NIFS 1 (1995) 1-4

ON THE INTUITIONISTIC FUZZY LOGIC OPERATIONS

2
George Gargov and Krassimir Atanassov

t - Linguistic Modelling Laboratory - CICT, Sofia, Bulgaria
current address:
Shrewsbury Green Drive 40, apt. F, Shrewsbury, MA 01545, USA

2- Central Lab. on Biomedical Engineering - Bulg. Academy of Sci.
Acad. G. Bonchev str., Bl. 105, Sofia-1113

anad
Math., Research Lab., P.0O.Box 12, Sofia-1113, BULGARIA
e-mail: Krat@bgcict.bitnet

Some operations of the Intuitionistic Fuzzy Logic (IFL) are in-
troduced in {1,2] and their basic properties are studied. Vhile
operations "1" (negation), "&" (conjunction) and "x" (disjunction}
are defined in one form, the operation "H" has ten ones. Here, we
shall introduce other variants of the binary (i.e., without the
unary coperation 1%} operations and shall show some of their pro-
perties.

Following {1}, we shall note that to each proposition (in the
classical sense] we can assign its truth value: truth - denoted by
1, or falsity - C. In the case of fuzzy logics this truth value is
a real number in the interval {0, 11 and can be called "truth de-
gree" of a particular proposition. In [1] we added one more va-
lue - "falsity degree" - which will be in the interval [0, 1) as
well, Thus one assigns to the proposition p two real numbers p(p)
and 7{(p) with the fcllowing constraint to hold:

pip) + v(p) < 1.

Let this assignment be provided by an evaluation function V de-

fined over a set of propesitions S in such a way that:
Vip) = <p(p), 7(P)>.

Hence the function V: S --> [0, 1] x [C, 1] gives the truth and
falsity degrees of all propositions in S.

We assume that the evaluation function V assigns to the logi-
cal truth T: V{(T} = <1, 0>, and to F: V(F} - <0, 1>,

The evaluation of the negation p of the proposition p is defi-
ned through:

Viip) = <r(p), p(P)>.

when the values Vip) and V(q) of the propositions p and q are
Known, the evaluation function V can be extended alsc for the ope-
rations "8&", "x" through the definition
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Vip & g) = <min(p(p), ¥ilq)). max(vy(p), vi(g})>,
Vip ¥ q) = <max(p(p), p(q)), min(r{(p), 7(q))>.
Here we shall 1introduce the following other variant of these
two operations:
Vip & q) = <p(p) + plg) - p(pP).p(q), 7(P}.7{(q)>,
Vip ¥ q) = <p(p).plqg}, 7(P) ¢+ 7(q) - 7(p). 7(q}>.
Below we shall show their basic properties,
Depending on the way of defining the operation "H", the follo-
wing ten different variants of IFPC are described in {1,2}:

1) V(p D q)

<t - (1 - pla)).sglp(p) - plg))., 7(q}).sg(p(pP) -
Hig)).sglv(q} - v(p})>,

where:

"1, it x > O
sg(x} = i

0, if x ¢ 0 '

2) Vip D q}) = <max(v{p)}, p(qa}), min{p(p}, v(q)}>;

3} Vip o q) = <max(i - p(p), 7(q)), min(p(p), 1 - 7v(q))>
4) V(p D q) =.<1lp) + pip).plq), p(P).7(q)>

5) V(p D q) = <min(1, 7v(p)+pl(q)), mpx(0, 1-7(p)-pl(q))>

<T(P)., p(P)> . 1f plq) s 1(qQ)
apiq), 1(9)> , 1 p(p) 2 1(P)
<mpx (7(P), ¥{q)), min(p(p), 7(q)>, otherwise

6) Vip D q}

<i, O> v if p(p) ¢ pig) & *(p) 2 7{q)
7) Vip > q} = <pl{g), 71(p)> « if p(p) > pig) & v(p) 2 7{q)
<p(p), r(q}> v 1 p(p) < plg) & r(pP) < T(q)
<q, 1> v if p(p) > piqg) & v(p) < 7(qg)
r{p). p(q)
8) V(p D gq) = < .
7(P}. piq)+(21-7{(pP}). ¢(1-plq})
pip). 7v(q)
pP). v{qy+(31-pip}). (1-7(q))
v(p). p(q)
9} Vip D q) = < '
(1-p(p)). (1-v(q))+(2-7(P)}. (1-p(qQ))
p(p). v{q)

(1-7(p)). (1-pa))+(1-p(P)). ($-7(q})

A IATILY B (P} +7(q)
2-(p(p)+7(q)) 2-(7(P)+p(q))

10) vV(p D q) =
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To this list of definitions we can add also:

2 - pip) - r(q) p(p) + 7(q)
11} V{(p O q} < > ' . >4

T(P} ¢+ plg) p(P) + 7(q) 5.

2 2
<Tip) + pig} - v(P).plq), piP).7(9)>.

12} vV(p > q)

13) V(p D q)

1K

Let
IVip) = V{Ip),
V(p) » V(q) = V(P & q),
Vip} v V(q) = V{(p ¥ q},
Vip) = V(q) = V(p D q}.
Following [11}, a3 given propositicnal form A (c.f. [3]: each

proposition is a propositional form;, if A is a propositional form
then 1A 1is a propositional form; if A and B are propositional
forms, then A & B, A ¥x B, A 3 B are propositional forms} will be
called a tautology if V(A) - <i, O>, for all valuation functions V
and an intuitionistic fuzzy tautology (IFT), if plA} 2 7(A}.
For the first forms of "&", "¥* and "o* it is proved in {1}
that if A, B and C are arbitrary propositional forms, then:
(a) DA,
(Db} D (B D A},
{c) & B D A,
(a) & B O B,
(e} D (A x B),
(£} 2 (A x B},
(g) D (BD (A & B},
th) (A D3C) DO ((B OC} 3 (tA » B} O C}},
(i} 11A D A,
(J}) (AD (BDOC)) 2 ((ADB) O (ADC))
are tautologies anad for the first forms of "&" and "x" and of the

> o> > > > >

second form of "DO" (a)-{(Jj) and
(K} (HA D B} 3 ({(13A D B} D A)

and IFTs., Therefore, in the last case we can assert that IFL with
the last forms of the operations is a model of the axioms of the
propositional calculus, while for the first forms of ithese opera-
tions it follows that IFL is not such model (because of definition
of "O"}.

Analogically it can be shown that not one of the implications
with numbers 3, 4, ..., 12 can be a basis of a model of the propo-

sitional calculus axioms. For example, 7-th, 8-th,..., 12-th im-



plicvations do not satisfy axiom (b). Therefore, the unigue impli-
cation which satisfies all above axioms is the second implication
(see [1]}). For it and for the second forms of operations "&" and
"¥* 1is valid that (c} - (£}, but (g} and {h) are not valid. For
example, 1if V(A) = V(B) = <C.4, 0.5>, then
VIA O (B DO (A & B)}) = «<C.4, 0. 5>,
i.e., in this model the axiom A 3 (B DO (A & B}) 1is not an IFT
{anad therefore it is not a tautoclogy, too).

On the other hand, in [1,2} it is shown that for the implicati-
ons which numbers 1, 6, 7, 8, 9 and 1 the HModus Ponens (MP) is
validg, while for the implications with numbers 2, 3, 4 and &% -
not. In similar way we can show that +the last fact is valid for
implications with numbers 11 and 13, while the implication 12 sa-
tisfies the MNP,

It should Dbe noted that the definitions of the operation *>"
with numbers 6, 7,..., 10 have the focllowing drawbacks: they are
what is usually called "external®" operations (unlike conjunction,
negation, etc.} and their evaluation requires exact comparison of
real numbers - they are not continuous; on the other hand they se-
em to be not very functional - in the sense that in logical calcu-

l1ations they are very cumbersome.
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