Notes on Intuitionistic Fuzzy Sets

Print ISSN 1310-4926, Online ISSN 2367-8283
Vol. 25, 2019, No. 4, 59-66

DOI: 10.7546/nifs.2019.25.4.59-66

On the index matrix representation

of intuitionistic fuzzy multigraphs

Anthony Shannon', Tania Pencheva®
and Krassimir Atanassov*>
1 Warrane College, University of New South Wales,

Kensington NSW, 2033, Australia
e-mail : tshannon38@gmail.com

2 Institute of Biophysics and Biomedical Engineering
Bulgarian Academy of Sciences
Acad. G. Bonchev Str., BI. 105, Sofia—1113, Bulgaria
e-mails: tania.pencheva@biomed.bas.bg, krat@bas.bg

3 Intelligent Systems Laboratory
“Prof. Asen Zlatarov” University
Burgas—8010, Bulgaria

Received: 13 December 2018 Revised: 16 August 2019 Accepted: 2 September 2019

Abstract: The concept of an intuitionistic fuzzy multigraph is introduced and its interpretation
in frames of index matrix is discussed.

Keywords: Index matrix, Intuitionistic fuzzy multigraph.

2010 Mathematics Subject Classification: 03E72.

1 Introduction

Exactly 25 years ago, Shannon and Atanassov introduced the concept of an Intuitionistic Fuzzy
Graph (IFG, [8]). During the following years, some modifications and extensions of IFGs were
generated and Index Matrix (IM; see [1,4]) interpretations of the standard graphs and IFGs were
constructed (see [4]).
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Only now, after introducing the idea of three-dimensional IMs (see [4, 9]), we have the pos-
sibility of an IM interpretation of the concept of a multigraph. It is well-known that it is a graph
which is permitted to have multiple (or parallel) arcs.

First, in Section 2, we give short remarks on IMs and Intuitionistic Fuzzy IMs (IFIMs, see [4]).

In Section 3, we introduce the concept of an IF MultiGraph (IFMG) as an extension of the
multigraph.

2 Short remarks on standard and intuitionistic fuzzy

index matrices

The concept of IM was introduced in [1] and discussed in more details in [4].
Let  be a fixed set of indices and R be the set of all real numbers. By IM with index sets K
and L (K, L C I), we mean the object,

1 ly .. I,
ki | Gy gty oo Gk,
(K, L {ap,, Y = ko | Ghony Grgly - Gkot
km a/kmvll akm,l2 A a/kmvln

where K = {ki, ko, ..., kn}, L={l,ls,...,l,},and az,;, € Rfor1 <i<m,and1 < j <n.
On the basis of this definition, an extended object — the Intuitionistic Fuzzy IM (IFIM) — was
introduced in the form (see [4]):

[K? L> {<:uki,lj> Vki,lj>}]

ll l2 c. ln
Eo| (ks Veon) (ke Vende) oo (ks Ve d,)
= ko <Mk2,ln’/k:2,ll> <Hk:2,lza’/k2,lz> <Mk2,ln7Vk2,zn> )
Ko | (Mg i Vi) (Hondos Veida) (s Vel )

where for every 1 <@ <m,1 < j < nt g1, Vi iy Bk l; T Vikil; € [0, 1].

Many operations, relations and operators are defined over IFIM (see [4]), but for the needs of
the further discussion we give only the following one.

For the IFIMs A = [K, L, {{ttx,1;, V&, ;) ), B = [P, Q,{{Pp,.qs> Tp.q.) }|, some operations
that are analogous to the usual matrix operation of addition are defined, e.g. Addition-(max, min),
Addition-(min, max), Addition-(avg). For our needs, we describe only the latest one:

A 69(an) B - [K U P7 L U Q7 {<g0tu77~1w’1/}tuﬂ)w>}]7
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where

( <uki7lj’]/ki,lj>7 lf tu == ka - K and
Vyy = lj el — Q
ort, =k € K — P and
(U lj € L;
<pp1"7CIs’ Upm‘h)’ if tu = Pr € P and

UwZQSeQ_L
ort, =p, € P— K and

Uy = s € Q;

<(lptu,7)w ) wtuva> =

<%([’Lkiylj + pp7'7QS)7 %(Vk’ivlj + ng7QS)>7 ift, =k; =p- € KNP and
vy =li=¢q¢g €LNQ;

L (0,1), otherwise.

3 Short remarks on intuitionistic fuzzy graphs

In [2—4], different definitions of IFGs are given. Here, we discuss the definition, given in [4].
Let us have the following oriented graph C' (Figurel):

Figure 1. Oriented graph C'

For it, we can construct the (0, 1)-IM which is an adjacency matrix of the graph

a b ¢ d e f
al0O 0 0 1 0 O
b0 0 0O 1 0 O

C=+¢/0 0 0 1 0 0.
dajo 0 0 0 1 1
el 0 0 0O 0O 0 O
f1o 0 0 0 0 O

Shortly, we denote this matrix by “Adjacency IM” (cf. [7]).
Let V = {vy,v9,...,u,} be a fixed set of vertices and let each vertex = have a degree of
existence a(x) and a degree of non-existence 3(x). Therefore, we can construct the IFS

V' ={(z,a(z), B(x)|x € V} = {{vi, a(v;), Bw))|L <@ <nj,
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where for each x € V:
a(z), B(z), az) + B(z) € [0,1].

Let H be a set of arcs between the vertices from 1. We can again juxtapose to each arc a
degree of existence p(z,y) and a degree of non-existence v(x,y). Therefore, we can construct
the new IFS

H*

{2, y), w(z,y), v(z,y)|z,y € V}
= {<<U¢,Uj>,/J,(U7;,Uj),V(Ui,Uj)>’1 < i>j < n}v

where for each x,y € V:
w(z,y), viz,y), wa,y)+v(zy) €01

For the ordinary graph G = (V, H) we can construct the Extended Intuitionistic Fuzzy Graph
(EIFG) G* = (V*, H*). It has the following IM-representation:

V=V (s, v5), v(03,05)) ]

U1, <Oz(U1), 6(’01» L Un, <Oé(1)n>, B(Un»
v, {a(vr), B(w)) (Hvs,015 Vor,on ) e (Ho1 0> Vor o) ’
Ui <a(vi)’ 6(7)1» <:uvi,v1> Vviﬂ)l) cee </J“Ui7Un7 Vviﬂ)n)
Una <Oé(1)n), 5(1}71)) </’L'Un7U17 an,v1> et </’1/Un,vn7 an,vn>

where for every 1 < @ < n,1 < j <m0 iy, Voro; € [0, 1], ooy + Voo, € [0,1], a(vy),
B(vi) € [0,1], () + B(wi) € [0,1].

4 Main results

Let us consider a standard (within the present research) oriented multigraph — e.g., the following
multigraph G (Figure 2).

U1

V2 U3

Uy

Figure 2. Oriented multigraph G

62



For this graph we can construct the IM

* V1 Vg V3 Uy

G* = [{v1,ve,v3, 04}, {v1,v2,v3, 04}, {evi;}] = v/0 3 2 0
v 0 0 0 1,
v 0 0 0 4
v [0 0 0 O

or, as it is discussed in [4], it can have the reduced form

O — V2 U3 U4
v 3 2 0
V2 0 0 1 '
Vs 0 0 4

Let us juxtapose to its vertices the degrees of existence and of non-existence in the form of
the IFS {(v;, a(v;), B(v;))|1 < ¢ < n}. Now, let each arc between vertices v; and v; be also
numbered by an Intuitionistic Fuzzy Pair (IFP, see [6]) <,uvivvj7k, z/vi7vj7k>, where 1 < k < s,
oy ;.5 Vs v s Foogyop ke Voo k € [0, 1], and s; j is the number of the arcs between vertices v; and
v;. Therefore, we obtain an (oriented) IFMG.

For example, the considered above multigraph G can have the form from Figure 3.

U1

<:uv1,v2,17 Voiwe, 1) —> <:uv1,v3,17 VU17U371>

)
<:uv1,v2,27 v1,02,2 >
<:uv1,v2,37 Vo1,2,3 >

U2

<Mv1,U3,27 Vvl,v372>

U3

« Hugvg,15 Vos,g,1

( )
<:uv2,v4,17 va,v4,1> - <,u1;3,v4,2, va,v4,2>
<:LL”U3,'U4,37 va,v4,3>
( )

Hug vg,45 Vg g4

Uy

Figure 3. Resultant oriented intuitionistic fuzzy multigraph

Therefore, we can determine the number

9(G) = max si;

and we can construct ¢(G) in number IMs, that for the considered example have the forms

¥ 1 U1 Uy U3 (7
1 pr—
U1 <O’ 1> <MU1,112,17 Vvl,v2,1> <le,v3,17 VU17U371> <Ov 1>
V2 <07 1> <07 1) <07 1> <MU2,U4,17 VU2,1)471> )
U3 <O> 1> <07 1) <O’ 1> <:Uv3,v4,17 va,m,l)
Vg <O7 1> <07 1) <07 1> <07 1>
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2 V1 Vo (%] V4
A= U1 <O7 1> <:uv1,v2,27 Vv1,v2,2> <:uv1,v3,27 I/vl,vs,2> <O? 1>
v | (0, 1) (0,1) (0,1) (0,1) :
U3 <O’ 1> <0v 1) <07 1> <uv3,v4,27 Vv37v472>
ve | (0,1) (0, 1) (0, 1) (0, 1)
. — 3 (1 Vo U3 U4
oo 00 (s vesms) 0.1 {0.1)
vg | (0,1) (0,1) (0,1) (0,1) ,
U3 <07 1> <07 1> <07 1> <:uv3,v4737 V’U3JJ4,3>
vy | (0, 1) (0,1) (0,1) (0,1)
X, — 4 U1 (0 V3 (7
YT oo [(0,1) (0,1) (0,1) (0,1)
ve | (0,1) (0,1) (0,1) (0,1)
U3 <07 1> <07 1> <07 1> <:u113,v4,47 va,v4,4>
vy | (0,1) (0,1) (0,1) (0,1)

Hence, to the above multigraph G we can juxtapose a three-dimensional IM (3D-IM) G* with
the form from Figure 4.

<,uvi,vj,k’7 Vvi,vj,k>

Ui <,LL‘UZ','U]',17 V'Ui,'l/'j,1>

Figure 4. The 3D-IM G* corresponding to the above multigraph G

It is important to note that the construction we have discussed is applicable in the case of
non-oriented graphs without changes.

Now, we can introduce some possible conditions for correctness of the IFMGs, for each of the
vertices v; and v; that are connected with the (oriented) arc with initial vertex v; and end vertex

Uy
e strong condition:

o; > max ook oand 5; < min vy, 4
7 1§k§8i,j le,v], 62 = 1§k§Si,j Vi,Uj5,k

a; < Mmin - iy, and B > max vy, k-

- ISkSsi,j ISkSSi,j
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o weak condition:

o; > min ook and 5; < max vy 4k
7 1<k<sy le,vj, 52 =~ 1<k<s;, V;,05,k

a; < max oopoand B; > min vy, .. k.
] — lfkgsi,j le)vj7 /8.7 ISkSSi,j Vi,Vj,

e average condition:

1 & 1 &
Q; 2 - E ﬂvi,vj,k 2 &% and ﬂz S E Vvi,vj,k S 5]"
5id k=1 5id =1

Finally, to each pair (v;, v;), we can juxtapose the (standard, 2D) IM

B )

Si,j
}/(Ui, i)

(Zvj) ‘ </Lv¢,vj,1> Vvi,vj,1> <,u'vi,v]~,27 l/vi,vj,2> e <,LLUZ‘,’U]‘,S¢J‘7 Vvi,vj,si,j> .

Now, using the new IM we can transform the IFMG to different types of ordinary IFGs. For
this reason, we construct an IFG with the same vertices as in the original IFMG, but with only one
(in the discussed case) oriented arc between each pair of neighbouring vertices from the IFMG.
Each one of these arcs has a pair degrees of existence and non-existence, that can be determined
by the following (at least three) different ways, that determine the form of the IFG:

e strong IFG:

max vk, TN Vg k)]
<1§k§87;7]' M’U,,’U], ’ISkSSi,]’ Vi, V5, >’

e average IFG:

<5i Z ,LL'Ui,'vj,lcaSL Z Vvi,vj,k>;

bl 1<k<s;; b 1<k<s;;
o weak IFG:

min  fly. 4. g, MaX Vy v k)-
<1§k‘§87;7j'u 1yU7, 71§k§3i,j 1yU7, >

5 Conclusion

The IFMGs introduced in this paper can be utilized in a variety of different applications, such as
cognitive maps, OLAP-structures with intuitionistic fuzzy estimations of their elements, intercri-
teria analysis, and others. In future, the IFMGs will be extended to interval-valued IFMGs using
ideas from [5, 9].
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