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1 Introduction

The concept of fuzzy metric space was introduced initially by Kramosil and Michalek [6]. Later
on, George and Veeramani [4] give the modified notion of fuzzy metric spaces due to Kramosil
and Michalek and analyzed a Hausdorff topology of fuzzy metric spaces. In 2006, Sedghi and
Shobe [8] defined M-fuzzy metric spaces and proved a common fixed point theorem for weakly
compatible mapping in this space.
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On the other hand, the concept of intuitionistic fuzzy set was introduced by Atanassov [1] as a
generalization of fuzzy set. In 2004, Park [7] introduced the notion of intuitionistic fuzzy metric
space. In this paper, we give some new fixed point theorems in generalized intuitionistic fuzzy

metric spaces.

2 Preliminaries

Definition 2.1. The 5-tuble (X, M, N, *,0) is a generalized intuitionistic fuzzy metric space if
X is an arbitrary set, x is a continuous ¢-norm, ¢ is a continuous ¢-conorm and M, N are fuzzy
sets on X3 x [0, 1) satisfying the following conditions: for all z,y, z € X,

i) M(z,y,z2,t) + N(x,y,2,t) <1,
(ii) M(z,y,2,0) =0,
(iii) M(z,y,z,t) = 1forallt > 0iffx =y = z,
(iv) M(z,y,z2,t) = M(p{x,y, z},t), when p is the permutation function,
V) M(x,y,z,t+s) > M(z,y,a,t) « M(a, z,z,s) forall t,s > 0,
(vi) M(z,y,z,.):[0,1) — [0, 1] is left-continuous,
(vii) tlggo M(z,y,z,t) =1,
(viii) N(z,y,2,0) =1,
(ix) NM(x,y,z,t)=0forallt >0 iffx =y =z,
(x) N(z,y,z2,t) = N(p{x,y, z},t), when p is the permutation function,
(xi) N(z,y,z,t+3s) < N(z,y,a,t) oN(a,z z,s) forall t,s > 0,
(xii) N(z,y,z,.):[0,1) — [0, 1] is right-continuous,
(xiii) tlLI?ON(x, y,2,t) =0.

Remark 2.2. By (iii) and (v), it is easy to show that M (z,y, z, .) is non-decreasing and by (ix)
and (xi), it is easy to show that N (x,y, 2, .) is non-increasing for all z,y, z € X.

Remark 2.3. Every generalized fuzzy metric space (X, M, ) is a generalized intuitionistic fuzzy
metric space of the form (X, M, 1 — M, %, ¢) such that £-norm * and ¢-conorm ¢ are associated,

ie.zoy=1—((1—-2)*(1—y))forany z,y € [0, 1].

Definition 2.4. A sequence {z,} in a generalized intuitionistic fuzzy metric space (X, M, N, *,¢)
is a Cauchy sequence iff

lim M(Zp4p, Tn, Tnyt) =1 and  lim N(2p4p, T, T, t) =0
n—oo n—oo
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foreacht > 0 and p € N. A sequence {z,} in X is convergent to x € X if

lim M(z,,z,z,t)=1 and lim N(z,,x,2,t) =0

n—o0 n—oo

for each ¢ > 0. A generalized intuitionistic fuzzy metric space (X, M, N, x, ) is called
complete, if every Cauchy sequence in X is convergent. It is called compact, if every sequence
in X contains a convergent subsequence.

Lemma 2.5. Let lim z,, = x, lim y,, = y and lim z, = 2. Then, forallt > 0,
n—oo n—oo

n—0o0
lim inf M(2,, Yn, 20, t) > M(2,y, 2, 1), lim sup N (@, Yn, 2n,t) < N(x,y, 2, 1),
lim sup M(Zn, Yn, 2n,t) < M(x,y, 2,t), lim inf N (2, Yn, 20, ) > N (2,9, 2, 1)
n—00 n—00

Particularly, if M(z,y, z,.) and N (x,y, z, .) are continuous at point t, then

lim M (2, Yn, 20, t) = M(z,y,2,t) and lim N(2p, Yn, 20, t) = N (2,9, 2, 1)

n—oo n—o0

3 Main results

Definition 3.1. Let the function ¢ : [0, 00) — [0, 00) satisfy the following conditions:

(¢1): ¢(t) is strictly increasing, ¢(0) = 0 and lim ¢™(t) = oo, for all ¢ > 0, where ¢™(t)
n—oo
denotes the n-th iterative function of ¢(¢). Then ¢(t) > ¢ and ¢™(t) > ¢"*(¢) fort > 0
andn=1,2,....
(62): lim [6(t) — ] = o0.

Lemma 3.2. Let x and © be continuous t-norm and t-conorm, respectively. Then, for each
A € (0, 1), there is a sequence { )\, } in (0, 1) such that

(I=XN)*x(1=X)>1—=XNprand \po Xy, < Ap_1,mn=1,2...,
where \g = A (obviously, the sequence {\,} satisfying the condition is decreasing).

Proof. Since * is continuous at the point (1,1) and a x b < 1% 1 = 1, and since ¢ is continuous
at the point (0,0) and aob > 000 = 0 for all a,b € [0, 1], we have

sup [(1—p)*(1—p)]=1 and inf pop=0,

O<p<l O<pu<l

respectively. Thus, for each A € (0, 1), there exists A; € (0, 1) such that
(1—)\1)*(1—/\1) > 1—/\and/\1<>)\1 < A

Similarly, there exists Ay € (0,1) such that (1 — X\y) % (1 — A2) > 1 — Ajand Ay 0 Ay < Ay
Continuing this procedure, we can obtain a sequence {\,} C (0, 1) satisfying the condition. [
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Lemma 3.3. Ler (X, M, N, x,¢) be a generalized intuitionistic fuzzy metric space. Let
T : X — X be a mapping satisfying

M(Tx, Ty, Tz, t1) > M(z,y,2,t1) and N(Txz, Ty, Tz, t1) < N(z,y,z,t1),

where t1 is a fixed positive number. Then, there exists a continuity point ty of M(z,y, z,.) and
N(x,y,z,.) such that

M(Tx, Ty, Tz, ty) > M(x,y, z,to) and N (Tx, Ty, Tz, to) < N(x,y, z, to).

Proof. Since M(Tx,Ty,Tz,.) — M(z,y,z,.) is left-continuous and N(Tz,Ty,Tz,.)
—N(z,y, z,.) is right-continuous at point ¢;, there exists to > 0 such that

M(Tz, Ty, Tz,t) > M(z,y,2,t) and N (Tz, Ty, T2, t) < N(2,y, 2, 1)

for all ¢ € [to,t1]. Note that the set of discontinuous points of M(z,y, z,.) and N (x,y, z,.) is
countable atmost. Hence, there exists ty € [t2,t;] such that M(z,vy, z,.) and N (z,vy, z,.) are
continuous at £. O

Theorem 3.4. Let (X, M, N, x,¢) be a complete generalized intuitionistic fuzzy metric space.
Let'T' : X — X be a mapping satisfying the following conditions:
(i) There exists xo € X such that

lim M (g, T2, T' 7o, t) = 1, lim N (2o, T'wo, T'20,t) = 0,i=1,2,. .. (3.4.1)
—00

t—o00

(ii) There exists a mapping m : X — N such that for any x,y,z € X

M(Tm(z)l'7 Tm(a?)y’ Tm(ﬂﬁ)z7 t) > M(x, Y, 2, gb(t)) and
N(Tm(w)x’ Tm(:fc)% Tm(z)Z’ t) < N(x,y, 2, 06(t)) (3.4.2)

where the function ¢(t) satisfies the conditions (¢1) and (¢3).
Then T has a unique fixed point x* and the quasi-iterative sequence {x, = T™* Vg, |}

converges to r*.

Proof. First, we prove that

sup inf M(zg,z,2,5) =1 and inf sup N(xg,z,z,s) =0, (3.4.3)
s>0 z€07(20) 520 207 (z0)
where Or(z9) = {xo, Txo, T?xy,. ..} is called the orbit of xy for T. For any n € N with
n > m(zy), we can denote n = km(zo) + s, where 0 < s < m(zy).
Note that ¢(t) > t forall £ > 0 and tli}rglo[gb(t) —t]=1.
By (3.4.1), we have

tlim M(zo, T2, T'w0, ¢(t)) =1 and tlirn N (2o, T'wg, T g, p(t)) = 0 (3.4.4)
—00 —00
fori=1,2,...,m(xo) and

lim M (zo, Tz, T'wo, #(t) —t) =1 and lim N (zg, T g, T'z0, p(t) —t) =0  (3.4.5)
—00

t—o00
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Moreover, by Lemma 3.2, for any A € (0, 1), there is a sequence {)\,} in (0,1) such that
(I=XA)*x(1=X)>1=X,jand N\, o\, < A\p_1,m=1,2....
Thus, it follows from (3.4.4) and (3.4.5) that for a given ), there exists ¢y > 0 such that

min M(.’Eo, Ti.fCo, Til'o, ¢(t>) >1—X\, and

1<i<m(zo)

max N([Eo,T QT(),T ZEQ,¢( )) < )\k,

1<i<m(zo)
Mz, T™E) g, T™E0) g0 (1) —t) > 1 — A, and
N (2, T™@0) g0, T™E0) 320 p(E) — t) < Mg
for all ¢ > 4. So, by (3.4.2), for all ¢t > t,, we have

M (o, T"xo, T"x0, $(1)) = M (o, T F g, THF01 o0 (1))

> Mz, T™@) g, T™E@) g0 b(t) — t) * /\/l(Tm(g”0 g, THm @)+ phmzo)tsy | 1)

> M (o, T™®0) g0, T™@0) g0 h(t) — ) % M (g, TR DM@ sy plh=bm@o)ts o (t))

> > M (o, 7)o T g0 () — 1) % .. F) s M (g, T g, T™E) 20 h(t) — t)
x M(xo, T°xo, T xq, 4(t))

> (1= M) % B (1= )

> (1= N—y) #.. B (1= Nsy)

> > 1=A)x(1=X)>1— A\

N (zo, T o, T"xo, (1)) = N (20, TF™@O T35 Trmlzo)ts 0 h(t))

< N (g, T 10, T™E0) 10 (1) — t) o N (T™E0) g, TEM@0IFs g hmlzo)ts ) t)

< N (g, T g, T™@0) 10 h(t) — t) ON(xO,T(k_l)m(m) o, TRDm@o)+s 00 h(t))

<o S Nz, T gy 7M@) g0 () — 1) o ... o N (2, T™E) gy, T™®0) 120, (1) — 1)
o N (zo, Tz, T?wg, H(1))

<Aoo Ko,

<10 B,

< <Ao<

Therefore, for all t > t,

inf  M(xg,z,z,6(t)) >1—XNand sup N (xg,z,x,0(t)) <A

€07 (x0) €07 (x0)

and hence

sup inf M(zg,z,2,5) =1—Nand inf sup N(xg,z,z,8) =\

s>0 z€07(z0) 5>0 €07 (x0)

By the arbitrariness of A, we have

sup inf M(xg,z,z,s) =1and inf sup N(zg,x,x,s)=0.
>0 T€0T(0) 5>0 z€O0T(x0)
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Next, we prove that the quasi-iterative sequence {z,, = 7@z, 1>  is a Cauchy sequence.
For convenience, put m; = m(x;),i = 0,1,2.... Then, by (3.4.1), for all £ > 0, we have

M(ﬂfn, xn-&-p? fEn-i—Pa t) = M(Tmn_lxn—la Tmn+p—1+mn+p—2'“+mn—1xn_l7

Tmn+p71+mn+p72+"'+mnfl xn_17 t)

B R R N (7))

> Mg, TTtr g,y Tttt o 9%(1))
> > ./\/l(xo,Tm"+P*1+"'+m”x0,Tm”+1’*1+"'+m"xo,gb”(t))

> inf M(eo.a,2,6"(0)

> sup inf  M(xg,z,x,s),

0<s<¢n(t) T€O0T(20)

N(xn; xn+p7 aner t) = N<Tmn71xn717 Tmn+p71+mrl+p72m+mn71'Tnfl7

Tmn+p—l+mn+p—2+“‘+mn—1 xn—l , t)

IN

N (@yq, Tmtpttdmng, o Tmtrt bt mag 1L 6(t))
N('TTL727 Tmn+p71+'"+mnxn727 Tmn+p71+m+mnxn*27 ¢2 <t>)
e < N(x[]’ Tmn+p—1+“'+mnx0’ Tm"+p_1+m+m”x0, ¢n(t))

S sup N(l’o,x,l,’,gbn(t))
IEOT(Io)

IA A

A

< inf  sup N(zg,z,,5)
0<s<p™(t) €07 (z0)

Then, by condition (¢;) and (3.4.3)

lim M (@, Tpip, Tnip,t) =1 and  lim N(z,, Tpip, Tip, ) =0

for all ¢ > 0. This means that {x,} is a Cauchy sequence in X. By the completeness of X,
there exists lim x, = 2* € X. Now, we prove that z* is the unique fixed point 7™, where

n—o0

m* = m(z*). By (v) and (xi) in Definition 2.1, and (3.4.2), we have

Mz, T™ x* T™ x%t) > M2, T™ 2, T™ 2, t/2) % M(T™ 2, T™ 2*, T™ 2*,t/2)
> Mz, T™ 2y, T™ 2, t/2) ¥ M(20, T™ 2*, T™ z*, $(t/2))
(3.4.6)
N, T™ 2" T™ 2" t) < N (2", T™ 2, T™ 2, 1/2) o N (T™ 2, T™ 2%, T™ 2%, 1/2)
SN (2, T™ 20, T™ 2, 1/2) 0 Ny, T™ 2, T™ 2%, 6(1/2))
(3.4.7)

It is easy to prove that
nh_)rrgo M(z*, T™ 2, T™ 2, u) = 1 and JLH;ON(x*,Tm*xn,Tm*xmu) =0
for all © > 0. In fact,
M T™ 2, T™ Ty 1) > M(2, 2, 20, 1w /2) % M(2*, T™ 20, T™ 2y, 1/2)
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M(2*, 20, Ty 1w)2) % M(T™ 2y, g T g Tt g /2)
M(z* zp, xp,u/2) « M(2p_1, T 2y, T™ @1, o(u/2))
ce > M2, o, u/2) % /\/l(wo,Tm*.ro,Tm*a:O,(b"(uﬂ)) — 1.

AV AV V]

N, T™ 2, T™ 2, u) < N(2%, Ty 2, 1u/2) o N (2%, T™ 2, T™ 2y, 1/ 2)
S N(2*, Ty T, 1u)2) O N (T Vg, T2 gy T =0T 0)2)
<N (%, Ty T, 1)2) ON (X1, T™ Tpp1, T™ 201, G(1)2))
< SN(E xy, Ty u)2) 0 N (o, T™ 29, T™ 20, 0™(1/2)) — 0

Thus, letting n — oo on the right-hand sides of (3.4.6) and (3.4.7), and noting the continuity of x
and ¢, we have

M@, T™ 2", T™ x*,t) =1 and N(z*,T™ x*T™ z*,t) =0

forall ¢ > 0.
This implies that T™ z* = z*, i.e., z* is a fixed point Tm(="),
To show uniqueness, assume that 77" (y) = y, T™")(z) = z for some y, z € X.

Then,
M(z*,y, 2, 1) = M(T™) (%), T (y), T (2),8) > M(a*,y, 2, 6(t)),

>
N(@*,y, z,t) = NI (@), T (y), T (2), 1) < N(a",y, 2, 6(1)).

On the other hand, as M(z*,y, z,t) is non-decreasing and N (z*, vy, z,t) is non-increasing,

we have

M(x*7y7 Z7t) S M(I*7y7 Z? ¢<t)) and N'(x*7y7 Z? t) ZN('T*7y7 27 (b(t))?

respectively.
Thus,
M(z",y, z,t) = M(z7,y, 2, 6(t)) = M(z", y, 2, 6" (1)),
N (" y, z,t) = N(2", y, 2,6(1)) = N(2", y, 2, ¢" (1))
for all ¢ > 0.

Hence, by condition (¢;), and (vii) and (xiii) in Definition 2.1, we have
M(x*y,z,t)=1 and N(z",y,z2,t) =0,

1.e. ¥ = y = z. Finally, we prove =™ is the unique fixed point of 7',
Since T z* = x*, it follows that Tz* = T(T™ x*) = T™ (Tx*).
Hence, T'z* = x*.
The uniqueness is obvious. This completes the proof. ]

From Theorem 3.4, we can immediately obtain the following consequence.
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Corollary 3.5. Let (X, M, N, *,¢) be a complete generalized intuitionistic fuzzy metric space.
Let 7" : X — X be a mapping satisfying the following conditions:
(i) There exists o € X such that

lim M (g, T2, T'xo,t) = 1

t—o0

and
lim N (zq, T" 2o, T'wo,t) = 0,i = 1,2,...

t—o00

(ii) There exists a mapping m : X — A such that for any z,y,z € X
M(T™@ g 7@y T 5 1) > M(z,y, 2, t/k),

N (T, Ty, T2 1) < N (w,y, 2,1/F)

where 0 < k < 1.
Then the conclusion of Theorem 3.4 remains true.

Proof. Taking ¢(t) = t/k. Obviously, ¢(t) satisfies the conditions (¢;) and (¢2). Therefore, the
conclusion directly follows from Theorem 3.4. ]

Corollary 3.6. Let (X, M, N, %, o) be a complete generalized intuitionistic fuzzy metric space.
Let T : X — X be a mapping. If there exists a mapping m : X — N such that for any
x,y,z € X,

M(T™ @) g 7@y T 5 1) > M(z,y, 2, (1)),

N(T™ @ g, Ty, T2, 1) < Nz, y, 2, 6(1)),

where the function ¢(t) satisfies the conditions (¢;) and (¢,). Then 7" has a unique fixed point
x* and the iterative sequence {7z} converges to z* for every z € X.

Proof. By Theorem 3.4, we only need to show that the iterative sequence {7z} converges to x*.
For n € N with n > m(z*),n = km(z*) + 5,0 < s < m(z*).
Since

M(x*’ Tnx’ T”gj, t) _ M(Tm(z*)x*, Tkm(x*)Jer, Tkm(z*)+5x, t)
> Mz, TR Dm@ ) rs g plh=bmla)tsy, g4
> > M2, TPz, Tz, 9" (1)) — 1,

N(x*’ T”x’ Tngj7 t) N<Tm(x*)l.*’ TkTﬂ(x*)JrSSC, Tkm(x*)Jrst', t)
N (e, TEDm@ ks, pE=Dmatey g(t))

SN (@, TP, Tz, ¢"(1) = 0,

IN AN

so, lim M(z* T"z,T"x,t) = 1 and lim N (z*, Tz, T"z,t) = 0 for all t > 0, ie.,
n—00 n—00

Try — x*. OJ
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Theorem 3.7. Ler (X, M, NN, *,¢) be a compact generalized intuitionistic fuzzy metric space.
LetT : X — X be a continuous mapping satisfying

M(Tz, Ty, Tz,.) > min{M(z, Tz, Tz,.), M(y, Ty, Ty,.), M(2,Tz,Tz,.), M(z,y, z,.) },
3.7.1)

N(Tz, Ty, Tz,.) < max{N(x,Tz,Tz,.),N(y, Ty, Ty, ), N(2,Tz,Tz,.),N(x,y,2,.)}
(3.7.2)

forall x # y # z. If there exists xy € X such that {T"x}>° | has an accumulation point x* € X
and forallt >0,n=1,2,....

M(Tn_1x07 Tnx07 Tn$0; t) S M<Tnx07 Tn'i‘le’ Tn+1x07 t)’
N(T" g, T o, T 2o, t) > N (T 2o, T 2, T2, t)

then x* is the unique fixed point of T' and lim T"zy = x*.
n—oo

Proof. Assume T"zy # T""lzy for each n € N. (If not, there is ng € N such that
T™g = Tm 1y, This means that 2* = Tz is a fixed point of 7" and lim 7"z, = x*).
n—oo

Since {T"x(}>°, has an accumulation point z* € X, there exists a subsequence {7z},
lim T™xq = z*.
n—o0

{M(T 2o, T 2, T" 1o, 1)} and  {N (T o, T" g, T" 3, 1) }

are non-decreasing and non-increasing, respectively, and also bounded, thus

{M(T™ iz, T ag, T ag, t)}, {IM(T" ag, T 22, T" 220, 1)}

and
{N(TW’ZL'(), T”"on, Tni+ll’0, t)}, {N(T”i‘f’le’ Tm’+2{L'0, Tnﬁ_QZL'(), t)}

are convergent to a common limit, i.e.,

lim M (T xg, T ag, T 2, t) = lim M(T" g, T 22, T 1, 1)

1—00 1—00
lim N (T wg, T g, T g, t) = lim N (T 20, T 22, T 220, t)
11— 00 1— 00

forall ¢ > 0.

By the continuity of 7', we have
lim 7" gy = lim T(T"z) = Tx".
1—00 1—00
Suppose z* # T'x*. Putting y = T'x, 2 = Tx in (3.7.1) and (3.7.2), we have
M(z, T2, Tx,.) < M(z,T?z,T?z,.) and N(z,Tz,Tx,.) > N(z, Tz, T?z,.)

for every x # Tx. So, by Lemma 3.3, there exists a continuous point tq of M(z*, Tx*, T'x*,.)
and N (x*, Tx*, Tx*,.) such that

M(z*, T?z*, T?2*  to) > M(z*, Ta*, Tx*, t,) and
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N(x*, T?x*, T?x* to) < N(z*, Tx*, Tx*, to).

On the other hand, by Lemma 2.5.
M(z*, Tx*, Tx* tg) = lim M(T"xo, T (T xq), T (T x0), to)
12— 00

= li)m M(Tm+1$0, Tni+2£ll'0, Tni+21'0, to)
1—00

> M(Tx*, T?x*, T?x*, )
N(z*, Tx*, Ta" to) = lim N (T xo, T(T" x0), T(T" ), to)

1—00

= ilil&N(Tni+1I0, Tm+2$0, TnH_QZL’o, to)

< N(Ta*, T?z*, T%2* 1)

are contradictions. Therefore, x* = T'z*, i.e. x* is a fixed point of 7.
Uniqueness follows from (3.7.1) and (3.7.2). Finally, we prove that lim 7"z, = z*.

n—oo
Since lim T™xy = z* and lim 7" 2y = Ta* = 2*, by Lemma 2.5,
1—00 1—00

lim inf M(T™ 2, T ag, T 2o, t) > M(x*, 2, 2%, t) = 1,

1—00
lim sup N (T xg, T g, T 2o, t) < N(x*, 2, 2%, t) = 0,
71— 00

for all ¢ > 0. So,
lim M(T™ xg, T" g, T 2y, t) =1,

1—00

lim N(T" 2, T"  wg, T" 2y, t) = 0,

1—00
for all ¢ > 0. For any n € N with n > n4, there exists n; with n, .1 > n > n;.
By (3.7.1) and (3.7.2), we have

M(T"xg, 2%, 2, 1) > min{ M(T" 2, T"xo, T"x0,t), 1, M(T" 20, 2*, 2%, 1)}
> min{ M(T" Yaq, Tz, T"x0, ), M(T" 220, T" 20, T" ‘20, ), M(T" %20, 2%, 2%, 1)}
> min{ M (T 2zo, T" ‘2o, T" 20, t), M(T" 220, 2%, 2, 1)}
> > min{ M(T"wg, T ag, T ag, t), M(T" xg, 2, 2, )}

N(T"zg, 2%, 2%, t) < max{N(T" 'xg, T"xo, T 70, 1), 0, N (T"x0, 2*, 2%, 1)}
< max{N(T" xg, Tz, T"xo, t), N(T" 2zo, T" txo, T o, t), N(T" 29, 2%, 2, 1)}
< max{ N (T" 2z, T" o, T" 2o, ), N(T" 2z, 2*, 2%, 1)}
< - < max{N (T xg, T M ag, T g, t), N (T 2o, x*, 2%, 1)}

Letting n — oo(n; — o0), we have

lim M(T"xg, x*,2%,t) > 1and lim N (T"zg, 2", 2", t) <0

n—o0 n—oo

forall ¢ > 0.

Hence, lim T"zq = x*.
n—oo
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