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1 Introduction

In Group Decision Making (GDM) a set of experts
in a given field is involved in a decision process
concerning the selection of the best alternative(s)
among a set of predefined ones. An evaluation
of the alternatives is performed independently by
each decision maker: the experts express their
evaluations on the basis of some decision scheme,
which can be either implicitly assumed or explic-
itly specified in the form of a set of predefined
criteria [11]. In both cases, the aim is to obtain
an evaluation (performance judgement or rating)
of the alternatives by each expert. In the case in
which a set of predefined criteria is specified, a
performance judgement is expressed by each ex-
pert for each criterion; this kind of decision prob-
lem is called multi-person multi-criteria decision
making [11]: its aim is to compute a consensual
judgement and a consensus degree for a major-
ity of the experts on each alternative. As the
main actors in a multi-person multi-criteria deci-
sion making activity are individuals with their in-
herent subjectivity, it often happens that perfor-
mance judgements cannot be precisely assessed;
the imprecision may arise from the nature of the
characteristics of the alternatives, which can be
either unquantifiable or unavailable; it may be
also derive from the inability of the experts to
formulate a precise evaluation [8, 9, 18]. To take
into account this imprecision some fuzzy models
of GDM have been proposed which relieve experts
from quantifying qualitative concepts by directly
managing performance judgements expressed lin-
guistically [5, 6, 9, 10].

An important phase of a group decision process

is the definition of a collective evaluation for each
alternative: the main problem is to aggregate
the experts’ performance judgements to obtain an
overall rating for each alternative. A consequent
problem is to compare the experts’ judgements to
verify the consensus among them. In the case of
unanimous consensus, the evaluation process ends
with the selection of the best alternative(s). As
in real situation humans rarely come to an unani-
mous agreement, in the literature some fuzzy ap-
proaches to evaluate a “soft” degree of consensus
have been proposed [5, 12].

In this work, an intuitionistic fuzzy interpretation
of multi-person multi-criteria decision making is
proposed. Each expert is asked to evaluate at
least a subset of the alternatives in terms of its
performance with respect to each predefined cri-
terion: the experts evaluations are expressed as
a pair of numeric values, interpreted in the intu-
itionistic fuzzy framework: these numbers express
a “positive” and a “negative” evaluation, respec-
tively. Each expert is also assigned a pair of val-
ues, which express the expert’s reliability (confi-
dence in her/his evaluation with respect to each
criterion). Distinct reliability values are associ-
ated with distinct criteria. The proposed formu-
lation is based on the assumption of alternatives’
independency.

In a previous paper on a fuzzy intuitionistic in-
terpretation of multi expert multi criteria deci-
sion making , we assumed that the criteria that
experts use are linearly ordered [4] In this paper
we propose a procedure that gives the experts
the possibility to use particular orders, i.e., or-
ders represented by oriented graphs.



The following basic notation is adopted in the pa-
per:
E = {E1, E2, ..., Em} is the set of the experts in-
volved in the decision process;
A = {A1, A2, ..., Ap} is the set of the considered
alternatives;
C = {C1, C2, ..., Cq} is the set of the criteria used
for evaluating the alternatives.

Using the apparatus of the Intuitionistic Fuzzy
Sets (IFSs, [2]) we shall present a possible con-
struction of an aggregated evaluation. The possi-
bility for using of elements of intuitionistic fuzzi-
ness in decision making was first discussed in
[7, 13, 14, 15, 16, 17]. In these approaches the
order of the criteria is linear. The idea for a non-
linear order was introduced in [1] for a first time.
In this paper we formally discuss it in detail for a
first time.On the other hand, of course, it includes
the standard order as a partial case. It is based
on the concept of an intuitionistic fuzzy graph [2].
The paper is structured as follows: in section 2
some basic definitions of intuitionistic fuzzy sets
are given and in section 3 the proposed method
of multi-person multi-criteria decision making is
described.

2 Some basic definitions

In this section we introduce some basic defini-
tions, related to the Intuitionistic Fuzzy Sets
(IFSs), Intuitionistic Fuzzy Relations (IFRs), and
Index Matrices (IMs).

2.1. Let a set E be fixed. An IFS A in E is an
object of the following form:

A = {〈x, µA(x), νA(x)〉|x ∈ E},

where the functions µA : E → [0, 1] and νA : E →
[0, 1] determine the degree of membership and the
degree of non-membership of the element x ∈ E,
respectively, and for every x ∈ E:

0 ≤ µA(x) + νA(x) ≤ 1.

2.2. Let I be a fixed set of indices and R be the
set of real numbers. By IM with index sets K and

L (K,L ⊂ I) we will mean the object (see [3]):

[K,L, {aki,lj}] ≡

l1 l2 . . . ln
k1 ak1,l1 ak1,l2 . . . ak1,ln

k2 ak2,l1 ak2,l2 . . . ak2,ln
...
km akm,l1 akm,l2 . . . akm,ln

where K = {k1, k2, ..., km}, L = {l1, l2, ..., ln}, for
1 ≤ i ≤ m, and for 1 ≤ j ≤ n : aki,lj ∈ R.
Given two IMs A = [K,L, {aki,lj}] and B =
[P,Q, {bpr,qs}] the usual matrix operations “ad-
dition” and “multiplication” are defined.

2.3. Below we will consider applications of IFSs,
IFRs and IMs to graph theory. Let the oriented
graph G = (V,A) be given, where V is a set of
vertices and A is a set of arcs. Every graph arc
connects two graph vertices.

Following [2] the concept of an Intuitionistic
Fuzzy Graph (IFG) will be introduced.

Let E1 and E2 be two sets; let x ∈ E1 and
y ∈ E2 and let operation × denote the standard
Cartesian product operation. Let the operation
o ∈ {×1,×2, . . . ,×5}.

The set

G∗ = {〈〈x, y〉, µG(x, y), νG(x, y)〉 〈x, y〉 ∈ E1×E2}

is called an o-IFG (or briefly, an IFG) if the func-
tions µG : E1 × E2 → [0, 1] and νG : E1 × E2 →
[0, 1] define the degree of membership and the de-
gree of non-membership, respectively, of the ele-
ment 〈x, y〉 ∈ E1 × E2 to the set G ⊂ E1 × E2.

These functions have the forms of the correspond-
ing components of the o-Cartesian product over
IFSs, and for all 〈x, y〉 ∈ E1 × E2 :

0 ≤ µG(x, y) + νG(x, y) ≤ 1.

For simplicity, below we will write G instead of
G∗.

It can be easily seen (see [2]) that G can be mod-
ified to the following form:

G = [VI ∪ V , V ∪ VO, {ai,j}],

where VI , VO and V are respectively the sets of
the graph input, output and internal vertices. At



least one arc leaves every vertex of the first type,
but none enters; at least one arc enters each vertex
of the second type but none leaves it; every vertex
of the third type has at least one arc ending in it
and at least one arc starting from it.

Operations “∪”, “∩” and “.” over IFGs are the
same as the operations over IMs.

3 About the experts who order
alternatives

Let there be m experts: E1, E2, . . . , Em, p alter-
natives for expert estimation A1, A2, . . . , Ap and
q estimation criteria C1, C2, . . . , Cq. Let each ex-
pert has her/his own (current) reliability score
〈δi, εi〉 ∈ [0, 1]2 and her/his own (current) number
of participations in expert investigations γi (these
two values correspond to her/his last estimation).
Expert’s reliabiliy scores can be interpreted, e.g.,
as 

δi =

q∑
j=1

δi,j

q

εi =

q∑
j=1

εi,j

q

,

where 〈δi,j , εi,j〉 are elements of the IM

T =

C1 C2 . . . Cq
E1

〈δi,j , εi,j〉
E2

(1 ≤ i ≤ m,
...

1 ≤ j ≤ q)
Em

and 〈δi,j , εi,j〉 is the rating of the i-th expert with
respect to the j-th criterion (we assume that i-th
expert’s knowledge reliability may differ over dif-
ferent criteria; the case when the expert is equally
good a specialist with respect to the different cri-
teria is a special one).

To illustrate a possible computation of an expert’s
reliability score we give an example: a sport’s ex-
pert gave 10 prognoses for the end of 10 football
matches. In 5 of the cases he pointed the win-
ner, in 3 of the cases he failed and in the rest two

cases he did not engage with final opinion about
the result. That is why we determine his reliabil-
ity score as 〈0.5, 0.3〉.

Each expert is allowed to indicate which criteria
he/she will use in the evaluation. To this aim
each expert orders the criteria (or a part of them,
if he/she thinks that some of them are not nec-
essary), on the vertices of a graph. The highest
vertices of this graph will correspond to the most
relevant criteria according to the expert. The sec-
ond top-down vertices interpret the criteria that
are weaker than the first ones. There are no arcs
between vertices which are incomparable due to
some criterion. Therefore, each of the experts not
only orders the criteria that he/she will use (it
is possible, omitting some of them), but his/her
order is not a linear one. As a result, we will ob-
tain m different graphs. Now, we shall transform
these graphs into an IFGs, labelling each arc of
the i-th expert’s graph with a pair of values, cor-
responding to his/her expert’s reliability score.

By using the operation ∪ over the IFGs (see sec-
tion 2.3), we obtain a new IFG. Let us note it by
G. It represents all expert opinions about how to
order the criteria. Now, its arcs have intuition-
istic fuzzy weights being the disjunctions of the
weights, of the same arcs in the separate IFGs.
Of course, the new graph may not be well or-
dered, while the expert graphs are well ordered.
Now, we reconfigure the IFG G as follows. If
there is a cycle between two vertices V1 and V2,
i.e., there are vertices U1, U2, ..., Uu and vertices
W1,W2, ...,Ww, such that V1, U1, U2, ..., Uu, V2

and V2,W1,W2, ...,Ww, V1 are simple paths in the
graph, then we calculate the weights of both paths
as conjunctions of the weights of the arcs which
take part in the respective paths. The path that
has smallest weight must be cut in two, removing
its arc with smallest weight. If both arcs have
equal weights, these arcs will be removed. There-
fore, the new graph is already cycle-free. Now,
we can determine the priorities (weights) of the
vertices of the IFG, i.e., the priorities of the crite-
ria. Let them be ϕ1, ϕ2, ..., ϕq. For example, they
can have values s−1

t for the vertices from the s-th
level bottom-top of the IFG with t + 1 levels for
t ≥ 1. We shall use these values below.

This procedure will be used in a next authors’ re-



search, but with other form of the algorithm for
decision making using the so constructed IFGs
more actively. Here we use the above construc-
tion only to propose the experts’ possibility to
work with non-linearly ordered criteria and ob-
tain priorities of these criteria.

Having in mind that the i-th expert can use only
a part of the criteria and can estimate only a part
of the alternatives, we can construct the IM of
her/his estimations in the form

Si =

Al1 Al2 . . . Alpi
Ci1

〈αiij ,lkβ
i
ij ,lk
〉

Ci2
(1 ≤ ij ≤ qi ≤ q,

...
1 ≤ lk ≤ pi ≤ p)

Ciqi

where: αiij ,k, β
i
ij ,k
∈ [0, 1], αiij ,k + βiij ,k ≤ 1 and

〈αij,k, βij,k〉 is the i-th expert estimation for the k-
th alternative about the j-th criterion; Ci1 , ..., Ciqi
and Al1 , ..., Alpi are only those of the criteria and
alternatives which the i-th expert prefers. Let us
assume that in cases when pair 〈αij,k, βij,k〉 does
not exist, we will work with pair 〈0, 1〉.

Now, we can construct an IM containing the ag-
gregated estimations with the form

S =

A1 A2 . . . Ap
C1

〈αj,kβj,k〉
C2

(1 ≤ j ≤ q,
...

1 ≤ k ≤ p)
Cq

where αj,k and βj,k can be calculated by different
formulae. Some examples of such formulae are
the following:

αj,k =

m∑
i=1

δi.α
i
j,k

m

βj,k =

m∑
i=1

εi.β
i
j,k

m

(here only the average degrees of expert reliability
participate),

αj,k =

m∑
i=1

δi,j .α
i
j,k

m

βj,k =

m∑
i=1

εi,j .β
i
j,k

m

(here estimated by the corresponding criteria,
only the experts’ degrees of reliability partici-
pate), (here there participate only the experts’
degrees of reliability estimated by the correspond-
ing criteria), 

αj,k =

m∑
i=1

αij,k

m

βj,k =

m∑
i=1

β
i
j,k

m

,

where αij,k and β
i
j,k can be calculated by various

formulae, according to the particular goals and
the expert’s knowledge. For example, such for-
mulae can be:

αij,k = γi.
αij,k.δi,j + βij,k.εi,j

γi + 1

β
i
j,k = γi.

αij,k.εi,j + βij,k.δi,j
γi + 1

or 
αij,k = αij,k.

δi,j + 1− εi,j
2

β
i
j,k = βij,k.

εi,j + 1− δi,j
2

.

The first formula takes into account not only
the rating of each expert by the different crite-
ria, but also the number of times he has made
a prognosis (his first time is neglected, for the
lack of former experience). Obviously, the so con-
structed elements of the IM satisfy the inequality:
αj,k + βj,k ≤ 1. This IM contains the average ex-
perts’ estimations taking into account the experts’
ratings. As we noted above, each of the criteria
Cj(1 ≤ j ≤ q) has itself a priority, denoted by



ϕj ∈ [0, 1]. For every alternative Ak we can de-
termine the global estimation 〈αk, βk〉, where

αk =

q∑
j=1

ϕj .αj,k

q

βk =

q∑
j=1

ϕj .βj,k

q

.

Let alternatives (processes) have the following
(objective) values about the different criteria after
the end of the expert estimations:

A1 A2 . . . Ap
C1

〈aj,kbj,k〉
C2

(1 ≤ j ≤ q,
...

1 ≤ k ≤ p)
Cq

where: aj,k, bj,k ∈ [0, 1] and aj,k + bj,k ≤ 1. Then
the expert’s new rating, 〈δi, εi〉, and new number
of participations in expert investigations, γ′i will
be:

γ′i = γi + 1,

and 
δ′i =

γi.δi + cM − ci
2

γ′i
,

ε′i =
γi.εi − cM − ci

2
γ′i

,

,

where:

ci =

q∑
j=1

p∑
k=1

((αj,k − aj,k)2 + (βj,k − bj,k)2)1/2

p.q
,

and

cM =

n∑
i=1

ci

n
.

Other formulae for the expert’s rating are also
possible and will be discussed in a next research.

4 Conclusion

In this paper an intuitionistic fuzzy model of a
multi person multi criteria decision making activ-
ity has been proposed. The proposed approach
uses two main kind of information: the experts’
reliability scores (objective data), and their al-
ternatives’ evaluations (subjective data), and de-
rives an “objective” estimation about the current
event. The proposed model can be for exam-
ple successfully used in decision areas involving
evaluations of the public opinion about currently
flowing processes and tendencies in the society, or
evaluating the ratings of the politicians, the media
and other similar phenomena. For instance, when
we are evaluating analogous programs in compet-
ing televisions, we dispose of a fixed set of crite-
ria, among which we take the most relevant (in
our opinion). These criteria might be grouped in
different categories - related to the program it-
self, or to the media, or to the variety of themes
the program covers. If there exists some casual
relation between two of the chosen parameters in
our evaluation, it seems natural to grade them
from top to bottom in the graph representation
of the problem. If both factors are independent
but equal in weight, their place is next to on the
same hierarchy level in the graph. In a future re-
search we shall discuss a possible generalisation
of this model to the case when criteria are not
linearly ordered.
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