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INTUITIONISTIC FUZZY IDEALS IN SEMIRINGS

YouNG BAE JuN, HEE Sik KiMm AND DALL SUN YOON

ABSTRACT. The purpose of this paper is to introduce the notions of intuitionistic
fuzzy ideals of a semiring and equivalence relations on the family of all intuitionistic
fuzzy ideals of a semiring and investigate some related properties.

1. INTRODUCTION

Following the introduction of fuzzy sets by L. A. Zadeh ([17]), the fuzzy set
theory developed by Zadeh himself and others can be found in mathematics and
many applied areas. In 1982, W. Liu ([10]) defined and studied fuzzy subrings
as well as fuzzy ideals in rings. Subsequently, T. K. Mukherjee and M. K. Sen
([12]), K. L. N. Swamy and U. M. Swamy ([14]), and Zhang Yue ([16]) fuzzified
certain standard concepts/results on rings and ideals. The concept of semirings
was introduced by H. S. Vandiver in 1935 and has since then been studied by
many authors (e.g., [1,2,5,10]). The present two authors with J. Neggers ([7])
extended the concept of an L-fuzzy (characteristic) left (resp. right) ideal of a
ring to a semiring R, and showed that each level left (resp. right) ideal of L-
fuzzy left (resp. right) ideal p of R is characteristic iff p is L-fuzzy characteristic.
Moreover, they discussed the notion of normal L-fuzzy ideals in semirings ([8]),
and obtained some properties of L-fuzzy ideals related to level ideals in semirings
([13]). The intuitionistic fuzzy set was introduced by K. T. Atanassove ([3]), as
a generalization of fuzzy sets. It was applied to other areas: near-rings ([15]),
incline algebras ([6]). In this paper, we apply the concepts of intuitionistic fuzzy
sets to ideals of semirings and introduce the notions of intuitionistic fuzzy ideals of
a semiring and equivalence relations on the family of all intuitionistic fuzzy ideals
of a semiring and investigate some related properties.
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2. PRELIMINARIES

By a semiring ([2]) we shall mean a set R endowed with two associative binary
operations called addition and multiplication (denoted by + and -, respectively)
satisfying the following conditions:

(i) addition is a commutative operation,
(ii) there exists 0 € R such that z + 0 = 2 and 20 = Ox = 0 for each x € R,
(iii) multiplication distributes over addition both from the left and from the
right.

Now, we review the concepts of fuzzy sets and intuitionistic fuzzy sets (see [3,
4, 17]). Let X be a non-empty set. A map u: X — [0,1] is called a fuzzy set in
X, and the complement of a fuzzy set p in X, denoted by i, is the fuzzy set in X
given by fi(z) =1 — p(x) for all z € X.

Let X and Y be two non-empty sets and f : X — Y be a function, and let
and v be any fuzzy sets in X and Y respectively. The image of i under f, denoted
by f(u), is a fuzzy set in Y defined by

zef~1(y)
0 otherwise,

sup pu(x) if fH(y) #0,
fWMDI{

for each y € Y. The preimage of v under f, denoted by f~1(v), is a fuzzy set in
X defined by (f~1(v))(z) = v(f(z)) for each x € X.

An intuitionistic fuzzy set (briefly, IFS) A in a non-empty set X is an object
having the form

A={(z,pa(z),ya(x)) | © € X}

where the functions pua : X — [0,1] and v4 : X — [0,1] denote the degree
of membership and the degree of non-membership, respectively, satisfying the
following condition:

0<pa(@)+yalz) <1

for all x € X.

An intuitionistic fuzzy set A = {(x, pa(z),va(x)) | x € X} in X can be iden-
tified with an ordered pair (ua,v4) in I x IX. For the sake of simplicity, we
shall use the symbol A = (ua,v4) for the IFS A = {(z, pa(x),va(z)) | x € X}.
Clearly, every fuzzy set p in X is an IFS of the form (u, 7).

Definition 2.1. Let A = (ua,v4) and B = (up,yp) be intuitionistic fuzzy sets
in X. Then

ACBiff pa(z) < pup(z) and ya(x) > vp(x) for all z € X,

= (f)/AmuA)?
NB= (,U'A /\MBa’YA \/’YB)7
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(5) AUB = (uaV pp, 74 AVB),
(6) DA = (pa,1ta),
(7) OA= (7a,74)-

Let X and Y be two non-empty sets and f : X — Y be a function. If B =
(uB,vyB) is an intuitionistic fuzzy set in Y, then the preimage of B under f,
denoted by f~(B), is an IFS in X defined by f~%(B) = (f*(un), f~(v)). If
A = (na,7v4) is an intuitionistic fuzzy set in X, then the image of A under f,
denoted by f(A), is an IFS in Y defined by

f(A) = (F(pa), f-(va)),

where
inf ya(z) if [l (y) #0,
f(ya)y) = ='W

1 otherwise,

for each y € Y.

Definition 2.2. A fuzzy set u(e F(R)) is called a fuzzy left (resp.right) ideal of
R if for all z,y,r € R,

(F1) plz+y) = p@) A uy),

(F2) p(rz) = p(x) (resp. p(ar) = p(x)).

A fuzzy set u is a fuzzy ideal of R if and only if it is both fuzzy left and right
ideal of R. It follows from the definition of the semiring that if p is an L-fuzzy left
(resp. right) ideal of R, then u(0) > p(x) for all x € X. As the idea of a semiring
is a generalization of the idea of a ring, the notion of fuzzy left (resp. right) ideal
of a semiring is also a generalization of the notion of L-fuzzy left (resp. right) ideal
in rings. Hence, every fuzzy left (resp. right) ideal of a ring is a fuzzy left (resp.
right) ideal of a semiring. But the converse need not at all be true. (See [7]).

3. INTUITIONISTIC FUZZY IDEALS OF SEMIRINGS

Definition 3.1. An IFS A = (ua,va) of R is called an intuitionistic fuzzy sub-
semiring of R if for all x,y € R,

(IF1) pa(z +y) > pa(x) Apaly) and ya(z +y) < valx) Vya(y),
(IF2) pa(zy) > pa(z) A pa(y) and ya(zy) < va(z) vV ya(y).

Definition 3.2. An IFS A = (ua,7v4) of R is called an intuitionistic fuzzy ideal
of R if A satisfies (IF1) and for all z,y,r € R,

(IFR1) jia(re) > pa() and va(rz) < ya(@),
(IFR2) jua(ar) > paz) and va(er) < valo).

If A= (pa,va) satifies (IF1) and (IFR1), then A is called an intuitionistic fuzzy
left ideal of R, and if A = (pa,7v4) satifies (IF1) and (IFR2), then A is called an
intuitionistic fuzzy right ideal of R.
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Example 3.3. Let R := {a, b, ¢,d} be a set with two binary operations as follows:

+] abecd -] abecd
a abecd a aa a a
b b bec d b a bbb
C ccecd C abbb
d dddec d a bbb

Then (R, +,-) is a semiring ([7]). We define an IFS A = (ua,v4) by

pa(e) =1, pa(6) = = pale) = 5, uald) = 0.
1a(a) = 0,74(6) = 5,7a(6) = 5,74(d) = 1

Then A is an intuitionistic fuzzy ideal of R.

Lemma 3.4. If an IFS A = (na,va) in R satisfies (IF1), then ua(0) > pa(x)
and y4(0) < ~vya(zx) for allz € R. O

Lemma 3.5. Fvery intuitionistic fuzzy ideal in R is an intuitionistic fuzzy sub-
semiring of R.

Proof. 1t follows immediately from the Definitions 3.1 and 3.2. [

Theorem 3.6. If A = (ua,va) and B = (up,vB) are intuitionistic fuzzy ideals
(subsemirings) of R, then so is AN B.

Proof. For any x,y € R, we have that

(ma Ap)(w+y) = pa(z+y) Aus(r+y)
> (pa(x) Aps(x)) A (raly) A ps(y))
= (ua A pB)(x) A (ra A ps)(y),

(vaVs) (@ +y) =valz +y) Vys(z +y)
< (ya(z) Vas(@)) vV (valy) V()
= (vaVye)()V (va Ve)(Y),
and if z,r € R, then we have that

(ha App)(ar) = pa(zr) App(ar) > pa(x) A pp(x) = (pa A pp)(z),
<7

A
(va Vs)(ar) = ya(zr) Vys(ar) <ya(z) Vys(z) = (va Vys)(2).

Similarly, we get (1a App)(ra) = (pa App)(x) and (ya Vyp)(re) < (vaVas)(z)
for all x,» € R. Hence AN B is an intuitionistic fuzzy ideal of R. We can prove
for intuitionistic fuzzy subsemirings, and omit the proof. [J
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Lemma 3.7. Let A = (pa,va) be an IFS in R. Then A = (ua,va) is an
intuitionistic fuzzy ideal (resp. subsemiring) if and only if pa and ya are fuzzy
ideals (resp. subsemirings) of R.

Proof. Tt follows from the definitions. [

Theorem 3.8. Let A = (ua,va) be an IFS in R. Then A = (ua,7v4) is an
intuitionistic fuzzy ideal (resp. subsemiring) in R if and only if OA = (ua,7a)
and OA = (Ya,v4) are intuitionistic fuzzy ideals (resp. subsemirings) in R.

Proof. If A = (1a,7v4) is an intuitionistic fuzzy ideal in R, then pus = s and 74
are fuzzy ideals of R from Lemma 3.7, hence A = (ua,7ia) and OA = (¥a,74)
are intuitionistic fuzzy ideals of R from Lemma 3.7. Conversely, if A = (ua, i)
and OA = (7a,74) are intuitionistic fuzzy ideals in R, then the fuzzy sets p4 and
Fa are fuzzy ideals in R, hence A = (ua,7v4) is an intuitionistic fuzzy ideal in
R. O

Theorem 3.10. Let R and S be two semirings and f : R — S an onto homomor-
phism. If an IFS A = (a,v4) is an intuitionistic fuzzy ideal (resp. subsemiring)
in R, then the image f(A) = (f(pa), f-(v4)) of A under f is an intuitionistic
fuzzy ideal (resp. subsemiring) in S.

Proof. If f : R — S is an onto homomorphism and A = (u4,y4) is an intuitionistic
fuzzy ideal (resp. subsemiring) in R, then {x e R|z € f~'(y1 +y2)} D {z1 +
x2 |1 € fT(y1) a2 € fTHye)} and {2 € R | 2 € f7l(sy)} 2 {ra | r €
fH(s), € f~H(y)}, for any y1,y2, 5,4 € S, hence f(ua)(y1 +y2) = f(pa)(ys) A

F(pa)(y2); F-(va)(ys +y2) < f(va)(y1) V f(74)(y2) and f(pa)(sy) > f(pa)(y),
f-(va)(sy) < f(va)(y) for all y1,y2,s,y € S. We can prove (IFR2) similarly.
Hence f(A) = (f(pa), f-(y4)) is an intuitionistic fuzzy ideal in S. O

Theorem 3.10. Let R and S be two semirings and f: R — S a homomorphism.
If an IFS B = (up,vB) is an intuitionistic fuzzy ideal (resp. subsemiring) in S,
then the preimage f~Y(A) = (f~(ug), f~1(v4)) of B under f is an intuitionistic
fuzzy ideal (resp. subsemiring) in R.

Proof. 1t follows immediately from the definitions. [J
4. AN EQUIVALENCE RELATION ON INTUITIONISTIC FUZZY SUBSEMIRING

For any a € [0,1] and fuzzy set u in a non-empty set X, the set U(u;a) =
{z € R| u(x) > a} is called an upper a-level cut of u and the set L(p; o) = {z €
R | u(x) < a} is called a lower a-level cut of p.
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Theorem 4.1. Let A = (ua,v4) be an IFS in R. Then A = (pa,va) is an
intuitionistic fuzzy ideal (resp. subsemiring) if and only if U(ua; ) and L(va; 3)
are ideals (resp. subsemirings) of R for any o € [0,114(0)] and B € [y4(0),1].

Proof. Let A = (ua,7v4) be an intuitionistic fuzzy ideal in R and « € [0, ua(0)].
If 2,y € U(pas ), then pa(r) > a and pa(y) > a, hence pa(z +y) > pa(z) A
pa(y) > a. It follows that z +y € U(pa; ). If r € R and © € U(pa;a), then
wa(x) > «, whence we have that pa(rz) > pa(r) > a and pa(zr) > pa(x) > «,
hence rz,zr € U(pa;a). That is, RU(pa;a) C U(pas;a) and U(pa; )R C
U(pa; ). We can prove similarly for L(va;3). Conversely, let z,y € R and let
a=pa(@)ANpa(y). Then z,y € U(pa;a), and x4y € U(pa; ), since U(pa; ) is
an ideal of R. Hence pa(x +y) > a = pa(x) Apaly). f x,r € R and a = pa(z),
then x € U(pa;a), and rz,xr € U(pa; ), since U(pa; ) is an ideal in R. Hence
pa(re) > a = pa(x) and pa(er) > o = pa(x). We can prove similarly for
subsemiring, and we omit the proof. [J

If H is a subsemiring (resp. ideal) of R, then the IFS H = (xm,Xxz) is an
intuitionistic fuzzy subsemiring (resp. ideal) of R from Theorem 4.1, where xp is
the characteristic function of H as follows:

1 if x€e H,
xi(@) = { 0 if otherwise,
for each = € R.
Let IFSN(R) be the family of all intuitionistic fuzzy subsemirings of R and let

a be a fixed real number in [0,1]. We define two binary relations U* and £* on
IFSN(R) as follows:

(4, B) e U* & U(pa; @) = U(pp; @),
and

(4, B) € £% & L(ya; @) = L(yB; o),
respectively, for any A = (pa,va), B = (up,vyg) € IFSN(R). Then the two
relations 4% and £% are equivalence relations on IF.SN(R). These equivalence re-
lations 4 and £~ on IF'SN(R) give rise to partitions of IF'SN(R) into the equiv-
alence classes of 1% and £, denoted by [A]ge and [A]ga for any A = (ua,v4) €
IFSN(R), respectively. And we will denote the quotient sets of IFFSN(R) by U*
and £* as IFSN(R)/{* and IFSG(R)/L%, respectively.

If SN(R) is the family of all subsemirings of R and « € [0, 1], then we define
two maps U, and L, from IFSN(R) to SN(R) U {0} as follows:
Ua(A) = Ua(pa,va) = U(pa; @),
and
Lo(A) = La(pa,va) = L(va; ),
respectively, for each A = (ua,v4) € IFSN(R). Then the maps U, and L, are
well-defined.
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Theorem 4.2. For any a € (0,1), the maps U, and L, are surjective from
IFSN(R) onto SN(R) U {0}.

Proof. Let o € (0,1). If 0 = (0, 1), then 0 is an intuitionistic fuzzy subsemiring
in R, from Theorem 4.1, and U, (0~) = L,(0~) = 0. If H is a subsemiring of R,
then for the intuitionistic fuzzy subsemiring H = (xug, X)), Ua(H) = U(xm; ) =
H and L,(H) = L(Xm;«) = H. Hence U, and L, are surjective. [

Let IFSG(R) be the family of all intuitionistic fuzzy ideals of R and SG(R)
the family of all ideals of R. Then IFSG(R) C IFSN(R) from Lemma 3.6 and
SG(R) C SN(R).

Corollary 4.3. If the maps U} and L}, are the restrictions of U, and L, to
IFSG(R), where a € (0,1), then UZ and L}, are surjective from IFSG(R) onto
SG(R) U{0}.

Proof. If H € SG(R), then for any H = (xu,Xxu) € [IFSG(R), Uy(H) = Lo(H) =
H, whence H € Im(U,) and H € Im(L,), and U, (0~.) = Ly(0~) = 0 for 0. =
(0,1) € IFSG(R). Hence SG(R) U {0} C Im(U,) and SG(R) U {0} C Im(L,).
And Im(U,) C SG(R) U {0} and Im(L,) C SG(R) U {0} from Theorem 4.1 and
the fact that 0 is in Im(U,) and Im(L,). O

Theorem 4.4. The quotient sets IFSN(R)/U* and IFSN(R)/L£% are equipotent
to SN(R)U {0} for any a € (0,1).

Proof. Let a € (0,1) and let U, : IFSN(R)/4* — SN(R) U {0} and L, :
IFSN(R)/£% — SN(R) U {0} be the maps defined by

Ua([Alye) = Ua(A) and Lq([Alex) = La(4),

respectively, for each A = (ua,va) € IFSN(R). If U(pa;a) = U(up;a) and
L(ya;a) = L(yp; ) for A = (pa,va), B = (us,v8) € IFSN(R), then (A, B) €
U and (A, B) € £%, whence [A]ye = [Blyo and [A]ga = [B]g~. Hence the maps
U, and L, are injective. To show that the maps U, and L, are surjective, let
H be a subsemiring of R. Then for H = (xu,Xu) € IFSN(R), Uy([H]ye) =
U(xm;a) = H and Ly ([H]g«) = L(Xz; ) = H. And for 0. = (0,1) € IFSN(R),
Ua([0~]ye) = U(0;@) = 0 and Ly ([0~]ge) = L(1; ) = (. Hence the maps U, and
L, are surjective. [

Corollary 4.5. Ifil‘}‘FSG(R) and E?FSG(R) are the restrictions of the equivalence

relations U™ and £, respectively, to IFSG(R) where a € (0, 1), then the quotient
sets IFSG(R) /U psg ) and IFSG(R)/Lpgqr) are equipotent to SG(R) U{0}.
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Proof. Let a € (0,1). If U : IFSG(R) /W psqry — SG(R) U {0} and Ly
IFSG(R)/£7psqry — SG(R) U {0} are the maps defined by

Us([Alug

IFSG(R)

)= UL(A) and I%([Aleg, ., ) = Li(A).

respectively, for each A = (ua,va) € IFSN(R), then U* and L% are bijective
maps. The proof is similar to the proof of Theorem 4.4, and omit the proof. [

For any « € [0, 1], we define another relation S8* on I F'SN(R) as follows:
(A4, B) € R* & U(pa;a) N L(va; ) = U(up; ) N L(vp; @)

for any A = (pa,v4),B = (up,v8) € IFSN(R). Then the relation R* is also an
equivalence relation on IFSN(R).

Theorem 4.6. For any o € (0,1), if I, : IFSN(R) — SN(R) U {0} is a map
defined by
I,(A) =Us(A) N Ly(A)

for each A = (pua,va) € IFSN(R), then the map I, is surjective.

Proof. Let a € (0,1). For 0. = (0,1) € IFSN(R), I,(0~) = Uy(0~) N Ly(0~) =
U(0;a) N L(1;0) = 0. And for any H € SN(R), there exists H = (xu,Xa) €
IFSN(R) such that I,(H) =U(xm;a) N L(Xma;a) = H. O

Corollary 4.7. If I is the restriction of 1, to IFSG(R), then I} is surjective
map from IFSG(R) to SG(R) U {0}.

Proof. If H € SG(R), then for any H = (xu,xua) € IFSG(R), I:(H) =1,(H) =
Ua(H)NLo(H) = H, hence H € Im(I7), and since I,(0~) = Uy (0)NLy(0) =0
for 0 = (0,1) € IFSG(R), 0 € Im(I}). It follows that SG(R) U {0} C Im(I}).
And Im(I%) € SG(R)U {0} from Theorem 4.1. O

Theorem 4.8. For any o € (0,1), the quotient set IFSN(R)/R™ is equipotent
to SN(R) U {0}.

Proof. Let a € (0,1) and let I, : IFSN(R)/R® — SN(R)U{0} be a map defined
by

Lo ([A]ge) = 1a(A)

I

for each [A]re € IFSG(R)/R. If I,([Alma) = I([B]xe) for any [A]ga, [Blge €
IFSG(R)/R®, then U(pa;a) N L(ya;a) = U(pup; o) N L(yp; «), hence (A, B) €
R, and [A]ge = [B]ma. It follows that I, is injective. For 0. = (0,1) €
IFSN(R), 1,(0~) = 1,(0~) = 0. If H € SN(R), then for H = (x#,X#a) €
IFSN(R), I,(H) = I,(H) = H. Hence I, is a bijective map. [J
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Corollary 4.9. If a € (0,1) and %?FSG(R) 18 the restriction of the equivalence
relation R* to IFSG(R), then IFSG(R) /R gy is equipotent to SG(R)U{0}.

Proof. Let a € (0,1). If I} : IFSG(R)/R% gy — SG(R) U {0} is the map
defined by

(A, ., ) = 12(4)

for each A = (ua,v4) € IFSN(R), then I* is bijective map from the similar way
to the proof of Theorem 4.8. [
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