(x)

(iii) pra(2) = min {pa(z * ), pay)}

(iv) va(z) < max{va(z xy),valy)} Vr,ye X.

Definition 2.10. [1] An intuitionistic fuzzy set A = (4, v4) of a BCK-algebra X is called an
intuitionistic fuzzy prime ideal of X if

(@) pa(z Ay) < max{pa(z), paly)}

(i) va(x Ay) > min{va(z),valy)} Va,ye X.

Definition 2.11. [8] A fuzzy set u of the form

(v) = t if y=uxz, te(0,1]
Y= 0 if y#ux

is called a fuzzy point with support = and value ¢ and it is denoted by x;.
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Definition 2.12. [8] Let 1 be a fuzzy set in X and x; be a fuzzy point then
() If u(x) > t then we say z; belongs to i and write z; € p.

(ii) If p(z) +t > 1 then we say z; quasi coincidence with p and write x,qpu.
(i) If z; € Vqu < x4 € por x4qpu.

(v) If x; € A\qu & ¢ € p and zqpu.

The symbol z;apu means x;ap does not hold and € Ag means € V 7.
For a fuzzy point x; and a fuzzy set p in set X, Pu and Liu [14] gave meaning to the symbol
xiapu where o € {€,q, € Vg, € Aq}

Definition 2.13. [19] A fuzzy set . of a BCK-algebra X is said to be («, 5)-fuzzy ideal of X,
where «, 5 € {€,q, € Vq, € Aq} and a #£€ Aq if

@) zrap = 06

(1) (z * y)s, Ysapt = TP forall z,y € X, where t, s € (0, 1].

Example 2.14. Consider BCK-algebra X = {0, z, y, 2z} with the following Cayley table.

*

Sl |y o
Elnle |y |olo
SRR E=1E=1ES
g lole|olo|n
olu oy |o|s

y
0
x
0
z
y
1

Define amap i : X — [0,1] by x(0) =
is an (€, € Vq)-fuzzy ideal X.

z) = u(z) = 0.3, u(y) = p(w) = 0.2, then

Definition 2.15. [7] A fuzzy point x; is said to belong to (respectively, be quasi coincident with)
an intuitionistic fuzzy set A = (ua,va) written as z; € A (respectively, x,qA) if pa(z) >t
(respectively, pa(x) +¢ > 1 and vu(z) < t (respectively, va(z) +t < 1). If x, € A or x,qA,
then we write z; € VgA.

Note: v, € A = x; € uy and x,€v4 and x,gA = x,qu4 and ;G a.

Definition 2.16. [7] An intuitionistic fuzzy set A = (4, v4) of a BCK-algebra X is said to be
an («, B)-intuitionistic fuzzy ideal of X, Where a #€ Aq if

() rpopa = 08143

(i) zavs = 0,804

(iii) (z * y)¢, Ysoppa = Tm,s)B1a Where m(t, s) = min(t, s) and ¢, s € (0, 1];

(iv) (% * y)i, YsQa = Tpr(i,5) v where M (t, s) = max(t, s) and ¢, s € (0,1] forall z,y € X.

Definition 2.17. An («, §)-fuzzy ideal p of a BCK-algebra X is said to be («, 3)-fuzzy prime
ideal of X, Where ov #€ Aq if (x A y)rap = x¢Bu or yBu for all z,y € X where t, s € (0, 1].

Definition 2.18. An (€, € Vq)-fuzzy ideal 1 of a BCK-algebra X is said to be (€, € Vq)-fuzzy
prime ideal of X if (x Ay); € u = x, € Vquory, € Vgu forall z,y € X, where t € (0, 1].
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3 (€, € Vg)-Intuitionistic fuzzy prime ideals of BCK-algebra

Now onwards, let X denote a commutative BCK-algebra, unless otherwise stated.

Definition 3.1. An (€, € V¢)-intuitionistic fuzzy ideal A = (u4,v4) of a BCK-algebra X is said
to be an (€, € Vq)-intuitionistic fuzzy prime ideal of X if

() (x Ay)t € pha = @ € Vqua OF Yy € Vqpia;

(ii) (x A y)s€va = x,€ Vquy or ys€ Vqua forall z,y € X, where t, s € (0, 1].

Theorem 3.2. An intuitionistic fuzzy ideal A = (pua,va) of a BCK-algebra X is an intuitionistic
fuzzy prime ideal if and only if A is an (€, €)-intuitionistic fuzzy prime ideal.

Proof. Let A = (14, v4) be an intuitionistic fuzzy prime ideal. Therefore,

pa( Ay) < max{pa(z), pa(y)} and va(z Ay) = min{va(z), va(y)}. Let

(T AY) € pa = palz Ny) >t
= max{pa(r), pa(y)} > pa(r Ny) >t
= pa(x) = torualy) =t
= X € LA Or Yy € Ua

(T AY) € pia = T € pLor y; € pu. (3.1)
Again, let
(x ANy)i€rva = va(x ANy) <t
= min{v4(z),valy)} <valzr Ay) <t
= vu(z) <torva(y) <t
= XTyEVA OF Y1 EV-

(x Ny)t€va = z€EV Or Y EV. (3.2)

Therefore, from equations (3.1) and (3.2), A = (ua,va) is an (€, €)-intuitionistic fuzzy
prime ideal of X.

Conversely, Let A = (u4,v4) be an (€, €)-intuitionistic fuzzy prime ideal of X. Letz,y € X
and pa(z A y) =t wheret € [0, 1], then
pale Ay) 2t = (xAy) € pa
=> Ty € A OT Yy € ig
= palz) Ztorpaly) =t

= max{pa(z), pa(y)} >t = palz Ay) (3.3)
Again let z,y € X such that v4(z A y) = s where s € [0, 1], then
va(x Ay) <s
= va(r ANy) < s+ = (z Ny)sts€r4 Where 0 is arbitrary small
= X541 5EVA OF Y1 5EVA
= va(x) <s+dorvy(y) <s+9
= va(r) < sorva(y) < s[Since § is arbitrary]

= min{va(z),va(y)} < s=va(zx Ay) (3.4)
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Therefore, from equations (3.3) and (3.4) A = (ua, v4) is an intuitionistic fuzzy prime ideal
of X. []

Theorem 3.3. An intuitionistic fuzzy set A = (ja,v4) is a (q, q)-intuitionistic fuzzy prime ideal
ifand only if A = (pua,va) is an (€, €)-intuitionistic fuzzy prime ideal.

Proof. Let A = (u4,va) be a (g, ¢)-intuitionistic fuzzy ideal of a BCK-algebra X. Let x,y € X
such that
(T AY)e € pa
= palz ANy) >t
= pa(z Ay)+ 6 > t [where ¢ is arbitrary small]
= palzrANy)+o—-t+1>1
= (T A Y)s—t+1q1A-

Since A = (p4,v4) be a (g, q)- intuitionistic fuzzy ideal. Therefore, we have
Ts—t+19HA OF Ys—t+1GHA
= pa(z)+0—t+1>Tlorpaly) +d—t+1>1
= pa(x)+d>torpualy)+0>t
= pa(z) > torpa(y) > t[Since ¢ is arbitrary ]
= Xy € Jua OF Yy € fua.

Therefore,

(T AY) € pta = @ € 14 OF Yy € fia (3.5)

Let z,y € X such that (z A y)s€Eva
=va(x ANy) <s
=valzNy) <s—0
= valeNy)+0—-s5+1<1
= (T AY)116-sqVa-

Since A = (14, v4) be a (g, q)-intuitionistic fuzzy ideal. Therefore, we have
X145-sqVA OF Y145-sqVA
=S vp(r)+0—s+1<lorvaly)+0—s+1<1
= va(r) <s—dorvs(y) <s—9
= va(z) < sorva(y) < s[Since J is arbitrary]
= T,EVA OF YsEVA.

Therefore,

(x ANy)sEva = xTsEVA OF Ys€EVy (3.6)

Therefore, from equations (3.5) and (3.6) A = (w4, v4) is an (€, €)-intuitionistic fuzzy prime
ideal of X.
Conversely, assume A = (ua,v4) is an (€, €)-intuitionistic fuzzy prime ideal of X. Let
(@ Ay)eqpa
= pa(z ANy)+t>1
= palzANy) >1—1t
= pa(r ANy) > 95 —t+1>1—t[whered > 0 is arbitrary]
= (T AY)s—t4+1 € pa.
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Since A = (114, v4) is an (€, €)-intuitionistic fuzzy prime ideal of X. Therefore, we have
Ts—t+1 € A OL Y5141 € A
= palz)>0—t+1>1—toruly) >0—t+1>1—t
= pa(z) >1—torpus(y) >1—1t
= pa(x)+t>1orpualy)+t>1
= Tt OF YrqlLA.
Therefore,
(2 A y)eGrea = Teqira OF Yqfia (3.7
Let (z A y)iqra
=valzANy)+t<1
=valrNy) <1—t
= va(r ANy) <d—t+1<1—t[whered > 0is arbitrary]
= (T AY)146_1EVA.
Since A = (114, v4) is an (&, €)-intuitionistic fuzzy prime ideal of X. Therefore, we have
T146-1EVA OF Y145-_1EVA
=uvalr)<l4+d—t<l—torv(y) <l+d—t+1<1—t
= va(x) <1l—torva(y) <1—t
=va(z)+t<lorvaly)+t<1
= T4qU4 OF YU 4.
Therefore,
(T ANY)iqra = x4qUa OF YeGra (3.8)
Therefore, from equations (3.7) and (3.8) A = (114, v4) is a (g, ¢)-intuitionistic fuzzy prime
ideal of X. O]

Remark 3.4. The notion of intuitionistic fuzzy prime ideal, (€, €)-intuitionistic fuzzy prime
ideal and (q, ¢)- intuitionistic fuzzy prime ideals are equivalent.

Theorem 3.5. An (€, € Vq))-intuitionistic fuzzy ideal A = (pua,v4) of a BCK-algebra X is an
(€, € Vq))-intuitionistic fuzzy prime ideal of X iff

max{ua(z), pa(y)} > min{pa(xr Ny),0.5} Vr,ye X (3.9)
min{va(x),va(y)} < max{va(zr Ay),0.5} Vz,ye X (3.10)

Proof. First let A = (ua,va4) be an (€, € Vq))-intuitionistic fuzzy prime ideal of X. To prove
conditions (3.9) and (3.10), assume that (3.9) is not valid, then there exists some x,y € X such
that

max{ia(z), pa(y)}t <min{pa(z Ay),0.5},

choose a real number ¢ such that

max{pa(z), pa(y)} <t <min{ua(x Ay),0.5}, (3.11)

then ¢t € (0,0.5] and pa(z Ay) >t = (x Ay): € pa, and also pa(x) < tor pa(y) < t,ie.,
TeEUA, Yt EA.
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Also, pa(r) +t <2t <2x05=1and pa(y) +t <2t <2x0.5=11e., xqua, Yiqua-

Hence, x,€ Vqua, y:€ Vqua which is a contradict that A = (ua,v4) is an (€,€ Vq))-
intuitionistic fuzzy prime ideal. Hence, we must have (3.9).

Assume that (3.10) is not valid, then there exists some z,y € X such that

min{va(z),va(y)} > max{va(z Ay),0.5}
choose a real number ¢ such that
min{va(x),va(y)} >t > max{va(zx Ay),0.5}. (3.12)

Then, t € (0.5,1] and va(x Ay) <t = (v Ay);€va, and also va(x) > torva(y) > tie.,
Ty € VA, Yt € VA.

Also, va(z) +t > 2t >2x 05 =1and va(y) +t > 2t > 2 x 0.5 = 1ie., x4qua, yiqva.
Hence, x; € Vqua, y € Vqua which is a contradict that A = (ua,va) is an (€,€ Vq))-
intuitionistic fuzzy prime ideal. Hence, we must have (3.10).

Conversely, suppose that conditions (3.9) and (3.10) hold. Let z,y € X such that (z A y); €
wa where t € (0,1],i.e., pa(x Ay) > t. Now (3.9) = max{ua(z), pa(y)} > min{t,0.5}. Now
we have

Case I: Let ¢t < 0.5, then
max{pa(x), pa(y)t =t = palz) = torpaly) >t
= Ty € PA OT Yy € .

Case II: Let £ > 0.5, then
max{jia(x), pa(y)} = 0.5 = pa(z) > 0.50r pa(y) > 0.5
= pa(x)+t>05+t>05+4+05=1orpus(y)+t>05+t>05+05=1
= TqlA OF YrGlla.

Combining Case I and Case II, we get ; € Vqua or y; € Vqua. Hence, (z Ay); € pa =
Ty € Vqua or y; € Vaua. Againlet (z Ay)€va wheret € (0,1],i.e., va(z Ay) < t. Now (3.10)
= min{v4(z),va(y)} < max{t,0.5}. Now we have the following cases:

Case I: Let ¢ > 0.5, then min{v4(z),va(y)} <t = va(x) <torvu(y) <t
= X;EV/ OF Y1 EVA.

Case IL: Let t < 0.5, then min{vs(z),va(y)} < 0.5 = va(x) < 0.50rv4(y) < 0.5
=)+t <054+t<05+05=1orva(y) +t<05+t<05+05=1
= Z4qV4 OF Y qU4.

Combining Case I and Case II, we get x,€ Vqur4 or ;€ Vqua.

Hence, (x A y)i€va = 2,€ Vqua or y,€ Vqua.

Hence, A = (ua,v4) is an (€, € Vq)-intuitionistic fuzzy prime ideal of X. O

Remark 3.6. Every intuitionistic fuzzy prime ideal is an (€, € Vq)-intuitionistic fuzzy prime
ideal.

Remark 3.7. Converse of above is not true as seen from the following example.

Example 3.8. Consider the BCK-algebra X = {0, z,y, z} with the following Cayley tables.
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Table 1: Nlustration of converse of Remark 3.6

R8O >
olo|lo|olo

N e RO
N QR O|IO

N R | OO
N | O|O|O|Iw
ol |8 | O
IR |8 |O|IR
Qv |8 | O|lw
N | O OO

The intuitionistic fuzzy set A = (14, v4) in X defined by p14(0) = 0.6, pa(z) = 0.5, pa(y) =
0.7, 14(2) = 0.56 and v4(0) = 0.3, v4(z) = 0.35,v4(y) = 0.4,v4(2) = 0.5 then A = (pua,v4)
is an (€, € Vq)-intuitionistic fuzzy prime ideal X by Theorem 3.5, but not an intuitionistic fuzzy
prime ideal of X because pa(z Az) = pa(0) = 0.6 > max{pa(z), pa(z)} = max{0.5,0.56} =
0.56 and v4(z A z) = v4(0) = 0.3 < min{va(z),va(z)} = min{0.35,0.0.5} = 0.35

Theorem 3.9. If an intuitionistic fuzzy subset A = (jia,v4) of a BCK-algebra X is an (€, € Vq)-
intuitionistic fuzzy prime ideal of X and pa(x) < 0.5 ,va(x) > 0.5 Ve, y € X then A = (j1a,V4)
is also an (€, €)-intuitionistic fuzzy prime ideal of X.

Proof. Let A = (ua,va) be an (€, € Vq)-intuitionistic fuzzy prime ideal of X and pa(z) <
0.5,va(x) > 05V, y e X. Let(x Ay); € pa = pa(x Ay) >t Therefore, t < pa(z Ay) <
0.5 and also pa(z) < 0.5, pa(y) < 0.5 and ¢t < 0.5 Therefore, pis(x) +t < 0.5+ 0.5 = 1 and
paly) +t<0.5+0.5 =1= x,;qus and y;qua.

Again let (x A y)€va = va(x Ny) < t, Therefore, t > va(z Ay) > 0.5 and also v4(x) >
0.5, va(y) > 0.5and t > 0.5; Therefore, va(x)+t > 0.5+0.5 = Tand v4(y)+¢ > 0.5+0.5 =1
= x,;qu and y,qu 4. Hence, from above (zAy); € pa = x4qua and y,qua, (2AY)Eva = Tqua
and y;qu 4.

Since A = (pa,v4) is an (€,€ Vg)-intuitionistic fuzzy prime ideal, so we must have
(xAY) € pa = x4 € paand y; € pa, (x ANy)€va = x€v4 and Y€y, ie., A = (ia, v4) is
an (€, €)-intuitionistic fuzzy prime ideal of X. []

Theorem 3.10. An intuitionistic fuzzy set A = (ua,va) of BCK-algebra X is an (€,€ Vq)-
intuitionistic fuzzy prime ideal of X if and only if the set (ua); = {x € X|ua(z) > t, t €
(0,0.5)} and (va)s = {z € X|va(x) <s, s € (0.5, 1]} are prime ideals of X.

Proof. Assume that A = (ua4,v4) is an (€, € Vg)-intuitionistic fuzzy prime ideal of X. Let
t € (0,0.5) and x Ay € (pa)s, Therefore, pa(x Ay) > t. It follows that

max{pa(z), pa(y)} > min{u@ Ay),0.5} > min{t,0.5} =1,

Therefore, pa(x) > tor uy) > ¢, thatis @ € (pa)s, or y € (a): Therefore, (114); is a prime
ideal of X. Let s € (0.5, 1] and A y€(v4)s. Therefore, v4(z A y) < s. It follows that

min{va(z),va(y)} < max{y@x Ay),0.5} < max{s, 0.5} =s,

Therefore, va(x) < s orva(y) < s, thatis x€(va)s, or y€(ra)s Therefore, (v4)s is a prime
ideal of X.
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Conversely, let A = (ua,v4) be an intuitionistic fuzzy set and the sets (u4); = {x €
X|pa(z) > t, t € (0,0.5)} and (va)s = {x € X|va(z) < s, s € (0.5,1]} are prime ide-
als of X. To prove A = (ua,v4) is an (€, € V¢)-intuitionistic fuzzy prime ideal of X.

Suppose A = (pa,v4) isnotan (€, € Vq)-intuitionistic fuzzy prime ideal of X, then there ex-
ists some a, b € X such that at least one of conditions max{p4(a), ua(b)} < min{pa(a Ab),0.5}
and min{va(a),va(b)} > max{v(a Ab),0.5} hold.

Suppose max{jia(a), pa(b)} < min{pa(a Ab),0.5} holds. Then choose ¢ such that

max{pa(a), ua(b)} <t <min{pa(a Ab),0.5} (3.13)

Inequation (3.13) implies ¢t < pa(a Ab)ie. a Ab € (pa):. Since (pa): is an ideal, it follows
thata € (ua)rorb € (1) ie., pa(a) > tor ua(b) > t, which contradicts (3.13). Therefore, we
must have max{pa(z), pa(y)} > min{p@ Ay),0.5}.

Again, if min{va(a),va(b)} > max{va(a A b),0.5} holds, then choose s such that

min{v4(a),va(b)} > s > max{va(a Ab),0.5} (3.14)

Inequation (3.14) implies s > pa(a A b)ie.,aAb € (v4)s. Since (v4)s is an ideal, it follows
that a € (va)sorb € (va)sie. va(a) < sorwva(b) < s which contradicts (3.14). Therefore, we
must have min{v4(z), va(y)} < max{va(z Ab),0.5}.

Consequently A = (u4,v4) is an (€, € Vq)-intuitionistic fuzzy prime ideal of X. O

Theorem 3.11. Let A be a non-empty subset of a BCK-algebra X. Consider the intuitionistic
fuzzy set A = (pua,va) in X defined by

,uA(x):{l if ©eA, UA(x):{O if xe€A,

0 otherwise 1 otherwise

Then A is a prime ideal of X iff A = (ua,va) is an (€, € Vq)-intuitionistic fuzzy prime ideal of
X.

Proof. Let A be a prime ideal of X, then (u4); = {x € X|ua(z) >t} V¢ € (0,0.5 = A, and
(va)s = {z € X|va(x) <s} Vs € (0.5,1] = A, which is a prime ideal. Hence, by Theorem
(3.10) A = (pa,v4) is an (€, € Vq)-intuitionistic fuzzy prime ideal of X.
Conversely, assume that A = (14, v4) is an (&€, € Vqg)-intuitionistic fuzzy prime ideal of X.
Letx Ay € A, then pa(x Ay) = 1.
max{pa(z), pa(y)} > min{pa(z Ay),0.5} = min{1,0.5} = 0.5
= max{pa(z), pa(y)} = 0.5
= pa(z) >050r pa(y)} > 0.5
= pa(r) = lorpa(y)y =1
=z € Aory e A
Again, if t Ay € A, thenva(x Ay) =0
min{va(z), va(y)} < max{va(x Ay),0.5} = max{0,0.5} = 0.5
= min{va(z),va(y)} <0.5
= va(x) <0.50rvu(y)} <05
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= va(r) =0o0rva(y)} =0
=x € Aory € A.
Therefore, t Ay € A= x € Aory € A. Hence, A is a prime ideal of X. ]

Theorem 3.12. Let A be a prime ideal of X, then there exists an (€, € \q)-intuitionistic fuzzy
prime ideal A = (ua,va) of X, such that (pa); = (va)s = S for every t € (0,0.5] and s €
(0.5, 1].

Proof. Let A = (114, 14) be an intuitionistic fuzzy set in X defined by

1 if z€A, 0 if ze€A,
pa(z) = va(z) =

p otherwise q otherwise

forall z € X, where p < ¢t € (0,0.5], and ¢ > s € (0.5,1], (ua): = {z € X|pa(z) >t >
pt = Aand (va)s = {z € Xva(z) < s < q} = A. Hence, (ua): = (va)s = S is a prime
ideal. Now if A = (p4,74) is not an (€, € Vqg)-intuitionistic fuzzy prime ideal of X. Then there
exists some a,b € X such that at least one of max{u(a),ua(b)} < min{ua(a A b),0.5} and
min{v4(a),va(b)} > max{ra(a A b),0.5} hold.

Suppose that max{ia(a), ppa(b)} < min{ua(aAb),0.5} holds, then choose ¢ € (0,0.5) such
that

max{pa(a), pa(b)} <t < minf{us(a Ab),0.5}. (3.15)

Therefore, pia(a Ab) > tforalla,b € X = aAb€ (ua) = A, is a prime ideal.
Therefore,a € Aorb € A= pa(a) =1or pa(b) = 1, which contradicts (3.15). Hence, we

must have max{ (), pa(y)} > min{pa(x A y),0.5}.
Again, if min{va(a), va(b)} > max{va(aAb),0.5} holds, then choose s € (0.5, 1] such that

min{va(a),va(b)} > s > max{va(a A b),0.5}. (3.16)

Therefore, v4(a A b) < sforalla,b € X = aAbe (vyg)s = A, is a prime ideal. Therefore,
a € Aorb € A= vy(a) = 0orvs(b) = 0 which contradicts (3.16) Hence, we must have
min{va(z),va(y)} < max{va(z Ay),0.5}. Hence, A = (14,v4) is an (€, € Vg)-intuitionistic
fuzzy prime ideal of X. ]

Definition 3.13. Let A = (14, v4) be an intuitionistic fuzzy set in BCK-algebra X and ¢ € (0 1],
let

(ha)e = {z € X[z € pa} = {x € X[pa(z) = t},
(pa)e = {z € Xl|ziqua}t = {z € X|pa(z) +t > 1},
[ale = {r € X|zy € Vqua} = {x € X|pa(x) > toruas(z) +1t > 1}.

Here (p4); is called t-level set of pia, (11a): is called g-level set of ps and [pal; is called
(€ Vq)-level set of 4. Clearly,

[l = (a)e U (pea)e
(va)e = {x € X|z€va} = {z € X|va(zx) < t}
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<vg>={r € X|rgra} ={x € X|va(z) +t <1}
aly = {z € X|z:€ Vqra} = {z € X|va(x) < torvy(z)+1t < 1}.

Here (v,4); is called t-level set of v4, (va4); is called g-level set of v4 and [v4]; is called
(€ Vq)-level set of v4. Clearly, [va]; = (va): U (va4);.

Theorem 3.14. Let A = (ua,va) be a intuitionistic fuzzy set in BCK-algebra X. Then A =
(pa,va) is an (€, € Vq)-intuitionistic fuzzy prime ideal of X iff [j1a]: and [va] are prime ideals
of X forallt € (01]. We call [pal]; and [v 4]y as (€ Vq)-level prime ideals of A.

Proof. Assume that A = (14,v4) is an (€, € Vq)-intuitionistic fuzzy prime ideal of X. To prove
[1talr and [v4]; are prime ideals of X. Let x Ay € [pal; fort € (0 1] then (x A y); € Vgua then
pa(zAy) > torpa(zAy)+t > 1. (Since A = (4, v4) isan (€, € Vqg)-intuitionistic fuzzy prime
ideal.) Therefore, max{ (), pa(y)} > min{ps(xAy),0.5}. Now we have the following cases:

Case I: pa(z ANy) >t
max{jia(x), paly)} > min{t, 0.5}
Subcase I: t > 0.5
max{sia(z), pa(y)} = 0.5
= pa(z) > 0.50r pa(y) > 0.5
= pa(x) +t>05+05=1o0rpus(y) +t>05+05=1
= T4qjLa OF Yy qhia
Subcase II: ¢ < 0.5
max{pa(), pay)} >t
= palz) Ztorpaly) =t
= X € LA Or Yy € Ua
Hence, (x A y): € Vqua = Ty € Vqpa Or yy € Vqiia.
ie, (v Ay) € [pali = 21 € [pali or yi € [pal:
Case II: pa(z ANy) +t>1
max{pa(z), pa(y)} > min{l —¢,0.5}
Subcase I: £ < 0.5
masc{pa(2), pa(y)} > 0.5 > 1
= palx) = torpaly) >t
= Ty € LA OF Yy € fig
Subcase II: ¢ > 0.5
masc{pa(2), pa(y)} > 1t
= pa(z) =21 —torpa(y) 21—t
= pa(x)+t>1orpaly)+t>1
= T4q[La O Ypqfia.
Hence, (z A y); € Vqua = ¢ € Vqua Or Yy € Vqpia, i, (x Ay); € [naly = a1 € [pa]; or
Y € [pale
Similarly, we can prove (zAy):€[valy = x:€[Valt OF Y1€[valy, 1.€., [p1als, [V4]: both are prime
ideals of X.
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Conversely, let A = (14, 4) be an intuitionistic fuzzy set in X and ¢ € (0 1] such that [p4];
and [v,4]; is a prime ideal of X. To prove A = (4, v4) is an (€, € Vqg)-intuitionistic fuzzy prime
ideal of X. If A = (ua,va) is not an (€, € Vg)-intuitionistic fuzzy prime ideal of X, then there
exist some a,b € X such that at least one of max{p(a), ua(b)} < min{ua(a A y),0.5} and
min{va(a),va(b)} > max{va(a A y),0.5} hold. Suppose max{pa(a), pa(b)} < min{ua(a A
y), 0.5} holds. Choose ¢ such that

max{pa(a), pa(b)} <t <min{pa(a Ab),0.5} (3.17)

max{pa(a),na(d)} <t < min{pa(a Ab),0.5} then pa(a ANb) >t =aANbe (ua) C [ralt
which is a prime ideal = a € [ual; or b € [pal; = pa(a) > tor pa(a) +t > 1 or pa(b) >
t or pa(b) +t > 1, which contradicts (3.17). Hence, we must have max{pus(z), pa(y)} >

min{ua(x Ay),0.5}, Again, if min{v4(a),v4(b)} > max{va(a A y), 0.5} holds. Proceeding as
above again we get a contradiction. Hence, we must have min{va(z),v(y)} < max{va(xz A

y),0.5}.
Therefore, A = (pa,va) is an (€, € Vq)-intuitionistic fuzzy prime ideal of X. O

Theorem 3.15. Let A = (ua,va) and B = (up,vg) be two (€, € Vq)-intuitionistic fuzzy prime
ideals of X. Then AU B is an (€, € Vq)-intuitionistic fuzzy prime ideal of X.

Proof. Here A = (pua,v4) and B = (up, vp) both are (€, € Vq)-intuitionistic fuzzy prime ideals
of X. Therefore, Vz,y € X.

max{/a (), na(y)

min{va(z),va(y)

max{pp(x), sy
(

min{vg(x), vy

A
=
oY)
"

—_
-
(oo}
S
>

=

IS
ot

:v—’

(3.18)

We have (AU B)(x) = {(z, (ua U pup)(x), (va Nvp)(x))|z € X}, where (ua U ug)(x) =

max{ua(z), pp(z)} and (va Nvp)(z) = min{va(z), ve(z)}.
To prove A U B is an (€, € Vq)-intuitionistic fuzzy prime ideal of X. It is enough to show
thatVz,y € X.

max{(pa U pp(x), (ta U pp)(y)} = min{(pa U pp)(z Ay), 0.5} (3.19)
min{(v4 Uvg(x), (vaUvp)(y)} < max{(vaUvg)(zAy),0.5} (3.20)

Now max{(ua U pp)(x), (kaUpp)(y)}

= max{max{ua (), up(r)}, max{pa(y), us(y)}}

= max{max{pa (), pa(y)}, max{pp(r), up(y)}}

> max{min{u(x Ay),0.5}, min{ug(z A y),0.5}} by (3.18)

= max{(pa U pp)(@), (pa U pp)(y)} = max{min{pa(z Ay),0.5}, min{pup(z Ay),0.5}}
(3.21)
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Now we have the following cases:
Case I: pa(x Ay) <0.5and pug(x Ay) < 0.5, then

(.21 = max{(ua Upp)(@), (paUps)(y)} = max{pa(z Ay), us(z Ay)}
> (naUpp)(z Ay)
= min{(ua U pg)(z Ay),0.5}

Case II: pa(z Ay) <0.5and up(z Ay) > 0.5, then

(3.21) = max{(uaUpup)(z), (paUpp)(y)} > max{pa(r Ay),0.5} =0.5
= min{max{ua(x Ay), ug(x ANy)},0.5}
= min{(pua U pg)(x Ay),0.5}

Case IIT: pa(x Ay) > 0.5and pug(z Ay) <0.5

(3.21) = max{(ua U pp)(z), (paUpus)(y)} > max{0.5, ug(zr Ay)} =0.5
= min{max{pua(x Ay), ug(x Ay)},0.5}
= min{(pa U pp)(x Ay),0.5}

Case IV: pa(x Ay) > 0.5 and pp(x Ay) > 0.5, then

(3.21) = max{(pua U pup)(z), (paUpus)(y)} > max{0.5,0.5} =0.5
= min{max{pua(x Ay), up(x ANy)},0.5}
= min{(pua U pg)(z Ay),0.5}

Hence, from above, (3.19) holds Vx,y € X.
Similarly, we can show (3.20) holds V z,y € X. Hence, (AU B) is an (€, € \Vq)-intuitionistic
fuzzy prime ideal of X. []

Theorem 3.16. Let {A; = (ua,,va,)|i = 1,2,...} be a family of (€, € Vq)-intuitionistic fuzzy
prime ideals of X, then p = U{A; : i = 1,2,...} is an (€, € Vq)-intuitionistic fuzzy prime ideal
of X, where UA;(z) = {(x,min(ua,(z) : i =1,2,3,...),max(us,(z) : i =1,2,3,...)) |z € X}.
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