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Abstract: In this paper, we establish the foundation of intuitionistic fuzzy soft statistics with
the help of utility theory of mathematical economics. We use ideas of («, [5)-cut with respect
to utility theory to prove results related to intuitionistic fuzzy soft mean, intutionistic fuzzy soft
covariance, intuitionistic fuzzy soft attribute correlation coefficients, etc. Suitable examples are
provided in each case. Concepts of utility-wise representation of intuitionistic fuzzy soft have
been discussed. Here, we also discuss the generating process of a new intuitonistic fuzzy soft set
from the old one with respect to utility theory and prove some important theorems.
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1 Introduction

Mathematical theories are based on various abstract ideas. Here, one has freedom to develop
certain abstract environments by neglecting many facts; for example in physics, the frictional
effect of air on a free falling body is often neglected to make the calculations easier, but this
fact is fully impossible in real life. Similarly, medical science, economics, engineering, social
sciences, etc., are full of uncertainties. Zadeh [19] initiated the study of uncertainties with the

introduction of fuzzy sets in 1965. Later, Atanassov introduced intuitionistic fuzzy set theory [5].
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Molodtsov [14] introduced the concept of soft set theory in the year 1999 and investigated various
applications in game theory, smoothness of functions, operation researches, Perron integration,
probability theory, theory of measurement, etc.

Later Maji et al. [10] defined fundamental operations of soft sets. Pei and Miao [16], Chen [7]
pointed out errors in some of the results of Maji et al. [11] and introduced some new notions and
properties. At present, investigations of different properties and applications of soft set theory
have attracted many researchers from various backgrounds. Since then many applications of
soft set theory can be found in other branches of science and social science. Fuzzy soft set was
introduced by Maji et al. [10] as a hybrid structure of soft set with fuzzy set. Later, Intuitionistic
fuzzy soft sets were introduced by Maji et al. [12]. One may refer to Mitchell [13], Szmidt and
Kacprzyk [17], Huang [8] for researches related to correlation coefficients on intuitionistic fuzzy
sets. One may refer to [9, 18] for some works on fuzzy soft sets.

Applications of uncertainty-based statistical ideas related to sociological issues viz. human
trafficking and illegal immigration can found in Acharjee and Mordeson [3], Mordeson et al. [15],
Acharjee et al. [4]. Moreover, hybrid structures related to soft set can be found in Acharjee [1],
Acharjee and Tripathy [2], and many others.

In this paper, we establish the foundation of intuitionistic fuzzy soft statistics. Here, we try
to connect two different domains of nature, i.e., uncertainties, which are present in large scale
data, and preference (i.e., utility based on human choice behavior) by developing statistical ideas
based on intuitionistic fuzzy soft set theory. Ultility theory is applicable in various domains of
computational social sciences and information systems. One may find uses of utility theory in
computational social choice theory, mathematical psychology, robotics, decision making, etc. It
is to be understood that our statistical ideas connect attributes, linguistic variables, [0,1], etc. and,

thus, it may have potentiality of applications in various areas of science and social science.

2  Preliminaries

The following definitions are due to Cagman et al. [6].

Definition 2.1. [6] A soft set /4 on the universe U is defined by the set of ordered pairs )y =
{(z, fa(x):x € E, fa(x) € P(U)}, where f4 : E — P(U) such that fa(x) =0if x ¢ A.

Here, f4 is called an approximate function of the soft set F4. The value of f4(x) may be
arbitrary. Some of them may be empty, some may have nonempty intersection. We will denote
the set of all soft sets over U as S(U).

Definition 2.2. [6] Let [y € S(U). If f4(z) = 0 for all z € E, then F, is called a soft empty
set, denoted by Fjy. fa(x) = () means there is no element in U related to the parameter € E.
Therefore, we do not display such elements in the soft sets, as it is meaningless to consider such
parameters.

Definition 2.3. [6] Let F'y € S(U). If fa(z) = U for all z € A, then F, is called an A-universal
soft set, denoted by F'5.
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If A = E, then the A-universal soft set is denoted by F'z.

Definition 2.4. [6] Let 4, Fiz € S(U). Then, F is a soft subset of F, denoted by FACFg, if
fa(z) C fp(x) forall z € E.

Definition 2.5. [6] Let 4, Fiz € S(U). Then, F4 and Fp are soft equal, denoted by Fa=Fp, if
and only if f4(z)=fp(z) forall x € F.

Definition 2.6. [6] Let Fiy, Fz € S(U). Then, the soft union FyUFg, the soft intersection
F,NFg and the soft difference FAA\VFB of F4 and F'p are defined by the approximation functions
faos(@) = fa(@)U fe(x), fanp(r) = fa(z)N fp(x) and f7p(2) = fa(z)\ [5(x), respectively,
and the soft complement F'§ of F'4 is defined by the approximate function, f5(x) = f4(z), where
f5(x) is the complement of the set f4(x); thatis f§(z) = U \ fa(x) forall z € E.

It is easy to see that (F')° = F and Fj = Fj.
Example 2.1. [6] Let us consider a universe U = {a,b,c} and E = {e1,ey,€3,¢e4}. Let A =
{e1, eq,e3}. We define a soft set (F, A) = {(e1,{a,b}), (e2,{a,c}), (e3,{a,b,c})}.

Then, the representation of (F, A) in tabular form is shown in Table 1:

F(ei) | Fles) | F(es)
1 1 1
b 1 0 1
c 0 1 1

Table 1. The representation of (F, A)

Definition 2.7. [19] Let X = {x1, 29, 23,...,x,} be the universe of discourse; then a fuzzy set
Ain X is defined as A = {(x, ua(z))|z € X} where us : X — [0, 1] is the membership degree.

Definition 2.8. [5] An intuitionistic fuzzy set A in X canbe writtenas A = {(x, ua(z), va(x))|z €
X} where g : X — [0,1] and v4 : X — [0, 1] are the membership degree and non-membership
degree, respectively, satisfying the requirement 0 < p4(x) + va(x) < 1.

Then, 1 — pa(x) — va(zx) is called the hesitancy degree of the element = € X to the set A;
denoted by m4(x). m4(z) is called the intuitionistic index of z to A. Greater 74 (z) indicates more
vagueness on x. Obviously, when m4(x) = 0 Va € X, the IFS generates into an ordinary fuzzy
set. In the sequel, all IFSs of X is denoted by IFSs(.X).

Definition 2.9. [S5] For A € IFSs(X ) and B € IFSs(.X ), some relations between them are defined
as:

) ACBIiff Vo e X, pa(x) < up(x), va(x) > vg(x)

(i) A = BiffV, pa(z) = pp(x), va(z) = vp(z),

(iii) A = {(z,va(z), pa(x))|x € X}, where A is the complement of A.
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3 Main results

In this section, we introduce utility based statistical concepts in intuitionistic fuzzy soft sets.
Throughout this paper, we shall write IFSS and IFS in short to represent “intuitionistic fuzzy soft
set” and “intuitionistic fuzzy set”, respectively. We shall denote I = {1,2,3,...,n}

3.1 Some new definitions

Definition 3.1. If (£, A) be an IFSS over a universe U, where F'(e;) is an IFS for the attribute
e; € A i € I, then the intuitionistic fuzzy soft mean of (F, A) is denoted by 'y = {(A4, FI(A))};
where F'(A) = { ok |k e Ajiel}.

(min{a};},max{b};})

Here, a and b} are membership value and non-membership value of zy, respectively, for the

attribute e;, where e; € A.
%
If0<a<land0 < <1;then (o, B)Fa = ((a1,51), (2, B2), - .-, (i, Br), ... ); where
ay = 1if min{al} > «; otherwise 0 and 3, = 0 if max{b}} < f3; otherwise 1 fori € I.

Example 3.1. Let us consider an IFSS (F, A) over a universe U, where (F, A) = {(e1, {(x1,0.9,
0.1), (22, 0.6,0.4), (x3,0.3,0.3)1), (e, {{x1,0.3,0.6), (x2,0.6,0.4), (x3,0.4,0.1)}), (es, {{x1,0.3,
0.5), (2, 0.6,0.4), (x3,0.2,0.1)})}.

Then, (0.3, O.Z)F—’A>= ((1, 1), (1, 1), (0, 1)); (0.4, 0.7)F—’A>= (0, 0), (1, 0), (0, 0)).

Definition 3.2. If (F, A) be anIFSS and e; € A,i € [, then (o, B)F(e;) = (V1,725 -+, Vjr - -+ )5
where v; = («, 3;). In this case, a; = 1if F}/(e;)(x;) > o and 0; otherwise. Again, 3; = 0 if
F?(ei)(z;) < 0 and 1; otherwise.

Here, F(e;)(z;) indicates the membership value of z; in ;' place of F'(e;) Vj € A. Simi-
larly, F7(e;)(z;) indicates the non-membership value of x; in j* place of F(e;) Vj € A.
Example 3.2. Consider Example 3.1, here (0.3,0.2)F(ey) = ((1,0), (1,1), (1,1)), (0.4, 0.5)}7(725
=((0,1), (1,0), (1,0))

Definition 3.3. Let (F, A) be an IFSS, then scale of (F, A) is denoted by % and it is defined as
h = max{F}(e;)(x;), F}(e;)(zj)le; € A,xy € Uyi € 1,5 € A}

Example 3.3. Consider Example 3.1, here h0.9.

Definition 3.4. Let U be a universe and F be the set of attributes, where A C F and |A| = n.

If (F, A) be an IFSS over U, then («, §)-cut IFSS standard deviation of (F, A) is denoted by
o((a, B)(F, AD) and it is defined as

iel,keA

1 —_— — 1 —_— —
< ET; ZAH (a,ﬁ)FkI(ez) — (a,ﬁ)Fkl’A ||2’ n Z || (aa6>Fk2(€z) _ (aa6>Fk2,A ||2) ’

1 2 1 P 1 P
where || (o, 5)Fy.(e:) = (o, B)Fy, 4 |[P= ((a, B) Fy(e3) = (o, B)Fy o, (v, B) Fp (es) = (a, B) Fy 4)
and so on for other part.
Here, (a, 3)Fy (e;) and (o, §) F}; , indicate the first coordinate of (cv, 3) Fy.(e;) and (cv, ) Fy 4
respectively, where k indicates the k-th ordered pair representation of the membership and the
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%
non-membership values for («, 5)Fj(e;) and («, 8) Fa, respectively, with respect to («, [3)-cut.

Similarly, we can describe other case.

Example 3.4. Let us consider Example 3.1., where

(F, A) = (e1, {(z1,0.9,0.1), (x2,0.5,0.4), (x5, 0.3,0.3)}), (€2, {{x1,0.4,0.6), (x5,0.5,0.5),
(23,0.4,0.3)}), (e3, {{z1,0.3,0.7), (x5, 0.6,0.4), (x3,0.2,0.1) 1) }.

Let a = 03,8 = 0.2 then (0.3,0.2)F(ex) = ((1,0), (1,1),(1,1)); (0.3, 02)F *3
((1,1), (1, 1), (1,1)) and (0.3,0.2)F(es) = ((1,1), (1, 1), (0,0)). Now, (03 0.2)Fs = ((1

(1,1),(0,1)).
Thus,

e

Z 1 P
11(0.3,0.2) Fy; (e;) — (0.3,0.2) F; 4 |[?= 3(0+0+0+0+0+0+1+1+0):

iel ke A

GV )

Z 2 P 1
11(0.3,0.2) F(e;) — (0.3,0.2) Fy; 4 ||*= 5(1+0+0+0+0+0+0+0+1)

((0.3,0.2)(F, A}) — (@ \@) .

The above result indicates that standard deviation of (0.3, 0.2)(F), A) is \/g from both mem-

bership and non-membership values.

Thus,

3.2 Concept of utility-wise representation of intuitionistic fuzzy soft set

Consider an IFSS (F, A) over a universe U and R is the set of real numbers. We define an a-
cut level utility function i, : U — R asz > y <= p(x) > pao(y) for z,y € U and so
on with fundamental notions of utility theory. Similarly, we define a S-cut level utility function
vg: U - Rasx = y <= vp(y) > vs(x) for z,y € U. Together we call them as («, /5)-cut
level utility function.

If F'(e)(z) > aand F?(e)(xz) < B forz € U,e € A, then the utility wise representation of
x in F'(e) is shown in Table 2.

F(e) Fe)
2D | (pa(@), v5(2)) | (1= pal@), 1 — v(z))

Table 2. The utility wise representation of z in F'(e)

If F'(e)(z) < a, then we assume p(z) = 0 and if F%(e)(x) > 3, then we assume v(z) = 1
for the particular case beyond any pre-assumption of j(z) and v(x). Here, 2% denotes z € U
with (a, 3)-cut level utility.
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Example 3.5 Consider an IFSS (F, A), where (F, A) = (e, {(21,0.9,0.1), (x5,0.5,0.4), (x5, 0.3,
0.3)}), (e2,{(z1,0.4,0.6), (x9,0.5,0.5), (x3,0.4,0.3) }), (e3,{(z1,0.3,0.7), (x5,0.6,0.4), (x3,0.2,

0.1)}H}

We define (0.3, 0.2)-cut level utility function as 0.3-cut level utility function p93 : U — R as
tos(z1) = 5, pos(xe) = —2, pos(xs) = 3, and 0.2-cut level utility function 195 : U — R as
V0.2($1) =0, 7/0.2($2) =1, V0.2($3) = 2.

Then, the utility wise representation of (£, A) at (0.3,0.2)-cut level is shown in Table 3.

F(ey) | F(e2) | Fles)
x§0.3,0.2) (5’ 6) ) (5’ 1)
20302 (2 1) | (=2,1) | (=2,1)
Ig0.3,0.2) (3’ 1) ) (07 2)

Table 3. The utility wise representation of (F, A) at (0.3,0.2)-cut level

In this case, we call (5, —2,3) as membership utility origin of (F, A) and (6, 1,2) as non-
membership utility origin of (F, A) at 0.3-cut utility level of membership and 0.2-cut utility level
of non-membership, respectively.

3.3 Generating process of a new intuitionistic fuzzy soft set

from the old one with respect to utility based («, 3)-cut

(1) Consider an IFSS (F, A), whose («, 5)-cut level representation is denoted by («, B)m
over a universe U with elements z;, where ¢ € A,e; € A,j € I.

Then, we can generate an IFSS (Gr, A) 4,y With (o, 5)-cut level of representation («, 5)(Gp, A
if (1,792, -+ Vi, - - . )+(, B)(F, A) exists, where (v1,72, ..., %, ...) # (0,0,0,...,0,...),7 €
R x R,i € A. Here, 0 = (0,0) and v; = (o, ;).

Now, we discuss the generating process. We define («, 5)-cut level utility function where
a-cut level utility function is 11, : U — R such that if o; + F}'(e;) > po(;),i € A, j € I, then
z; € G;(e;) with the membership value of min {membership value of z; in F;(e;), a}. Otherwise,
x; has membership value 0 in G;(e;).

Similarly, we can define -cut level utility function v : U — R such that if 5; + F?(e;) <
vg(z;),i € A,j € I, then z; € G,(e;) with the non-membership value of min{non-membership

value of z; in F;(e;), §}. Otherwise, z; has non-membership value 0 in G;(e;). Now,

(322 ) (0, B, AY = (o0, B0), (0, o), (g, B ) + {((0 ) Fien),
(a, B)Fa(er), -, (a, B)Fler), - .. ), (o, B) Fi(ea), (o, B) Falez), . . ., (o, B) Fj(ea), .. ), -,
(@, /) Fs(end (0 ) Fafen). - (0, B) Fy(en), )}

= {((a1, 51) + (a, B)Fi(e1), (a2, B2) + (v, B) Falen), ..., (o, B;) + (o, B) Fy(en), ... ),
(o1, B1) + (o, B) Fi(e2), (a2, o) + (o, B) Fa(e2), ..., (o, B;) + (o, B) Fy(e2)), ... ), -,
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((Oéhﬁl)—i_(aaﬁ)F (611 ,(062,62) (Oé,ﬁ)Fg(enS,.. (aj7ﬁj)+(a7ﬁ>ﬁ1](en 7))}
— — — —_—

= {((o1 + (o, B)F (e1), B + ()ﬁ(»@ + (a0, B)Fy (e1), B2 + (. B)FF (en)), - -

)i )i (

a; + (a, B)FHer), B + ()W@m (a1 + (e, B)Fi(ea), Br + (a, B) Fi(e2)), (an+

’

(
1 2 1 2
(a, B)F5 (€2), B + (o, B) F5(€2)), - ,< + (. B)Fj (e2), B + (a, B) Fj (€2)), - ), - - -,
PRI PRI PV
((a1 + (o, B)Fy (en), B1 + (o, )M)H%+mm s (en); B+ (a, B)F3(en)), -,
1 2
(a; + (o, B)Fj (en), B + (o, B) Fy (€n)), - ) }-

The new IFSS (G, A) 4 ) Withrepresentation (v, 5)(Gr, A) = (71,72, -- -, 7, - - - )+, B)(Fjﬁ
is called («, 3)-cut generated fuzzy soft set of (F, A). The intuitionistic fuzzy soft mean of
(GF, A)(a,p) is denoted by G 4 with (o, B)-cut level representation (c, B)CTX.

(2) Let the scale of (F, A) be h. Then, similarly as discussed above, we can construct

another (a, f)-cut generated IFSS (G F,A)?aﬁ)
~—h
(o, B)(Gp, A)p, = ("‘B)(%AS and intuitionistic fuzzy soft mean G4 .

Now,

(aaﬁ)(GFaA;h =

of (F,A) with (a, #)-cut level representation

a1 + (a, B)F(e1) P+ (o, B)FP(er), oo+ (a, B)Fy(e1) Pa+ (o, B)F5(er)

{(( h Y h )7< h Y h, )a"')

<%+@@@@)@+@Mﬁ@% )«m+WmE@)&+W@W@%
h ) h PR ) h ) h )

<a2 + (o, B)F)(es) Bo+ (a,ﬁ)Fg(eg)) (Ozj + (o, B)Fjl(eg) B + (a,B)Fj?(eg)) )
h ) h AR h ) h VAR

— — — —
a1+ (a, B)F(en) Bi+(a,B)Fi(en), 2+ (a,B)Fy(en) B+ (o, B)F5(en)

7"'7(( h ) h )7( h ) h )7“ )

aj + (a, B)Fj(en) B+ (o, B)FF(en)

Qe D) bl e, | )

Example 3.6. Let us consider an IFSS (F, A) where (F, A) = {(e1, {{21,0.5,0.4), (x2,0.3,0.1) }),
(€2, {{x1,0.4,0.6), (x2,0.3,0.5)}). We define (0.3,0.1)-cut level utility as follows: g 3(x1) =

2 ,LL03($2) = -2 140} 1(371 =1 y 1(1’2) =2

Then, (0.3,0.1)(F, A) = {((1,1),(1,0)), ((1,1),(1,1))}. If we consider (v1,72) = ((1,4),
(27 _2))’ then (’717 72) + (O.?), O'1>(F’ A) = {((27 5)7 (37 _2))7 ((27 5)’ (37 _1>>}'
SO, (GF, A)((].g’(].l) = {(61, {<.T1, 03, O>, <[L’2, 03, 01>}), (62, {<.f131, 03, O), <£L‘2, 03, 01>}), which
is the new IFSS at (0.3, 0.1)-level of utility.
Theorem 3.1. Let (F, A) be an IFSS over U and (Gp, A) () be an (o, §)-cut level generated

IESS of (F, A), then o((a, 8)(F, A}) = o((a, 8)(Gr, A))

Proof. Let (41,72, ..., %,-..) # (0,0,0,...,0,...) where; € Rx R, i € A. Here, 0 = (0,0)
and 7; = (i, 3;).
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We define a-cut level utility function as p, : U — R as pu(x;) = 6;, such that x; €
G(e;) with membership value min {membership value of z; in Fj(e;), a} if a; + F}(e;) > 6;,
1€A,je

Similarly, we define S-cut level utility function as vg : U — R as vg(z;) = 1, such that
z; € G;(e;) with non-membership value min {non-membership value of x; in Fj(e;), 5} if
Bi+ F2(ej) <ty i € AjeL

Now,

__)
(Oéaﬂ)GA =
. T, 1 T .
((min{a; + (o, B)Fy (e1), 01 + (o, B)Fy(€2),...,010 + (o, B)Fy (en) }, min{ By + (o, B)
2 2 2 : 1, 1
Fi(e1), b1+ (o, B)F(€2), ... b1 + (o, B)FY(en)}), (min{as + (o, B) F; (€1), aa + (@, B) Fy (e2)
T . TP YPR 2

Lo+ (o, B)Fy(en) b, min{ By + (a, B)F5(e1), B2 + (o, B)F5(e2), ..., Ba + (o, B) 5 (en)}), - - -,

i 1 1 1 . 2 2
(mln{aj + (Oz,ﬁ)F] (61)7 aj + (0475>F] (62)7 ce 0t (a>ﬁ)Fg (en)}’ mln{ﬁj + (O" 6)F] (€1>>

PR 2
ﬁj + ((X,/B)FJ (62)7 s 7ﬁj + (&7/6)E] (en)})7 .- )
PRV PYSES PRV Py
= ((a1 + (@, B)Fi (ejy), Br + (. B)FY (en,)) (@2 + (v, B)Fy (eg,), Bo + (e, B)F3 (eny)), - - -
PP PR
() + (e, B)F} (ej,). By + (a, B)F} (ex). - - ) (say)

Thus,

Z

iel ke A

I (0, B)G(e) — (0, B)GE |I2

2 Fl(e) PRI
S law+ (@ B)Fefed) = {on + (@ A (i)} I

= || (0, B)Fyc(e5) — (o, B) F (e5,) |I

i€l ,keA

imilarly, ,keA”( B)Gi(ei) = (o, B)GE A |

= [ AN et (R — (Bt (s P )} I

- \/ S (e B () — (B (e5,) |2

Hence, proved. []

Example 3.7. Let us consider Example 3.6, then (0.3,0.1)(Gp, A) = {((2,5),(3,-2)),((2,5),
(3,=1))}. Then, (Gr, A)s01) = {(e1, {(21,0.3,0), (x2,0.3,0.1)}), (62,{(951,0.3,0), (x9,0.3,
0.1)})}, then clearly, 0((0.3,0.1)(F, A)) = ¢((0.3,0.1)(Gr, A)) = (0, )

Theorem 3.2. Let (£, A) be an IFSS over U and (GF, A) ) bean (a 5) cut level generated

IFSS of (F, A), then o((a, 8)(Grs A)F) = 1 x o((a, 8){Gr A)).
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Definition 3.5. Let us consider an IFSS over a universe U with («, 3)-cut level of representation

—_—
OéFA = (min{(a7ﬁ)F11<€1)u (O(, B)Fl (62)7 sy (O(, 5)F11(6n>}7 min{(a7ﬁ)F21(el)u
—_— —_— —_—
(a, B)F3(e2), .-, (@, B)Fy(en)}, ... ,min{(a, B)Fj(er), (o, B)Fj (e2), ..., (a, B)Fj(en)}, )

I T S

BFx = (min{(a, B)F¥(e1), (a, B)FL(ea); . (v, B)F} (en)}, min{(cv, B) Ff (e1), (v, B)F3 (es)
- et
(0, BYFR(en)}s - min{(a, B)F2(er), (@, BYF2(ea), - -, (c, B)F2(en)}, )

Thus,
aGy =
— — — —
(min{ay + (o, B)F(e1), ay + (o, B)Fl(ea), ..., a1 + (o, B)Fl(e,)}, min{as + (o, B)Fy (1),
— — — —
g + (O[, 5)F21(62>7 sy 02 + (OZ, B)F21<en)}7 s ’min{aj + (Oé, 5)Fj1(61)7 Qa; + (O[, 6)FJ‘1(62)7

1 ~ : 2 2
'7aj + (Oé?ﬁ)Fj (eTL)}? et ) and BGA = (mln{ﬁl + (auﬁ)Fl (61)7ﬁ1 + (aaﬁ)Fl (€2>, cee ,51
-y TR T RS
+ (a, B)F{(en)}, min{Ba + (a, B)F5 (e1), B + (a, B)F5 (e2), .., fa + (o, B)F3(en)}, - .-,
2 2 2
mln{ﬁ] ( )F (61) BJ ( 75)F] (e2>7"'7ﬁj+(a7ﬁ)ﬁ} (en)}a"‘)a

where v; = (o, 5;),1 € A.

Example 3.8. Let (F, A) = {(ey, {(21,0.3,0.3), (22,0.4,0.5), (x3, (E);, 0.1)}), (e2, {{z1, O.3,_(>).7>,
(12,0.4,0.6), (z3,0.4,0.1)})} and (a, B) = (0.3,0.2). Then, 0.3F4 = (1,1,1) and 0.2F) =
(1,1,0).

3.4 Intuitionistic fuzzy soft coefficient of variation

Definition 3.6. If (F, A) be an IFSS over U, then («, 5)-cut level of intuitionistic fuzzy soft
coefficient of variation is denoted by («, 5)IFSCV(F, A) and it is defined as

ﬁ | o((e, B)(F, A) ||
o, B)IFSCV(F, A} = 7 % 100
(0 ( {maX{HaFAHZ,{HﬁFA\|2}}

Theorem 3.6. Let (F, A) be an IFSS over U, then (av, 3) IFSCV (G, A) = {ZUleB)BA) ﬂs‘D} X

max{61,02}
— —
100, where 91 :H ’l/)l ||2 +2<wz,(a,5)Ff4>+ H (OC,B)FA HQ, wl = (OéhOéQ,Oég,...,Oéi,....),
¢2:(Bhﬁz,ﬂg,...,ﬁi,....)al’ldi:1,2.

Proof. In proof of Theorem 3.1, we found that
(0, 8)G = (ar+(@ B Fi (1), i+, B) F? B)F} (e ot B)FF
«, A= Oél—i-(Oé, ) 1 (6]1)7 1—|—<Oz, ) 1 (ekl))7 <a2+(a7 ) 2 <€J2>> 2—0—(0(, ) 2 (ek2))7
- (aj + (o, B)F}(e5,), B + (a, B)F7 (ex,)), - - - ) (say), where j;, kj € I.
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— — —
Then, aGs = (aq + (o, B)Fl(ej,), an + (o, B)Fy(ej,), ... a5 + (oz,ﬁ)F-l(ejj),...) and
— P —_ —_—

ﬁGA: (ﬁl—i_(&?B) (€k1>752 (aaﬁ)F22<ek2)7"'7ﬁj+<a75)Fj2(ekj>7"')

So. easily aGix = v + (a, /)F} and SG = v + (0, 9)F}.

Thus, 01 = oG = | v+ (0, B)FL P =1 wn [P 420, (. HFD+ || (o, 8L |P%
since (1, (o, 9)FY) = {(a 5)FL, ). . . .

Similarly, 0> =|| BG4 | = || o+ (o, B)F2 | = || s |2 +2(ths, (0, B)FZ)+ || (a, B)F2

since (s, (@, B)F2) = (e, B)F2, 1),
Again, from theorem 3.1, we have o ((«, ) (F, Ah) =o((«, B)(GF, A)). Thus, proved. [

Theorem 3.7. Let (F, A) be an IFSS over U, then
—
(a, B)IFSCV (G, A)p, = h x (o, B)IFSCV(Gp, A).

Example 3.9. Let us consider Example 3.7., where ¢((0.3,0.1)(Gr, A)) = (0, ==). So,

50
0.3,0.1)IFSCV(Gp, A) = ——=.
(08.0)IFSCV(Gr 4) = 2

In our example 1 = 0.9, thus OIONGEA] _ (2 5 (B 2)) (25 (& 1)} and
0.97 0.9 0.9’ 09 0.97 0.9 0.9 0.9
0.3,0.1)G = (&, &), (&, 7). Hencea((OBO )(G A)og) = (0, =1

09°09) (0.9 09
Now, we have (0.3,0.1)IFSCV (G, A)oo = 0.9 X

13\f
Remark 3.1 Scaling of an («, /3)-cut generated IFSS may not generate distinct («, 5)-cut gener-
ated IFSS.

The above remark can be understood from the following example.

Example 3.10. Let us consider Example 3.7, where (G, A)301) = {(e1, {(x1,0.3,0), (2,
0.3,0.1)}), (e2, {{x1,0.3,0), (x2,0.3,0.1) }) }. Here, h = 0.9.
It can be checked that (G, A)(o 5.01) = {(e1, {(21,0.3,0), (xo, 0.3,0.1)}), (€2, {{x1,0.3,0),

(22,0.3,0.1)})}.

3.5 Intuitionistic fuzzy soft covariance with («, 5)-cut

Definition 3.7. (i) Let us consider a universe U with the set of attributes E. Let (F, A) and
(G, B) be IFSSs, where A,B C E,| A|=n > B |=m. Weextend BtoC = BU
{fnsts fma2, - - fu} such that G} (f3.)(x;) = 0 and G?(fy)(z;) = OVk € {m+1,m+2,...,n}.
Then, the (a 6) cut level intuitionistic fuzzy soft covariance of (F, A) and (G, B) is denoted by
(a ﬁ)IFSCOV((F—AS (?733‘ 4>(5)) and it is defined as (v, 3)IESCov(( ﬂ G, B)ajsip)) =
G ATALIP 1A P+ LA [Ph 2 AL P+ ([ A% [P+ + [] AL [P}) . where
Aj = (min{@Ff(ej),OfGi(fj)},min{aF%(ej),OzG%(fj)L TR min{aﬂl(ej)ﬂG%(fj)}, )
A = (min{BFT (e;), BGI(f;)}, min{ BF5(e;), BG5(f;)}, - .., min{BF}(e;), BGF(f;)}, ... ) and
e; €A feCieAjel
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The attributes f,, 11, fma2, - - -» fo With G} (fi)(z;) = 0 and G3(fy.)(x;) = 0VEk € {m+1,m+
2,...,n}, i € Aare called intuitionistic fuzzy soft statistical dummy attributes for B relative to A.

(ii) Let us consider a universe U with the set of attributes E. Let (£, A) and (G, B) be two
IFSSs, where A, B C E,|A| = n = |B|. Then, («, 5)-cut level intuitionistic fuzzy soft covari-
ance of (F, A) and (G, B) is denoted by («, 5)IFSCov((F, A;, (G, B)|aj=|p|) and it is defined as
(0, AIFSCov((F, A%, (G, Blyaicis) = (2 {1l Ay [P + 11 g [P - || A, [P} 2 (1] & |1
FAAL P o || A P, where A, = (minf{aF} (e;), aGL(f)}, min{aFy (e;), aGL(f,)},
ce 7min{an’1<€j)7 anl(fJ)}v T >’ A; = (min{BFE(ej)a BG%(fJ)L min{ﬂFg(ej)a 5G%(fj>}7 R
min{BF?(e;), BG3(f;)},...)ande; € A, f, € B,i € A, j € L.

The above definition can be redefined if A = B. In this case e¢; = f; Vj € I.

Definition 3.8. (i) Let us consider a universe U with the set of attributes E. Let (F, A) and
(G, B) be two IFSSs, where A,B C E,| A|=n >| B |=m. Weextend Bto C = BU
{fms1, fma2ys - -+, fn} suchthat G}(fi)(z;) = 0and GZ(f3)(z;) = 0VEk € {m+1,m+2,...,n}.
Then, (F, A) and (G, B) are said to be €, g)-approximation independent intuitionistic fuzzy soft
sets if A; =0, A’ = 0, where 0 = (0,0,...,0,...),e; € A,and f; € C,i € A, Vj € L.

(ii) Let us consider a universe U with the set of attributes . Let (F, A) and (G, B) be
two IFSSs, where A, B C E,| A |=n =| B |. Then, (F,A) and (G, B) are said to be
€(a,8)-approximation independent intuitionistic fuzzy soft sets if A; = 0, A; = 0 where 0 =
(0,0,...,0,...),e;€ A,and f; € C,i € A, Vj € 1.

Theorem 3.6. (i) Let us consider a universe U with the set of attributes £. Let (F, A) and (G, B)
be two IFSSs, where A, B C E,| A |=n >| B | =m. Then, (a, 8)IFSCov((F, A}, (G, B A>(B])
=(0,0)& (F, A) and (G, B) are €(, g)-approximation independent intuitionistic fuzzy soft sets.
(ii) Let us consider a universe U with the set of attributes E. Let (£, A) and (G, B) be two
two IFSSs, where A, B C E,| A |=n =| B |. Then, (a,B)IFSCOV((FjS, (G, B)ja=B) =
(0,0) & (F, A) and (G, B) are €(, g)-approximation independent intuitionistic fuzzy soft sets.

Proof. () (a, B)TFSCov((F, A, (G, B is8)) = (0,0)

S GUNAP+ A [P+ [ An [PHL G {ITAVIP + AL P+ + (AL P =
(0,0)

S| A |P=0and || A} [P=0Vj e[

& |[Ajl[=0and || A} [|=0Vj el

& Aj=(0,0,...,0,...)and A’ = (0,0,...,0,...)Vj €

& Aj=0and A, =0Vj € 1

& (F, A) and (G, B) are €(,, g)-approximation independent intuitionistic fuzzy soft sets. Il
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4 Intuitionistic fuzzy soft attribute correlation coefficient
and utility based (o, 5)-cut

Definition 4.1. Let (F, A) be an IFSS with at least two attributes e;, e € A, then the intu-

itionistic fuzzy soft attribute correlation coefficient of («, 8)F(e;) and (a, B)F(eQ; is denoted

by IFSACC((«, 5)F(e1), (o, ) F(e2)) and it is defined as IFSACC((«, B) F(e1), (o, B)F(e2)) =
> A >

,L‘/

€A €A where A, — F F A = F
Credieren resereg” Ve min {aFier), aFi(e)}, min{f3Fi(e1),

BE(e)} [[aF (e = \ (aF (e}, aF(e)) = /= (aFi(e;)2. llaF (]| # 0. llaF(es)]| # 0
and [|BF (e} 1| = v (BF(e;), BF(es)) = /= (BF(en)) 11BF (el # 0, [18F (e2)]| # 0. Tt any

of PGl llaP(ea) . I1SFGn. 1197 (el s O, then IFSACC((a,mF(el (@, B)F(ea)) is
not possible. In this case, we shall use notation “(co, 00)”, no matter what is A; or A’.

Example 4.1. Consider an IFSS (F, A), where (F, A) = {(ey, {(21,0.4,0.5), (x4,0.7,0.2) }),
(e2, {(21,0.3,0.4), (2,0.5,0.2) })}, then IFSACC((0.4,0.3) F'(e1), (0.4,0.3) F'(e2)) = (5, 75)-

From this onward, if a, b, ¢,d € R, and (a,b) < (¢, d), then we mean that a < cand b < d.

Theorem 4.1. If (F, A) be any IFSS with at least two attributes e, e; € A over a universe U,
then (0,0)) < IFSACC((«, B)F'(e1), (o, B)F(e2)) < (1,1).

Proof. We know,

ZA Zmln{aF (e1),aF;(e9)} < Z aFi(er).aF;(es))

€A

IEA [ISVAN
< (aF;(eq)) 1/ aF (€2))? = ||aF( 61i|| [laF( 62;“
iI€EA
Ai ’L
A < 1. Similarly, we can show that IEA <1
IBF (e1)]].||BF (e2)|

o,
llaF (e1)]].[|aF (e2)]| —

Thus, IFSACC((«, 8)F(e1), (o, B)F(e2)) < (1,1).

; s o
|| F > 0, thus del
(eu)ll-flaF (o)l P (o) | loF (ea]] =

Again, _Z
1EA
> A

Similarly, icA > 0. Hence, proved. O
IBF (ex)]|-IBF (e2)]|

Theorem 4.2. Let (F, A) be any IFSS with at least two attributes ej,e; € A, then
IFSACC((«, B)F (e1), (o, B) F(e2)) = IFSACC((av, B) F (e2), (o, B) F(eq ))

Proof. Proof can be obtained from Definition 4.1. O

Theorem 4.3. If F'(e;), G(ey) and H (e;) are three IFSs of three IFSSs (F, A), (G, A) and (H, A),
over U such that F'(e;) C G(e;) € H(ey) and e; € A. Then;
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(i) IFSACC((«, B)F'(e1), (a, B)]ﬁ) < IFSACC((a, B)F(e1), (o, B)G(eq))
(ii) IESACC (o, B) F(er), (o, B) H (e1)) < TESACC((ar, 8)Gex ), (o, B)H (er)

(iii) IRSACC(a, 8) F(er), (o, $)G(ex)) < TESACC((av, ) H (e1), (o, B)G(en)),

if [|aF (o] laH (e} — [[aGle)|I? < 0 and |8G ()2 — |BF ()|l ||8H (@] < O

Proof. (i) Let IFSACC((«, B)F'(e1), (o, B)H (eq ))

> Z1 > /1
_ icA iea 0 |)
(IIaF(615|| llaH (e1)|| [1BF (en)|]-[1BH (e1)]]

where A;'= min {aFi(e;),aH;(e1)} = aFj(er), Al'= min {BF;(e1), BHi(e1)} = BH;(er),

!MFEW#OH@HQM#O\WFQW#OHM¥QW#O

Again, we consider IFSACC((«, 5)F(e1), (o, B)G(e1))

> 2 > 12
_ iea " 7 iea 0 ’>7
<||04F(615||-||QG(615|| 1BF (e1)[[.16G (el
where A= min {aFi(e;),aGi(er)} = aFy(ey), A*= min {8F;(e1), 8Gi(e1)} = BGs(er),

laF(es)ll # 0. llaGle]| # 0. [18F(er) | # 0. | 3G (e # 0.

> Ail > Ai2
NOW, 1EA _ iEA
laF (e)|].[|aH (el |loF(er)]].]|aGle)]]
> Ail > Ail
— i€EA _ i€EA
laF (e [|aH (|| ||laF(ed)]|]laG(e)]]
PN 1 1
= _i€a { — } <0,since G(ey) C H(ey), then ||O./G(61;|| < ||CMH(€1;||.
I FEI 0 H (6] (oG er)]]
Z Ail Z AiQ
Thus, iEA S iEA
laF (e [JaH (||~ [[aF(e)]].]|aG(e)|]

Now, it is to be noted that A;l = 0or1V: € A. Thus, squaring of A;l does not alter the sum
and so on for other cases.

2 Al X A2
Again, iea ¢t _ ieA ¢t )
1B (el)|IIBH ()] [I1BF (ex)]|.][BG (ed)|
1 2 A N

ieA U ieA U

T 1BEEl 1IBH N 18 e
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= (A7) Z(Ary

1 iEA 1 _ ieA ? :
1BF(ex)]] [|BH(ex)]| |1BG(en)]]

R L1 He)|P _|IBGE)?
BRI

= AlBH (el - 118G ()]} < 0
HBF(&;II

2 A2

zeA Z ieA !

~—. Hence, proved.

!\5F(615II\|BH(615H 1BF (en)|I-lIBGe)]

Similarly, we can prove remaining parts.

Now, we state the following theorem without discussing the proof.

\

Theorem 4.4. IFSACC((av, 8)F(e1), (o, B)F(e2)) = (1,1) < aF(ey)
BF(es)

5

This paper introduces foundational concepts of intuitionistic fuzzy soft statistics along with cor-
relation coefficient on intuitionistic fuzzy soft set. Here, we try to connect two crucial areas of
contemporary science viz. uncertainty mathematics and statistics with one of the most appli-
cable areas of economics viz. utility theory.
new statistical idea open the possibilities of applications in computer science, quantum comput-
ing, mathematical psychology, mathematical sociology, human trafficking, illegal immigration,
human-computer interactions etc., where attributes play crucial roles. However, this new statis-

tical area must be developed systematically to have broader applications for the betterment of

Conclusion

human race.
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