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1 Introduction

The idea of fuzzy sets introduced by L. A. Zadeh [20] is an approach to mathematical repre-
sentation of vagueness in everyday curriculum. In 1971, A. Rosenfeld [19] initiated the study
of applying the notion of fuzzy sets in group theory. Later, K. T. Atanassov [1] in 1983 intro-
duced the notion of intuitionistic fuzzy sets, which is a generalization of fuzzy sets. In 1984 K.
T. Atanassov and S. Stoeva [2] introduced intuitionistic L-fuzzy sets which is a generalization of
L-fuzzy sets. The foundation laid by K. T. Atanassov, by introducing intuitionistic fuzzy sets,
has tremendously inspired researchers of the boarder frame work of fuzzy setting, which further
flourished fuzzy mathematics. The idea of intuitionistic fuzzy subgroup initiated by R. Biswas in
[7] illustrates the application of intuitionistic fuzzy sets in group theory. Likewise in [6] Baner-
jee and Basnet introduced Intuitionstic fuzzy subrings and ideals. H. Bustince and P. Burillo
[8] introduced the concept of intuitionistic fuzzy relations on a set and studied some properties.
In [12, 13, 14, 15] Kul Hur and his colleagues investigated intuitionistic fuzzy equivalence re-
lation on a set and intuitionistic fuzzy congruence on a groupoid (semigroup or lattice). Many
researchers have applied the notion of intuitionistic fuzzy sets to the fields of Sociometry, Medical
diagnosis, Decision Making, Logic Programming, Artificial Intelligence etc [9, 11, 16, 21].



In this paper we generalize the work of earlier authors in the framework of intuitionistic
L-fuzzy sets. We discuss some properties of intuitionistic L-fuzzy equivalence relation on a ring.
Further we introduce intuitionistic L-fuzzy transitive closure of an intuitionistic L-fuzzy relation.
An intuitionistic L-fuzzy congruence relation on a ring is defined and we prove some results on
these. Finally, we establish that the intuitionistic L-fuzzy congruence on a ring forms a modular
lattice.

2 Preliminaries

In this section, we recall some basic concepts of intuitionistic L-fuzzy sets and intuitionistic
L-fuzzy relation [4, 5, 17, 18]. We introduce intuitionistic L-fuzzy equivalence relation on a ring
and state their elementary properties. In this paper, L denotes a complete distributive lattice with
maximal element 1 and minimal element 0O, respectively. Let R denote a commutative ring with
binary operation denoted by “+” and “-”.

Definition 1 ([2]). Let (L, <) be the lattice with an involutive order reversing operation N : L —
L. Let X be a non-empty set. An intuitionistic L-fuzzy set (ILFS) A in X is defined as,

A= {(z, pa(z), va(z))|r € X}

where 14 : X — L define the membership and v4 : X — L define the non-membership function
of every x € X satisfying pa(z) < N(va(zx)).

Definition 2 ([2]). Let A = {(z,pa(x),va(z))|x € X}, B = {{z,up(z),vp(z))|r € X} be
two intuitionistic L-fuzzy sets of X. Then we define

(i) AC Biffforall v € X, pa(x) < up(x) and va(z) > v(x)
(i) A= Biffforallz € X, ua(z) = pp(z) and va(x) = vp(x)
(iii) AU B = {{z, (ua V p5)(x), (va Avp)(x))/z € X}
(iv) AN B = {(z, (ua A pp)(2), (va Vvp)(2))/2 € X}.
Definition 3 ([2]). Let {A;}ic; be an arbitrary family of ILFSs in X where
Ai = {{z, pa,(2), va,(2)) /x € X}, i€l
Then
(i) NA; = {(z, Nicrpia (z), Vierva, (2)) /z € X}
(ii) UA; = {(z, Vierpa, (), Nierva,(z)) /z € X}

Definition 4. Let A = {((z,y), pa(z,y),va(x,y))/(x,y) € R X R} be an ILFS over R x R.
Then A is called an intuitionistic L-fuzzy relation on R (ILFR (R)) if for all (z,y) € R X R,
pa(z,y) < N(va(z,y)), where N : L — L, pua: Rx R— Landvy : R X R — L.



Definition 5. Let A € ILFR(R). Then the inverse of A denoted by A™! is defined as follows: for
x,y €R
A7 (z,y) = Ay, ).

Definition 6. [3] Let A = {{(x,y), pa(z,y), va(z,y))/(x,y) € R x R}
and B = {{(z,v), us(x,y),vs(x,y))/(z,y) € R x R} be ILFR (R). Then the composition
Ao Bof Aand B is defined as follows: for z,y € R

AoB= {<<x7y)>:quB('r7y>7VAOB(x7y)>/<x7y) € RXx R}

where 405 (2, y) = Vaer(palz, 2) A up(z,v))

and VAOB(xay) = /\ZER(VA(*Ta Z) vV VB(/Z:Z/))'

Definition 7. Let A = {{(z,y), pa(z,y),va(x,y))/(z,y) € R x R} be an ILFR (R). Then A is
called an intuitionistic L-fuzzy equivalence relation on R (ILFER (R)) if it satisfies the following
conditions:

(1) intuitionistic L-fuzzy reflexive
ie. pa(z,x) =1, va(x,z) =0forallz € R

(i1) intuitionistic L-fuzzy symmetric
ie. pa(z,y) = paly,z) and va(z,y) = va(y,z) forallz,y € R
ie. A=A

(i11) intuitionistic L-fuzzy transitive

e, p1a(2,9) = Voer(ua(, 2) A pa(z ) and va(e,y) < Aser(va(e, =) V va(z,y))
ie. Ao AC A.

The following results are immediate.
Proposition 1. Letr Py, P>, )1, Q2 € ILFR (R). Then
(l) (P10P2)OP3:P10(P20P3).

(ii) If P, € Py and Q1 C Qg then Py o Q1 C P, o (Qo. In particular if Q1 C Q9 then
PioQi C PoQs.

(iii) (P7Y)™' = Py
(iv) (PLUPR) =P tUP
Proposition 2. Let P;, 1 € ILFR (R). If Q1 o P, = P, o Q1 then
(QioPr)o(QroPr)=(QioQ1)o(Prol).
Proposition 3. Let P,Q € ILFR (R). Then
(i) If P, Q) are intuitionistic L-fuzzy symmetric then P U () is intuitionistic L-fuzzy symmetric.
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(ii) If P C Q then P71 C QL.
(iii) If P,Q € ILFER (R) then PN Q, P o P € ILFER (R).
Proposition 4. If P is an ILFER (R) then P o P = P.
Definition 8. Let A = {((z,y), ua(x,y), va(z,y))/(z,y) € R x R} and

V= {((x,y),,uv(x?y),l/v(x,y)>/(x,y) € R x R}

be two ILFR (R) such that for (z,y) € R X R,
@)
1, z=vy

palz,y) = {07 ety

and

(i) pv (z,y) = 1,
Vv(l', y) =0.
Then A,V € ILFER (R).

Proposition 5. Let
Ai = {{(z, ), pa,(x, ), va,(x,9))/(x,y) € R X Ri € I}
be an ILFER (R). Then
A= {{(z,y), pa(z,y),va(z,y))/(2x,y) € R x R}is an ILFER (R)

where ,uA(x7y) = /\iGI,UAi(xvy)a VA(xay) = \/iEIVAz‘(xvy)'

Remark. If A, B € ILFER (R) then AU B need not be ILFER (R).

Proposition 6. Let

P ={{(z,y), pp(z,y), ve(z,y))/(z,y) € R x R}

and
Q = {{(z,9), no(z,y), vo(z,y))/(x,y) € R x R}

be intuitionistic L-fuzzy reflexive. Then, P o () is intuitionistic L-fuzzy reflexive.

Proposition 7. Let P,() € ILFER (R). If Qo P = P o Q, then P o Q) is an ILFER (R).

3 Lattice of intuitionistic L-fuzzy equivalence relations

We define an ILFER generated by an intuitionistic L-fuzzy relation and the intuitionistic L-fuzzy
transitive closure of an intuitionistic L-fuzzy relation. Here we study some elementary properties
of intuitionistic L-fuzzy equivalence relation (ILFER) and we prove that it forms a complete
lattice.
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Definition 9. Let P = {{(z,y), up(x,y),vp(z,y))/(x,y) € R x R} be an ILFR (R). Let
{P.}aer be the family of ILFER (R) containing P. Then NP, containing P is called the ILFER
(R) generated by P and denoted by P°. It is the smallest ILFER (R) containing P.

The following definition is based on a result of S. Kumar De, R. Biswas and A. R. Roy [10].

Definition 10. Let P = {{(z,y), pup(z,y),vp(z,y))/(x,y) € R x R} be an ILFR (R). Then the
intuitionistic L-fuzzy transitive closure of P denoted by P is defined as follows:

P> = UnENPn
where P* = Po Po---0o P, in which P occurs n times. Here

P> = {<(Z‘, y)?MPOQ (Iv y)? Vp°°<x7y)>/(x7y) € R x R}
where fip (2, y) = Vienpyn (2, y) and vps (2, y) = Apentpn (2, y).
The following results are straightforward.

Proposition 8. Let P = {{(z,y), pp(z,y),vp(z,y))/(x,y) € R x R} be an ILFR (R). Then,
P is the smallest intuitionistic L-fuzzy transitive relation containing P.

Proposition 9. Let P = {{(x,y), up(x,y),vp(x,y))/(z,y) € Rx R} be an intuitionistic L-fuzzy
symmetric on R. Then,

P> = {<(x,y),,upoo(x,y),Vpoo(x,y)>/(x,y) € R x R}

is an intuitionistic L-fuzzy symmetric on R.

Proposition 10. Let P = {{(z,y), up(x,y),vp(z,y))/(z,y) € R x R}
and Q = {{(z,v), no(x,y), vo(z,v))/(z,y) € R x R} be the ILFR (R). Then
(i) If P C @ then P> C QQ*°.
(ii) f PoQ = Qo Pand P,Q € ILFER (R) then (P o Q)® = P o Q.
Theorem 1. If P = {((z,y), up(z,y),vp(z,y))/(z,y) € R x R} is an ILFR (R) then P¢ =
[PU P UA]™.
Proof. LetQ = [P U P~ U A]*®. Clearly, P C @ and Q is intuitionistic L-fuzzy transitive. Let
x € R. Then
1= MA('Tax) < :UQ(:E’x)
and
0=vrva(z,2) > vg(x,x).
Thus, pg(x, ) = 1 and vg(z, ) = 0. Hence, () is intuitionistic L-fuzzy reflexive.
Also PUPT'UA = [PUP'UA]!. Hence, Q = [PU P71 UA]> is intuitionistic L-fuzzy
symmetric. Therefore, () € ILFER (R).
Let S € ILFER (R) such that P C S. Then, A C Sand P~* C S. Hence PUP'UA C S.
ie. [PUPTUA]"C 8" = Sforn > 1. Hence, Q C S.
Therefore, () is the smallest ILFER (R) containing P. Hence,

Q=P =[PUuPtuA]™.
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The following results are straightforward.

Proposition 11. Let

P = {((x,y),,up(:v,y),yp(x,y)>/(a¢,y) € R x R}

and
Q = {{(z,y), no(x,y), vo(z,y))/(x,y) € R x R}
be ILFER (R). Define PV Q = (P U Q)™ = Unen(P U Q)" Then, PV Q € ILFER (R).

Proposition 12. Let

P = {((a},y),up(x,y),Vp(x,y)>/(x,y) € RXx R}
and

Q = {{(z,9), no(z,y), vo(z,y))/(x,y) € R x R}
be ILFER (R). If P o Q € ILFER (R) then (P o Q)® = P o Q.

The join of two ILFER (R) can also be given as follows.

Theorem 2. Let
P = {((:U,y),,up(a:,y),yp(:t,y)>|(a:,y) € Rx R}

and
Q= {<($,y),/LQ(Z',y),VQ(m,y»‘(l',y) € RXx R}

be ILFER (R).
If Po @ € ILFER (R) then Po (Q = PV Q, where P\ Q is the least upper bound for { P,Q}
with respect to inclusion.

Proof. Letx,y € R. Then
1PoQ (2, y) = Vaer(pr(@, 2) A pg(z,y))

> pup(x,y) A gy, y)
= up(z,y)

and
VPOQ(x7y) = /\zER(VP(xu Z) vV VQ(Zay>)

< wp(z,y) Vvg(y,y)
= vp(z,y).

Hence, P C P o ). Similarly @ C P o ). Hence, P o () is an upper bound for { P, Q} with
respect to ‘C’.
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Let S € ILFER (R) such that S O Pand S O Q. Let z,y € R. Then,

HPoQ(xv y) = vzeR(ﬂP(‘% Z) A :uQ(za y))
S vzeR(”S(x> Z) A MS(Za y))
= Hsos(Z,Y)
= /As(.f,il/)
and
vpo@(2,y) = Neer(vp(, 2) V vo(2,v))
> Neer(vs(z,2) Vvs(2,y))

= VsOs(x ) y)

= vg(z,y).

Thus, P o ) C S. Hence P o @ is the least upper bound for { P, Q}. Consequently, P o () =
PV Q. ]

Proposition 13. Let

P = {((x,y),up(x,y),Vp(x,y)>/(x,y) € R X R}

and

Q = {{(z,y), uo(z,y), vo(z,y))/(x,y) € R x R}
be ILFER (R). Then, PN Q = (P o Q).

Proof. Clearly for P, () € ILFER (R)

PVQ=(PUQ)=[PUQUPUQ)UA]®
= [PUQ]™.

Also, P C PU (@, Q € P U (@ and therefore
PoQC(PUQ)o(PUR)=PUQ.

Hence, (PoQ)* C (PUQ)>® =PV Q.
Since P, € ILFER (R), P C Po @ and Q C P o Q which implies that

PUQ CPoqQ.

Therefore,
(PUQ)™® C (PoQ)™

which implies that
PvQC (Po@)™.

Hence,

PVQ=(Po@Q)”
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The set of ILFER (R) is a poset with respect to “C”. Define two operations V, A on ILFER
(R) as follows: for P, € ILFER (R), PAQ =PNQand PVQ = (PUQ)*=(PoQ)>

Theorem 3. The set (ILFER (R), V, \) forms a complete lattice with least element A and greatest
element V.

4 Intuitionistic L-fuzzy congruences

In this section, we define an intuitionistic L-fuzzy congruence on a ring and study its properties.

Definition 11. Let P = {{(z,y), up(z,y),vp(z,y))/(z,y) € R x R} be an ILFER (R). Then
(i) P is called an intuitionistic L-fuzzy left congruence on R,
(ILFLC (R))if, for all a, b, c,d,x € R

pp(a+eatd) > pp(cd)
vp(a+c,a+d) <vp(cd)
pp(xa,rb) > pp(a,b)
vp(za,xb) < vp(a,b)

(ii) P is called an intuitionistic L-fuzzy right congruence on R, (ILFRC (R)) if, for all a, b, ¢, d,
r € R,

pp(a+c,b+c) > pp(a,b)
vp(a+c,b+c) <vp(a,b)
pp(ax,br) > pp(a,b)
vp(az,bx) < vp(a,b)

(iii) P is called an intuitionistic L-fuzzy congruence on R, (ILFC (R))if, forall a, b, c,d, z,y € R

pp(a+c,b+d) > pp(a,b) A pp(c,d)
vp(a+c,b+d) <wvp(a,b) Vup(cd)
(

) b)
pp(az,by) > pp(a,b) A pp(z,y)
vp(az,by) < vp(a,b) Vvp(z,y)

Clearly A,V € ILFC (R).

The following proposition is immediate.

Proposition 14. Let P = {{(z,y), pp(x,y),vp(z,y))/(z,y) € R x R} be an ILFER (R). Then
Pisan ILFC (R), if and only if P is ILFLC (R) and ILFRC (R).

Proposition 15. Let
P ={{(z,y), up(x,y),vr(z,y))/(z,y) € R x R}

and

Q = {{(z,y), ne(w,y), vo(z,y))/(x,y) € R x R}
be ILFC (R). If Po Q = Q o P then P o Q is an ILFC (R).
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Proof. Clearly P o () € ILFER (R). Leta,b,c,d € R. Then for each 2,y € R

ppog(a+c,a+d) = Viep(pupla+c,z) A ug(z,a+ d))
> ppla+c,z+y) Apg(z+y,a+d)
> [up(a,z) A pp(e,y)] Aoz, a) A pg(y, d)]
= [ur(a,z) A pg(z,a)]l Alup(c,y) A pg(y, ).
Hence pipog(a+c,a+d) > (Vierlpur(a,z) A pg(z, a)l)
A (Vyerlur(e,y) A pgy, d)])
= ptpoq(a, a) A ppog(c, d)
= ppoq(c, d).

Leta,b,c,d € R. Then foreachy,z € R
vpog(a+c,a+d) = Nep(vp(a+c,2) Vig(z,a+d))
<vpla+c,z+y)Vig(z+y,a+d)

< [vp(a,2) Vue(ey)l V [vo(z,a) V vg(y, d)]
= [vpla, 2) Vg(z, a)l V [ve(e, y) V vg(y, d)).

Hence

vpog(a + c,a+d) < (Aserlvp(a, z) V vg(z,a)])
V (Agerlrp(e, ) V va(y )
= Upog(a,a) V vpsg(c,d)
= vpog(c, d).

Leta,x,y € R. Then
tpog(azr, ay) = V.erlpup(az, 2) A pg(z, ay)]

> up(ax,at) A pg(at, ay)
> pip(, 1) A pg(t,y)

foreacht € R.
Hence

prog(az,ay) > Vier(up(x,t) A pio(t, y))
= /’LPOQCC’ y)

Leta,x,y € R. Then

VPOQ(G':E7 ay) = /\ZER[VP(CML Z) N VQ(Z7 ay)]
<vwvp(ax,at) V vg(at, ay)
< vp(a, 1) Vgt y)
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for each t € R. Hence
vpog(ax, ay) < Nerlvp(x,t) V vg(t,y)]
= Upog(2,y).

Hence P o @ is ILFLC (R). Similarly, P o @ is ILFRC (R) and therefore P o (@ is an ILFC
(R). O

The set of all ILFC (R) is a partially ordered set by the inclusion relation “C”. For P, €
ILFC (R), P N Q is the greatest lower bound of P and ) and P N ) € ILFC (R). But P U Q)
need not be an ILFC (R).

Proposition 16. Let

P = {<(I,y),up($,y),I/P(I,y>>/($,y) € R % R}

and
Q = {{(z,y), no(z,y), vo(x,y))/(z,y) € R x R}
be ILFC (R). Then PN Q € ILFC (R).

Proof. Clearly PN () € ILFER (R). Let a,b,c,d € R. Then
pprgla+b,c+d) = ppla+b,c+d) A pgla+b,c+d)

> /LP(CL, C) N /’LP(b7 d) A MQ(OH C) A ;U/Q(b7 d)
= pprg(a, c) A pipag(b, d)

and
vpvg(a+b,c+d) =vpla+bc+d)Vigla+b,c+d)
<wp(a,c)Vup(b,d)Vigla,c)Vug(bd)
= VPVQ(CL, C) \ I/p\/Q<b, d)

For x,y,a,b € R
npaqlaz, by) = pplaz,by) A pg(az, by)

> MP(aa b) A MP(x7 y) A MQ(av b) N IUQ(.Z’7 y)
= pra@(a,b) A pippg(z,y)

and
vpvglaz,by) = vp(ax,by) V vg(azx, by)
<wp(a,b) Vup(z,y)Vigla,b)Vuig(e,y)
= vpvq(a,b) V vpyo(T,y).
Hence P N @ € ILFC (R). O
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5 Lattice of intuitionistic L-fuzzy congruence

In this section, the lattice structure of intuitionistic L-fuzzy congruence on a ring is studied. We
prove that the intuitionistic L-fuzzy congruence on a ring forms a complete modular lattice.
The following lemma is straightforward.

Lemma 1. Let
P = {<(xay),MP($7y)aVP(%?J»/(I:y) € R X R}

and

Q = {{(z,9), no(x, ), vo(x,y))/(,y) € R x R}
be ILFC (R). Define PV QQ = (P U Q)™ = U,en(PUQ)™ Then, PV Q € ILFC (R).

On the set of ILFC (R), we define the following binary operations V and A as follows.
For P, () € ILFC (R),

Pv@Q=(PUQ)=(Po@)and PANQ =PNQ.
Then the following result is immediate.

Theorem 4. The set (ILFC(R), A\, V) is a complete lattice with A as the least element and V as
the greatest element.

Proposition 17. Let
P ={{(z,y), pp(z,y),ve(z,y))/(2,y) € R X R}

and

Q= {{(z,9), no(z,y), vo(z,y))/(x,y) € R x R}
be ILFC (R). Then, PoQ = Qo P.

Proof. Letx,y € R. Then

1ro(7,y) = Vierlpp(z, 2) A pg(2,y)]
= Veer|(up(y,y) A pp(—z,—2) A pp(, 2))
Aoz, y) A po(=2,—2) A pg(z, 7))
SVeerlpp(Y =2+ 2,y — 2+ 2) Apg(z — 2+ 2,y — 2+ 1))
= Veerlug(@,y —z+x) App(y — 2+ ,y)]
= HQop (T, Y)
and
vpo(7,y) = Nzerlve(z,2) V vo(z,y)]
= Nserl(vp(y,y) Vvp(—2,—2) V vp(7,2))
V (o(z,y) V(=2 —2) Vig(z, r))]
> Neerlvp(Yy— 242,y —2+2)V(vglz -2+ 2,y — 2+ 1))
= Nserlvg(z,y — 2+ ) Vup(y — 2+ 2,9)]
= Vgor(Z,Y).
Hence Po(Q C Qo P.AlsoQQo P C Po().Hence Po() =@ o P. 0
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Theorem 5. Let
P = {((x,y),pp(x,y),Vp(x,y)>/(:c,y) € R x R}

and
Q= {{(z,9), no(z,y), vo(z,y))/(x,y) € R x R}
be an ILFC (R), then Po Q) = PV Q.

The proof is direct from previous results.

Definition 12. A lattice (L, <, A, V) is said to be modular if for any
xr,y,z € Land z < z, then

(xVy)ANz=zV(yA=).

For z,y,z € L if x < z then
zV(yAz) < (zVy Az

This inequality is called the modular inequality.
Theorem 6. The lattice ILFC (R) is modular.

Proof. Let P,(Q, N € ILFC (R) such that P C N. Then by modular inequality
PV(QAN)C(PVQ)AN
holds. Then for z,y € R,

/LPV(Q/\N)(x> y) = KPo(QNN) (35, y)

= Vaer[pr(z,2) A po(z,y ,
(z,9) A p (2, 2) A p (2, )]
= Vaer[pp(z,2) A pg(z,y) A pn (@, 2) A pv(, y)]
> Vierlpp(z,2) A ug(z,y) A pp(z, 2) A un(z,y)]
(z,y

and VPV(Q/\N)(Ivy) = VPO(QON)(I7y)

= Nserlvp(z,2) V vgun(z,y)]

= Neerlvp(z,2) Vvg(z,y) V vn(z,y)]

= Nserlvp(z,2) Vvo(2,y) V vnon (2, 1))

< Aserlvp(z,2) Vvg(z,y) Vn(z,2) Vy(z,y)
= Neerlvp(@,2) Vvo(z,y) Vun(z, 2) V un(z,y)]
< Aserlvp(z,2) Vvg(z,y) Vp(x,2) Vy(z,y))
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= /\ZER[VP(‘TWZ) \% VQ(Z7y)] \% VN(x’y)
= V(POQ)HN(:E7y)

= V(PVQ)/\N('ra y)'

Hence PV (Q AN) D (PV Q) A N.Hence ILFC (R) is a modular lattice. O
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