Notes on Intuitionistic Fuzzy Sets
Print ISSN 1310-4926, Online ISSN 2367-8283
Vol. 23, 2017, No. 4, 62-74

Intuitionistic fuzzy basis of an intuitionistic

fuzzy vector space

Moumita Chiney and S. K. Samanta

Department of Mathematics, Visva-Bharati
Santiniketan — 731235, West Bengal, India
e-mails: moumi .chiney@gmail.com,

syamal_123@yahoo.co.in

Received: 26 September 2017 Accepted: 27 October 2017

Abstract: In the present paper the notion of intuitionistic fuzzy vector space is introduced
and a representation theorem is established. The notion of intuitionistic fuzzy basis has been
developed.

Keywords: Intuitionistic fuzzy sets, Intuitionistic fuzzy vector space, Intuitionistic fuzzy basis.
AMS Classification: 03E72, 15A03.

1 Introduction

After the introduction of fuzzy sets by Zadeh [21], several generalizations have been made of
this fundamental concept for various objectives. The notion of intuitionistic fuzzy sets (IFSs)
introduced by Atanassov [1,2] is one among them. There are situations where IFS theory is more
appropriate to dealt with [4]. IFS theory is quite interesting and useful in many application areas
viz. medical diagnosis [8], decision making [20], career determination [9] etc. Many researchers
have been involved in extending various mathematical aspects such as groups, rings, modules,
topological spaces, topological groups, topological vector spaces in IFS [3,6,7,10,11,13-16,18].
In 1977, Katsaras introduced the concept of fuzzy vector subspaces [12]. In 2010, a notion of
fuzzy bases have been studied in [19]. The notion of intuitionistic fuzzy subspace of a vector
space was introduced by many authors [5, 13, 17]. In this paper we introduce a notion of intu-
itionistic fuzzy vector space (IFVS) and intuitionistic fuzzy basis (IF-basis) of a IFVS which is
analogous to the fuzzy basis of [19].
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2 Preliminaries

Definition 2.1 ([1]). Let X be a non-empty set. An intuitionistic fuzzy set (IFS for short) of X
defined as an object having the form A = {(x, pa(z),va(z)) | © € X}, where g : X — [0,1]
and vy : X — [0, 1] denote the degree of membership (namely pa(z)) and the degree of non-
membership (namely v 4(x)) of each element x € X to the set A, respectively, and 0 < pia(x) +
va(z) < 1foreach x € X. For the sake of simplicity we shall use the symbol A = (pa,va) for
the intuitionistic fuzzy set A = {{x, pua(z),va(x)) | x € X}.

In this paper, we use the symbols a A b = min{a, b} and a V b = max{a, b}.

Definition 2.2 ([1]). Let A = (pua,va) and B = (up, vp) be intuitionistic fuzzy sets of a set X.
Then

(1) AC Biff pa(x) < pp(z) and va(x) > vp(x) forall x € X.

(2) A=BiffAC Band B C A.

(3) A= {{z,va(z), pa(2)) | x € X}

(4) AN B = {(z, pa(z) A pp(x),va(z) Vvp(z)) |z € X}

(5) AU B = {{z,pa(@) vV pp(x), valz) Avp(z)) |z € X}

(6) OA={{z,1a(x),1 — pa(@)) |z € X}, 0 A= {{z,1— va(z),vax)) | z € X}.
Definition 2.3 ([6]). 0. = (0,1) and 1.. = (1,0).

Definition 2.4 ([6]). Let X and Y be two non-empty sets and f : X — Y be a mapping. Let A
be an IFS in X and B be an IFS in Y. Then

(a) the image of A under f, denoted by f(A), is the IFS in'Y defined by f(A) = (f(1a), f(va)),
where for eachy € Y,

Vv x) if f7! ¢
) = 4t (y)NA( ) (y) #
0 if 71 y)=9¢

and

flra)ly) = e a@) if fy) # 6

1 if [T y)=¢
(b) the pre-image of B under f, denoted by f~'(B), is the IFS in X, defined by f~'(B) =

(f"(us), fH(vB)), where f~*(up) = pp o f.

Corollary 2.5 ([6]). Let A, {A;}icj be IFSin X, B,{B;};ex be IFSinY and f : X =Y bea
mapping. Then

(1) Ay C Ay = f(A)) C f(A2).
(2) By C By = f~}(B1) C f(Ba).
(3) AC fH(f(A)). If [ is injective, A = f~1(f(A)).
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(4) f(f~1(B)) C B.If [ is surjective, f(f~'(B)) = B.
(5) f(UA;) = Uf(A).
(6) F(NA;) C Nf(A). If f is injective, f(NA;) = Nf(A).
(7) f7H(UB;) = Uf~(B)).
(8) f~HNB;) =nNf~(By).
(9) f(1.) = 1., if f is surjective and f(0.) = 0..

(10) (1) =1.and f~'(1.) = 1..

(11) [f(A)]° C f(A%), if f is surjective.

(12) f~1(B) = [f(B)".

Definition 2.6 ([10]). Let A be an IFS in a set X. Then for \,& € [0, 1] with A + £ < 1, the set
AP =tz € X palx) > Nand va(z) < €} = {x € X : A(z) > (N, €)} is called (), €)-level
subset of A.

Proposition 2.7 ([10]). Let A be an IFS in a set X and (\1,&1), (A2,&) € Im(A). If Ay < Xy
and & > &, then A&l D Alr2:6a]

Definition 2.8 ([13]). Let X be a vector space over the field K, the field of real and complex
numbers, « € K, A = (ua,va) and B = (up, vg) be two intuitionistic fuzzy sets of X.Then

(1) the sum of A and B is defined to be the intuitionistic fuzzy set A+ B = (o + pip, Va+Vp)

of X given by
sup {pa(a) Apup(b)} if x=a+0b
,UJA—&—B(I') — r=a+b
0 otherwise,
inf {va(a)Vrvg(b)} ifx=a+0
varp(z) = { 7=atd
1 otherwise.

(2) oA is defined to be the IFS oA = (fina, Vans) of X, where
(,uA(oflx) if a#0

fraa(z) = {sup paly) if a=0,2=10

yeX

0 if a=0,x+#0,

(VA(CY_le) if a#0

Vaa(z) = § inf pa(y) if a=0,2=0.

1 if a=0,x#86.

Remark 2.9. Let X be a vector space over the field K, the field of real and complex numbers,
A = (ua, va) an intuitionistic fuzzy set of X . Then for all scalars o € K and for all x € X, we
have jiaaar) > pa(x) and vaa(az) < va(a).
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Proposition 2.10. Let A, Ay, ..., A, be intuitionistic fuzzy sets in a vector space X and
A1, ...y Ay be scalars. Then the following assertions are equivalent:

(1) MA; + XoAs + -+ M\ A, C A.

(2) Forall x1,xo,...,x,in X, we have
pa( A1y + Aoxo + -+ Nxy) > minfpa, (1), pay(22), -, pa, (2,)} and va( Mz +
Aoy + - + N\y) < max{va, (1), v4,(2),...,va,(z,)}.

Proof. (1) = (2):
,uA(/\lxl + )\QZL‘Q + -+ )\nl'n) Z M>\1A1+>\2A2+~~+>\nz4n(/\1x1 + )\QZL‘Q + -+ )\nl'n)
> min{ x4, (A1), -y fiana, (Anzn)}

> min{/LAl (1'1)7 cee nuAn(xn)}'
va(Mzr + Xota 4+ -+ M) < Unparddndottdndn (A1Z1 + XoTo + -+ -+ A\zy)

< max{vy, 4, (M21), -, U4, (AnTn)}

< max{va,(z1),...,va,(xs)}.

(2)=(1):

By rearranging the order if necessary, we may assume that \; # 0 for:=1,2,...,k,and \; =0
for k <i <n.Letzy,xs,...,x; beelements of X. Forall yy,9s,...,y,_r in X we have

pra(Mzy + Aoz + -+ + Npwy) = min{pea, (1), - pa (@), g, (), - i, (Yni) }-
Since pipa, (0) = sup ua, (y), we get
€

v
pa(Aizn + Aoy + -+ MNewy) > min{pa, (21), .-+, poa, (Tr), oA, (0), - - -, poa, (0) }-
Now

M1 Aj+d0 Ao+ +Ap An (Z) = N iup+ [min{:u/\u‘h (x1)7 sy HA AL ('Tn)}]
1+ao+Frn=2
= sup  [min{pa,a, (1), - g, (Tk)s foay, (Tha1)s - -5 poa, (Tn) }]

T1+x2+ -+ Tn=2
= sup [min{ﬂAl ()‘lel)7 s 7MAk()‘l;1$k)7 HoA 44 ((9), <o HoA, (9)}] [Since HoA; (xz) =

T1t+xo+-trp=z2

0,ifx; 20, i=k+1,....n]

< sup pa(NAT e+ N ) = palz).
1422+ FTK=2

Similarly, it can be proved that vy, 4, 1 x, Ay 41,4, (2) > va(2), 2z € X.
Hence proved. [

Proposition 2.11. Let A, B be two intuitionistic fuzzy sets in a vector space X. Then
(1) A+0BCA.

(2) A+0B=Aiffsup pa(z) <sup pug(x) and inf vs(x) > inf vg(x).
zeX zeX zeX zeX
Proof. (1) pa(z + 0y) = pa(z) = min{pa(z), pp(y)} and va(a + 0y) = va(r) < max{va(z),
vp(y)}. Hence (1) follows from Proposition 2.9.

(2) Suppose that sup pa(x) < sup ug(r) = pop(f) and inf va(x) > inf ve(z) = vyp(f)
zeX zeX zeX reX

Then fi4405(2) = ziggz[min{m(x), pop(y)}] = min{pa(2), pop(0)} = pa(z) and
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vason(:) = int [moa{va(e), vos(y)}) = moa{va(), vos(6)} = va(2)

On the other hand, if 14(2) > sup up(x) = pop(0) for some z, then

frarop(z) = min{ua(2), up(0)} < pa(z),
and hence A + 0B # A. O

Proposition 2.12. Let X and Y be two vector spaces and f : X — Y be a linear onto map. Then
forall IFS A, B of X and for all scalars k,

(1) f(A+ B) = f(A) + f(B)

(2) f(kA) = Ef(A).

Proof. (1) Lety € Y and ¢ > 0 be arbitrary. Let (o, /) = f(A + B)(y) and (5,5') =
(f(A)+F(B))(y). Then: o = pu(a+p)(y) = A parp(2), @ =viarpy) = A vayp(2

() zef~(y)
and § = piarenw = Y, i () Mg )L 8= vawerenw = A i)V
v ()]
Thus a—e < o 1( )MA+B( z)and o/ +¢€ > f/\l( )VA+B<Z). So, there exists 2y, z, € X such that
zef~ "y

f(z0) =y and f(2) = ysuch that & — ¢ < paip(20) and o + € > v4,5(2)). By the definition

of sum,

a—e< V b[,uA(a) Aupg(b)and o/ +¢> A , [va(a’) Vg (Y')]. Then there exist ag, by € X
zo=a+ Zé:a’—‘— ’

with zp = ag + by such that & — e < pa(ag) A pup(by) and there exist ay, by € X with z{ = af, + b},
such that o/ 4+ € > v4(ag) V vp(bf). On the other hand,

B = ppay(flao)) A s (f(bo))

_ f(uA)( F(a0)) A Fus)(F(bo)

“H(f(ra))(ao) A F7H(f (15) (bo)

> MA(GO) A pp(bo).

Similarly we have, 8 < va(aj) V vg(by). So, 8 > a — ¢ and ' < o + €. Since ¢ is arbitrary,
B> aand f' < o' Hence (f(A) + f(B))(y) > f(A+ B)(y), foreachy € Y. (*)
Now we will show that 5 < v and 5’ > /. Clearly,

foe< V I Appe () and 1+ e> A [vpay(z) Vv ().

Then there exist 29, 2y € Y with y = 2 + zsuch that 3 — & < pya)(20) = \/( )MA( x) and
x€ 20

B—e<ppm(z) = mefyl(zé)ﬂB(ﬂﬁ)

and there exist 21, 2] € Y with y = 2 + 2{such that 5’ + & > vy (21) = xef{\l(zl)VA(x) and
B +e>vpp(2) = xeff\l(zg)VB(x)'

Thus there exist g,z € X with f(xg) = 2z and f(x}) = z{ such that § — e < pa(zo),
B —e < pp(xp)

and there exist x1,2] € X with f(x1) = 2z and f(2}) = 2} such that 8’ + ¢ > wva(z1),
ﬁ/ +e> VB(lel).

So, B — & < palwo) A pp(x) < pasn(o + xp) < A )MA+B(CC) = fiy(a+B)(Y)
z Yy

and ' +¢& > va(z1) Vvp(a)) = varp(e + ) > efﬁl( )VA+B(95) = via+s)(Y)-
x Y
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Hence 0 — ¢ < a and ' 4+ ¢ > «'. Since ¢ is arbitrary, § < « and 5 > «'. Hence
(f(A)+ f(B))(y) < f(A+ B)(y), foreachy € Y. (**)
Therefore, by (*) and (**), f(A) + f(B) = f(A+ B).

(2)Lety € Y, (a,&/) = (kf(A))(y) and (5, 5') = (f(kA)(y). Ik # 0, a = ppay(A'y) =

)=V Ax
a4 = 0 paa(A)
)

f(z z/uA(Z) =F.
Next assume that £ = 0. If y # 0, then « = 0. Also § = f(\)/ poa(z) = 0 since, when
)=y
f(z) =y #0,x#0.Fory =0, we have
a = yé/y fray(y) = Wy fra();

p= f(;)/:9M0A(17) = poa(0) = Wy fra(z).

Similarly, it can be proved that o/ = ('
This completes the proof. []

3 Intuitionistic fuzzy vector space

Definition 3.1. An IFSV = (uy,vy) of a vector space X over the field K is said to be intuition-
istic fuzzy vector space over X if

(i) V+V CV

(ii) oV C V., for every scalar .
We denote the set of all intuitionistic fuzzy vector spaces over a vector space X by IFVS(X).
Remark 3.2. Let X be a vector space.

(1) If py is a fuzzy subspace of X, then V = (v, u§,) € IFVS(X).

(2) If V € IFVS(X), then uy and v, are fuzzy vector subspace of X.

(3) If V € IFVS(X), then OV, O V € IFVS(X).

Lemma 3.3. Let V be an intuitionistic fuzzy set in a vector space X. Then, the following are
equivalent:

(1) V is an intuitionistic fuzzy vector space over X.
(2) For all scalars o, 5, we have oV + gV C V.

(3) For all scalars o, 5 and for all x,y € X, we have
pv (o + By) = py (@) A pv (y)} and vy (0w + By) < vy (x) V vy (y).

Proof. Clearly, (1) = (2). Also (2) and (3) are equivalent by Proposition 2.10.
2)=1):V+V=1V+1V CV,aV =aV +0V C V. O
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Remark 3.4. Our definition of intuitionistic fuzzy vector space is equivalent to the definition of
intuitionistic fuzzy subspace of [17] and [5].

Proposition 3.5. Let X and Y be vector spaces over K and let f be a linear map from X onto
Y. If V is an intuitionistic fuzzy vector space over X, then f(V') is an intuitionistic fuzzy vector
space over Y. Similarly, if W is an intuitionistic fuzzy vector space over Y, then f~'(W) is an
intuitionistic fuzzy vector space over X.

Proof. For k, m scalars, we have from Proposition 2.12, kf (V) + mf(V) = f(kV + mV) C
f(V), which shows that f(1/) is an intuitionistic fuzzy vector space over Y. Also,

1wy (ko +my) = pw(f(ke +my)) = pw(kf(z) +mf(y) > pw(f(2) A pw(f(y) =
pp-1wy (@) A prp-1w) (y) and

vi-iwy(kx + my) = vw (f(kz +my)) = vw(kf(z) + mf(y) < vw(f(z) Vew(f(y) =
v wy () V Vi (y) -

Hence f~!(W) is an intuitionistic fuzzy vector space by Lemma 3.3. ]

Proposition 3.6 ([5]). If V,W € IFVS(X), then V + W € IFVS(X).
Proposition 3.7. If V € IFVS(X) a € K, then oV € IFVS(X).

Proof. Wehave forz,y € X and k,m € K, uy(kx+my) > uy(x) Apy(y) and vy (kx +my)
vy () V vy (y). Let o be any scalar so that « # 0, then poy (kz +my) = py (o bz + o 'my)
pv(a™tz) A py(aty)[by Lemma 3.3] = pav(2) A pav(y) and similarly, v,y (kx + my)
vav () V vav (y)-

IAN IV IA

0 if kx +my #6

sup py(z) if kx+my =40
zeX

On the other hand, if & = 0, then gy (kx+my) = and voy (kx+
1 of kx +my # 0

my) = g . . :

m)f( vy(x) if kx+my=20

e

If kz+my = 0, pov (kx+my) = SU)I?MV@) > piov (z) Apov (y) and voy (kz+my) = ig)f(l/v(ﬁ) <
z€ z

vov () V vov (y).
If kx + my # 0, we have poy(kx + my) = 0 and voy (kz + my) = 1. we must show

that poy () A pov(y) = 0 and voy () V vov (y) = 1. Assume that oy () A pov(y) # 0, then
tov () > 0 and poy(y) > 0. So, y = = = 6, a contradiction. Similarly, it can be shown that

Vov(l') V Vov(y) = 1. [l
Proposition 3.8. [5] If {V;}ic; € IFVS(X), then ,ﬂIVi € IFVS(X).

1€
Proposition 3.9. Let V € IFVS(X). Then puy (0) > py(x) and vy (0) < vy(x), Vo € X.

Proof. 0OV C V. Thus by Proposition 2.10, uy(0) = py(0.2) > py(z) and vy (0) = vy (0.2) <
vy (zx), forall x € X.

O

Proposition 3.10. Let V € IFVS(X). Then for each (\,§) € [0,1] x [0,1] with A+ & <1, A <
wy(0) and € > vy (0), VINis a subspace of the vector space X,
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Proof. Clearly, VM £ ¢ Let z,y € V™ and k,m € K. Then uy(z), uy(y) > X and
vy(x),vy(y) < & Since V € IFVS(X), py (kx+my) > pyv(x)Apy(y) > Xand vy (kz+my) <
vy (2) V oy (y) < €. So, kx +my € VM Hence VM4 is a subspace of the vector space X. [

Proposition 3.11. Let V be an IFS in a vector space X such that VM is a subspace of X for
each (A, &) € [0,1] x [0, 1] with A+ & <1, A < py(0) and & > vy (0). Then V € IFVS(X).

Proof. Let x,y € X, k,m € K and py(z) = t1, uv(y) = ty and vy (z) = s1,vp(y) = so.
Lett =t Atyand s = 51V So. Then 2,y € VIl Also, if s = s, t+s < t1 + 5 < 1,
orif s = sy, thent 4+ s < t, + s, < 1. Since, VI** is a subspace of X , kx + my € Vs,
Then py (kz + my) > t = py(x) A py(y) and vy (kx + my) < s = vy(z) V vy (y). Hence
V € IFVS(X). O

Proposition 3.12. IfV € IFVS(X), then V* = {z € X : py(z) = pv(0) and vy (x) = vy (0)}

is a vector subspace of X.

Proof. Let z,y € V* and k,m € K. Then uy(x) = pyv(0), vy(x) = vy(6) and py(y) =
pv(0), vv(y) = vv(0). Thus py(kz +my) > py(x) A pv(y) = pv(0) and vy (kz + my) <
vv(z) V vy (y) = vy (0). On the other hand, by Proposition 3.9, py(kx + my) < py(0) and
vy (kx +my) > vy (0). So, uy (kx +my) = pv(0) vy (kx +my) = vy (0). Thus kx +my € V*.
Hence V* is a subspace of X. ]

Proposition 3.13. Let s,t € Rand A, A, and As be IFS in a vector space X. Then
(1) s.(t.A) =t.(s.A) = (st).Aand
(2) Al < AQ = tAl < tAg

Proof. (1)If s,t #0:
s.(tva)(z) = (t.va)(%)
= (va(5))
= (s.va)(%)

=t.(s.va)(x)

Also, (st).va(z) = va(Z). Similarly, (st).pa(z) = pa(5).
Ifs=0andt+#0:

;g{ (tva)(x)if x =10

0.(t.va)(z) =
1 if x #0
_ ég)f( valx)ifz =10
1 if x#0.

As gg)f(VA(x) = ig)f(VA(f)(replace x by tx).
t.(0.v4)(w) = (0.v4)(F)

_ Iueﬂ)f( va(z)if =10

1 ifE40
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inf wvu(z)ifae=20

— J zex

1 if x#0.
(0t).va(x) = 0.v4(x)

;él)f( Ca(z)ifx=20

1 if x #0.
Similar result holds for y 4. Obviously, the case where ¢t = 0 and s # 0 is same as the preceding
case.
Ifs=t=0:

inf (Ovy)(z)ifx=20
0.(0.v4)(x) = { =X (0.va)(z) if

1 if x #6
_ xlg)f( va(z)if =10
1 ifx#0
:O.VA(SU).

Analogous result holds for 114. Hence (1) is proved.
(2) Choose x € X. We have that 4, (z) < pa,(z) and If ¢ £ 0, then

t':uz‘h (ZU) = pa, (%)

< ,qu(%)

=t.la, (I)

If t = 0and z = 0, then 0.u4,(0) = sup pa,(z) and 0.p4,(0) = sup pa,(z). Since we have
zeX X

xe
sup pa, () < sup pa,(z), s0 0.p4,(0) < 0.104,(0). If t = 0 and x # 0, then 0.4, (x) = 0 =
zeX zeX

0.p04,(x). Similarly, it can be proved that v, (z) > va,(x) = 144, () > 14a,(x), forall z € X.

Hence proved. ]

Proposition 3.14. Let V € IFVS(X) Then z € X, a # 0 = py(ax) = py(x) and vy (ax) =
vy ().

Proof. € X, a#0

= py(ax) = py(az + 0z) > py () A py () = py(z) and vy (ax) = vy (ax + 0x) < vy (z) A
vy(x) = vy(x).

Now, replace z by axz and a by <, to get py (x) > py(ax) and vy (z) < vy (az).

Therefore puy (ax) = py(x) and vy (az) = vy (x). O

Remark 3.15. For V € IFVS(X) we assume that jiy(x) > uy(y) will always imply vy (z) <
vy (y), z,y € X. In the following example we see that for an intuitionistic fuzzy set V over X
with py (z) > py(y) and vy (x) > vy (y), z,y € X, it may happen that V ¢ IFVS(X).

Example 3.16. Let X = R?. We define an intuitionistic fuzzy set V = (i, vy ), where jiy : X —
[0,1) and vy : X — [0, 1] are given by:
1, iof x =(0,0)
py(z) =<5, if v =(0,a),a #0

.3, otherwise.

70



0, if z = (0,0)
and vy (x) = S 4, if v = (0,a),a # 0

.2, otherwise.
Then we see that V' is not an intuitionistic fuzzy vector space as vy ((0,2)) = vy ((—1,1) +

(1.1)) > w(~1,1)) A v (1, 1)).
Definition 3.17. For any (a,b), (¢,d) € [0,1] x [0,1] witha +b <1, c+d < 1, we say that:
(1) (a,b) > (c,d)ifa>bandc < d.
(2) (a,b) < (c,d)ifa<bandc>d.
(3) (a,b) > (¢,d)ifa>bandc < dorifa>bandc <d.
(4) (a,b) < (c,d)ifa<bandc>dorifa<bandc > d.
(5) (a,b) = (¢,d) ifa="band c = d.

Proposition 3.18. Let V' € IFVS(X) with dim X = m. Then Im(V') contains at most m + 1
points of [0,1] x [0, 1].

Proof. Let V be an intuitionistic fuzzy vector space in X. Then we show that Im(V) can at-
tain at most m different values on points different from #. Indeed suppose that we can find
Zo, X1, .., Tm € X \ {0} such that (uy (zo), vv(z0)) < (uy(x1),vv(x1)) < -+ < (v (Tm),
v (xp,)). Then zq & vet{xy,xs, ..., Ty}, Where vet{xy, xs, ..., 2, } denote the vector space
generated by {z1, z, ..., T, }. Otherwise we could find a4, as, ..., a,, € K suchthatzy = Z a;x;

and then since V' € IFVS(X), it follows from Lemma 3.3(3) that uy (x¢) = MV(E azxz) >

min{ gy (1), pv(z2), ..o, pv(Tm)} = py(z1) and vy () = VV(X:I a;r;) < max{yv(xl)

vv(xa), ..., vy(Tm)} = vy(z1), which is impossible. Analogousl? one can show that z; ¢

vet{xa, ..., xm}, .., Ty & vet{x,,}. Since all z; # 0, we thus have

dim vct {xg, z1,...,xn} = 1+ dimvct {z1,29,...,2,} = 2+ dimvct {xg,23,..., Ty} =
~=m+dimvct {x,} =m+ 1.

This however is impossible since dim X = m.

Consequently the range of V' is a subset of [0, 1] x [0, 1] with at most m + 1 points. O

Definition 3.19. Let V = (uy,vy) € IFVS(X). Then for any A € puy(X), £ € vy (X) we define

A ifxe i
/JV = {Zl'f € X ,uV( ) Z )\} and ]/[g] = {ZE e X : Vv(l') S 5}, [)\1 LP\]](I’) — f Ky :
v 0, otherwise
& ifxe z/[g]

[51,,51](@ =

1, otherwise

Theorem 3.20. (Representation Theorem) Let V' € IFVS(X) with dim X = m and Im(V')

{(A0:&0)s (A1, 61), - (A, &) by b < musuch that (1,0) > (Mo, &) > (A1, &) > - > (A, &) =
(0, 1). Then there exist nested collections of subspaces of X as {6} C VP&l Gyl C ... C
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VIl = X such that wy = Aol por VAL pg VeV ARL g and vy = &gl g AEL gg A A
Ky % Hy vy vy
gklygk].AlSO,

(1) I (¢, p), (1,0) € Nig1, Ml X [&, &ira) with ( + p < 1, + 0 < 1, then VoAl = Vinol —
Vil

(2) If (¢, p) € (Nig1, M| X [&5 &), (0, 0) € (Nis Aica] X [G1, &) with(+p < 1,n+0 <1,
then V1641 2 y/lnel,

Proof. From Proposition 3.10, V&l are subspaces of X, fori = 0,1,... k. As (A, &) >
(ANit1,&41) fori = 0,1, .., k—1, we have nested collections of subspaces of X as {0} C Vo] <
74RRESY G- G VD&l = X Now we have to show that 11, = Aol o V1 Y \//\kl i
and vy = &l ol ARSE! el ARRRWARIN| ] Let x € X and py(x ) =\ and then I/V( ) = £j
€]

[ J*l] .

Thenif \;_; > )\j and §j_1 =¢,n0 € ,u£/ , T ¢ ,u‘/ Uand z € vy’ and vy

Then ()\01 ooV ML VeV A M) () =\ V Ajur - V A = A, and

<€01 [€0] A 51 51] JAERIAN 514:1 [Ek]) ( ) 5] 1 A 5] A £]+1 JANRIRIVA fk gj

Slmﬂarly if A\j_ 1= =Nand & < &orif \;_; > Ajand {1 < §], then also

</\01#[>\0] VAL pp Ve VAL [)\k]) ( ) = )\ and (fo 50 A fll [51 A&l [gk}> (x) = £j.
v Ry Hy %

(1) and (2) are straightforward. O

Example 3.21. Suppose X = R*. Define an intuitionistic fuzzy vector space V with v, and vy
as follows:
pv((0,0,0,0)) = .8 pv((0,0,0,R\ {0})) = .7 p ((0,0,R \ {0}, R)) = .6, pv ((0, R\
{0}, R,R)) = 4, uy(R\(0,R,R,R)) = .3 and ((0,0,0,0)) = .1; 11,((0,0,0,R\{0})) =
v ((0,0,R\ {0},R)) = .3, iy ((0O,R\ {0},R,R)) = 4, vy (R*\ (0,R,R,R)) = .5. Then
wy = (8)1 [.8] vV ( 7)1 [.7] (.6)1#‘[46] V (.4)1“[4] V (.3)1”[.3] and vy = (1) 1] VAN ( 2)11/ .2]

1% Ky Vv v Vv
(.3)11/[‘3] (4) 4] /\( )1 [.5].

\4 Yy
Definition 3.22. Let V' € IFVS(X) with dim X = m. Consider Theorem 3.20. Let By, be the
basis of Vil i = 0,1, .., k such that By, & By, S -+ S By, (*).
IFVO0f0) = L0} we start with V1),
Define a map B from X to [0, 1] x [0, 1] by
and vg(x) =

0, otherwise 1, otherwise
Let pg(x) = A;. Thenz € By, and x ¢ By,_, ie. v € V&l and v ¢ V=511 Thus
py () > N\ and vy (z) < & If iy (x) > N, then py (z) = \ for some | < j. Then x € V&l
and up)(x) = N, which is a contradiction. Therefore py(x) = A;j. Then vy(x) = & ie.

pp(r) =

vg(x) = ;. Therefore B is an intuitionistic fuzzy set and it is called intuitionistic fuzzy basis of

V' corresponding to (x).

Example 3.23. Consider the intuitionistic fuzzy vector space as in Example 3.21, where (o, &) =

(.8,.1), ()\1,51) = (7,2), ()\2,52) = (6, 3), ()\3,53) = (4, 4) and ()\4,54) = (3, 5) Let
er = (0,0,0,1),e2 = (0,0,1,0),e3 = (0,1,0,0) and e, = (1,0,0,0) and By, = {e1}, By, =
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{e1,e2}, By, = {e1, ea,e3} and By, = {e1, s, e3,e4}. Then B is an intuitionistic fuzzy basis of

V which is defined by:
(.7, if v =e r.2, if v =e
6 ifr=e 3 ifx=ey
pp(z) =< 4 ifr=e; andvg(z) = 4 ifx=e; .
3 ifr=ey boifr=ey
\ 0, otherwise \ 1, otherwise

Proposition 3.24. Let B be an intuitionistic fuzzy basis of V' corresponding to (x) of Defini-
tion 3.22. Then

(]) U(Cap)a (77’0) S (/\i-l-la )‘Z] X [57?7&-1—1) WlthC+P < ]-777+0- < 1a then B[C,p] = B[%U] = BVi'

(2) If (¢, p) € (Nig1, A X [&, &), (m,0) € (Nis Nima] X [&i—1, &) with(+p < 1,n+0 < 1,
then BI¢#1 2 B,

(3) B is a basis of VI for X € (0,1],€ € [0,1) with A + € < 1.

4 Conclusion

In our future study we have a plan to develop further properties of intuitionistic fuzzy vector
spaces. In topological setting, studies on intuitionistic fuzzy topological vector spaces with intu-
itionistic fuzzy gradation of openness is also another interesting problem to be dealt with.
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