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1 Introduction

The present text was written in the beginning of 2014 and planned to be published in NIFS 20,
3. Latter, it was included in my book [4], but for my mistake, it was not included in this and in
the next isses of NIFS. Some colleagues asked me for its fate and even that moment I saw my
mistake. So, to be correct with the reader of my book [4], I decided to publish the paper in its
original form (the first four sections) and to extend it with the some new results (Section 5) that
are obtained after publishing of [4].

Here, we use all definitions related to the concept of an Index Matrix (IM) from [4], these for
Intuitionistic Fuzzy Set (IFS) from [2] and for Intuitionistic fuzzy logics — from [5].

In [6], Evdokia Sotirova, Veselina Bureva, Anthony Shannon and the author introduced the
definition of the object Temporal IFIM (TIFIM) by

A(T) - [K7 L, T7 {<Mki7lj17'7 Vk?i,ljﬂ'>}]
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where forevery 7 € 7,1 <i<m,1 <j <n:

(Mkl,lnm Vkl,zn,r>
(ki 7 Vb do,7)

</’Lkm An, T Vkm JIn 7T>

Lk ;5 Viaody s M iy + Vit € [0, 1]

lTeT },

Here, 7 is a some fixed temporal scale and 7 is its element, i.e., a time-moment.

By analogy with [4], Chapter 2, we extend the concept of a TIFIM, defining an Extended
TIFIM (ETIFIM), by:

A*(T) - [K*(T)7 L (T>7 {</’l’ki7lja7'7 sz'7lj,7'>}]

ll? <al1,‘r7 Bi,‘r>

ln ’ <a£1,‘r ) ’£L7T>

\

kl? <alf,77 ﬁf,‘r>

ki7<a1]i7'7 zk,7'>
km? <O/:n,7'7 fn,7’>

<:uk1,ll,7'7 I/kl,l1,‘f'>
<:uki,llﬂ'7 Vki,ll,7>

<:ukm,ll,T7 Vkm7l177'>

where forevery 1 <i:<m,1 <j<n:

and

Let

<Mk1,ln,n Vkl,ln,r>
(ki 17> Vi o)

</"Lkm,ln77—7 Vkmyln,7_>

Hki b m5 Vb rs i by Vit € [0, 1],

9,7

k k k

1,79 ai,T + /Bi,T S [0’ 1]7
! l l l

oo Bjprs @ + B2 € 0,1]

K*(T) = {{ki, ok, BNk € K& T €T}
= {(ki, ol BEI<i<m&reT}
LNT) = {{lj, o} B, € L&T €T}
={{lj, B I1<j<n&TeT}

K*(T) Cc P(T)iff (K C P)& (VT € T)
(ki =pi € K: (af . <o ) & (BF, > B))).
K*(T)C P(T)iff (K CP)& (Vr€T)

lreT ;,

We must mention that the new IM is 3-dimensional by analogy with the IM described in [4],
Chapter 6. The indices for the third dimension of the TIFIM and ETIFIM are elements of a

time-scale 7 :
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Below, we discuss the operations, relations and operators over the ETIFIMs.

2 Operations over ETIFIMs

For the ETIFIMs
ANT) = [K5(T), LT Ak g5 Vi .7 ) 3,
BXT) = [P(T), Q(T), {{Ppr.ge.rs Oprgeir) 3,
and for (o, ) € {(max, min), (min, max)}, operations are the following.

Addition

ANT) ©oy BX(T) = [T*(T), VA(T), Pt vwirs Pt vunir ) 3,

where
T(T) =K (T)UP(T) = {{tu, @y . By )t e KUP & T €T},
VAT) = LA(T) U QT) = {(vw, oy, By ) |vw € LUQ &7 €T,
'af’;T, ift, e K — P
osz =9 o, ift, e P— K ,
| max(af a2 ), ift,e KNP
( jlw ifv, € L—Q
5171)1,7': sq;r? lftw EQ_L ’
(| min(f3},,BL,), ift,€LNQ
and
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<90tu,vw T wtu,vw ,T> =

( <,uki’lj77—, Vki,lj,7'>7 ift, =k € Kandv, = lj eL—Q
ort,=k € K—Pandv, =[; € L;

<ppmqs,7'> O_prlesﬂ')? ift,=p- € Pandv, =q, € Q — L
ort,=p. € P—Kandv, = ¢ € Q;
<o<,uki7lj,7'7ppr,qs,’r)a if tu = kl =pr € KnP
*(Vkivlj7t’ UPTvQS7t)>7 and Uy = l] = (s € L N Q

L (0,1), otherwise

Termwise multiplication

AN(T) Qo) BHT) = [T(T), V(T): {{ bt vwirs Ptuww ) s

where
T(T) = K (T) N P(T) = {{tu, s, B, )tu € KNP & T €T},
VAT) = LN(T)NQUT) = {{vw: agy r, By ) vw € LNQ & T € TH,
an = min(aﬁT, af ), fort, =k;=p, € KNP,
o = max( Jl-vT, 7)), forv, =lj=q¢ € LNQ
and <90tu,vw,7-7 wtu,vw,7—> - <O<,U/ki,lj,7—7 ppr,qs,’r)a *(Vki,lj,T7 O-pr,qs,r»'
Multiplication
A*(T) ®(O7*) B* (T) = [T* (T)7 V*(T)7 {<(70tu7vw77" ¢tuyvu777'>}]’
where
T(T) = (KU(P—L)(T) = {{tu, ¢, By ) tw € KU (P — L)},
VAT) =(QU(L = P)(T) = {{vw, a7 B 7 [vw € QU (L — P)},
(of,, ift,=keK
OC’Z,T = ?
\ ab ., ift,=p. € P—1L
( .
jl-ﬁ, ifv, =0l € L-P
. ;1777 ift, = qs € Q
and

<90tu,vw T wtu,vw ,T> -
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(

<,uki,lj,7'7 Vki,l]',7'>7 if tu — kq, € K
andv, =l; € L— P —Q

<ppr,qs,7'a Upr,QS7T>7 ift,=p, e P-L—-K
and v, = ¢s € Q)

- < o (min<luki7lj,T7ppm‘]sﬂ'))’
ljszELﬂP

* (max(uki’lﬂ,mequ)», ift,=k; € Kandv, = ¢, € Q
lj:prELﬁP

L (0, 1), otherwise

Structural subtraction

ANT) e BY(T) = [T"(T), VX(T), {{¢tuurrs Ytuwur)
where

T(T) = (K = P)(T) = {{tu, &, B, ) |tu € K — P},

VAT) = (L= Q)(T) = {{vw, a1, Biy ) [w € L — Q},

for the set—theoretic subtraction operation and

al _=af  fort,=k € K- P,

Y =P, forv, =€ L—Q
and
<90tu,vw,7'7 wtu,vw,7‘> = <,uki,lj,7'7 Vki,lj,7'>7
fort, =k € K —Pandv, =1, € L - Q.
Negation of an ETIFIM

_‘A(T)* = [T* (T)v V*<T)7 {_'<:uki,ljﬂ'7 Vk'iyljﬂ')}]?

where — is one of the negations that can be defined over intuitionisitc fuzzy
Termwise subtraction

ANT) =(o) BY(T) = AXT) o) ~B*(T).

2 [0

Operations “reduction”, “projection” and “substitution” coincide with the respective opera-
tions defined over IMs in [4], while the hierarchical operations over IMs are not applicable here.
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3 Relations over ETIFIMs

Let the two ETIFIMs

A” (T) = [K*(T)v L (T), {</’Lki7lja7'7 Vki7lj,7'>}]

and
B* (T) = [P* (T)’ Q" (T)v {<pp7-7qs,7'a Upm‘]sﬂ')}]

be given. We introduce the following definitions where C and C denote the relations “strong
inclusion” and “weak inclusion”.
The strict relation ‘““‘inclusion about matrix-dimension and elements” is

ANT) < BY(T) ift (K™(T) € P*(T)) & (L*(T) C @(T)))
vV ((K*(T) € PX(T)) & (L*(T) C Q(T)))
V(KX(T) C PY(T)) & (L*(T) € Q(T)))
& (VT € (T))(Vk € K)(Vl € L)((Mkulj,ﬂ Vkuljff) = <pki7lj77" O-k’i,ljﬂ'))‘
The non-strict relation ‘“‘inclusion about matrix-dimension and elements” is
ANT) Cq BX(T) ift (K*(T) € PX(T)) & (L*(T) € Q*(T))
& (VT € (T))(Vk € K)(VI € L)(<:uki7ljﬂ'v l/kiylj77'> = <pk¢,ljﬂ'7 Uki,ljﬂ'))'
The strict relation ““inclusion about element values™ is
ANT) < BY(T) ift (K*(T) = PX(T)) & (L*(T) = Q*(T))
& <VT S (T>>(Vk S K)(VZ S L>(<:U’kmlj,7'7 Vkiljﬂ') < <pki,lj,7'7 Uki,lj,7>>'
The non-strict relation “inclusion about element values” is
AXT) S, BY(T) ift (K*(T) = P(T)) & (L*(T) = Q*(T))
& (VT € (T))(Vk € K) (Vl € L)(<Mki7lj77" ]/kiulj77—> < <pki7lj77'7 O-kialj77'>)'
The strict relation ‘“inclusion about matrix-dimension and element values” is
AN(T) c© BX(T) it (K*(T) c P*(T)) & (L*(T) c Q*(T)))
V((KX(T) C P(T)) & (L(T) c Q(T)))
vV ((K™(T) C PX(T)) & (L(T) € Q) (T)))
& <VT S (T>>(Vk € K)<VZ € L)(<Iukiyljﬂ'7 Vkiljﬂ') < <pki,lj,7'7 Uki,ljﬂ'))'
The non-strict relation “inclusion about matrix-dimension and element values” is

AY(T) < BY(T)itf (K*(T) € PX(T)) & (L*(T) € Q@“(T))
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& (VT € (T))(Vk € K)<VZ € L)(<Mki7lj77" sz’,ljﬂ'> < <pk3i7ljﬂ'7 o-ki,ljﬂ'»'
The strict relation ‘““inclusion about matrix-dimension and indices” is
AN(T) < B(T) iff (K*(T) € P*(T)) & (L(T) € Q*(T)))
V((K*(T) € PY(T)) & (L*(T) C Q(T)))
vV ((K*(T) C PX(T)) & (L*(T) € Q*(T))))& (V7 € (T))(Vk € K)(Vl € L)
(ks B5,) = (a? . B2) & (ol BL) = (ol BL).
The non-strict relation “inclusion about matrix-dimension and indices” is
AX(T) i BX(T) iff (K*(T) € P*(T)) & (L*(T) € Q*(T))
& (Ve (T))(Vke K)(Vl e L)
((Oé?,’r’ﬁzkﬂ') = <O[f,‘r7ﬁzp,7'> & <a§,7'75£,7> = <ag,7"6’?,7'>)‘
The strict relation ““inclusion about matrix-dimension and index values” is
ANT) C, B(T) iff (K*(T) = P*(T)) & (L*(T) = Q*(T))
& (Ve (T))(Vke K)(Vl € L)
(o, B, < (ol B1,) & (ol B < (o, B2,)).
The non-strict relation “inclusion about matrix-dimension and index values is
AX(T) €}, BX(T) iff (K*(T) = P*(T)) & (L*(T) = Q*(T))
& (Ve (T))(Vke K)(Vl € L)
((a?ﬂﬂﬁffr) S <Ozf,‘r7ﬁzp,7'> & <aé,T7/B£,T> S <a’?,T7/6;1,T>)'
The strict relation ““inclusion about index values” is
AX(T) ' BX(T) iff (K*(T) € PX(T)) & (L*(T) € Q*(T)))
V((K*(T) € PY(T)) & (L*(T) C Q(T)))
VA ((K*(T) € PHT)&(LN(T) € Q) (T))) & (V7 € (T))(Vk € K)(VI € L)
(s By < (o, B1,) & (e, BL) < (ol BE).
The non-strict relation “inclusion about index values” is
AX(T) €' BX(T) iff (K*(T) € P*(T)) & (L*(T) € Q*(T))
& (Vre(T))(Vke K)(Vl € L)
((a;ﬁﬂ'?ﬁf’r) S <af,‘r7ﬁzp,7'> & <a§77'7/8£,7'> S <a;'1,‘r751g,7'>)‘
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ETIFIM A*(T) has temporal strictly increasing elements, if
(\V/Tl,TQ € T)((Tl < 7'2) — (Vk’z € K)(Vlj € L)

((Nk‘iyljﬂ'l’ Vki,ljm> < <pki7l_7'77'27 O-ki7lj77'2>)'

ETIFIM A*(T) has temporal non-strictly increasing elements, if
(Vr, € T)((11 < 1) = (Vk; € K)(Vlj € L)

(<luki7lj77'1’ VkiJj,Tl) < <pki,ljﬂ'27 O-Ifi7ljy7'2>)'

ETIFIM A*(7) has temporal strictly increasing indices, if
(VTl,TQ < 7-)((7'1 < 7'2) — (Vk'l € K)(Vlj < L)

(<Oéf;7'17 1{?71> < <O{zp,7—27/8£7'2> & <a§',‘r17 ;,T1> < <Oé;1"7_2,/8‘;-177_2>).

ETIFIM A*(7) has temporal non-strictly increasing indices, if
(VTl,TQ S T)((Tl < 7'2) — (sz € K)(Vlj € L)

(<Oéi'€,717/67{{,:7'1> S <OKZ7_2,6£7_2> & <a§',7'17/63l‘77'1> S <a?77'2’/8.?77'2>>'

4 Specific operations over ETIFIMs

Let operations © and * are dual operations of operations o and *, respectively. For example,
pairs (o,3) and (*,*) can be any among pairs (max, min), (min, max). If o and * are average
operations, then © and * are also average operations.

Let the time-scale 7 be fixed, let the ETIFIM

A” (T) = [K*(T)v L (T), {</’Lki7lja7'7 Vki7lj,7'>}]

‘ Ly, <Oél1,7'7 ﬁi,r) e Ly, <Oéln,7'7 ﬁ’fl,T>
_ kla <@]f,r> /Bf,’7'> <:uk17l1,‘r> Vk1,l1,7'> cee <:uk17ln,‘r7 Vk1,ln,7'>
- , _ | reT
K, <O/T€n,‘r7 Bfm) (B 75 Vi) o Bk s Ve )

be given and let kg ¢ K and [y ¢ L be two indices. Now, we introduce the following operations
over it:
(o, ¥)-row-aggregation
Plos(A*(T), ko)

‘ l17 <O‘ll,7-vﬂi,r>

— k- j—
kO? < © Qs © z’,7—> < * ki by ,rs * Vki,llﬂ'>
1<i<m 1<i<m 1<i<m 1<i<m
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ln ) <a£1,7' ’ 1l1,‘r>

_ lTeT },
< * Bk ln,7s * Vk’iJnﬂ')
1<i<m 1<i<m
(o, ¥)-column-aggregation
O (0,%) (A*(T)7 ZO)
)
lo, < o Oéé',’r’ o é’,’r)
1<j<n 1<j<n
ki, (Oéli.,_, ﬂf‘r> < * o Mkl * Vki7lj,T>
= 1<j<n 1<j<n reT
km? <a51,7'7 57];:1,T> < * luk'm?ljvT’ ; Uk:”“lj ’T>
1<j<n 1<j<n
\ W

Let e and ® be two other dual operations, that can coincide with (o,3) or (x,%), or to be
different. The following new aggregation operation can be defined:
(o, e, x) — T -aggregation

Doy (A (T))

ll? < g all,r7 . 5%,7)

TET TET

k17< © O‘llﬁ,‘r? o k> < *

1,7 ey 1y 75 * Vkl,llﬂ')
- TET TET TET TET
k = k =
km? < © am,T’ © m,’r) < * Mkm7l177'7 * VkalJ)
TET TET TET TET
l l
ln’ <an,7'7 BTZ,T>

(% Meiders * Vkilar)
T€T T€T

< * /’Lkmyln777 * Vkmyln77->>
TeT TeT
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The above operations are extensions of the operations from IFIMs, EIFIMs and TIFIMs and
have similar properties.

S5 Level operators over EIFIMs

Now, we extend the idea from [3], introducing level operators over ETIFIMs.
Let the ETIFIM

A*(T) = [K*(T)7 L (T)7 {</’Lki7lja7'7 sz'ylj77'>}]

be given.
Let fori =1,2,3: p;, 04, pi + 0; € [0, 1] be fixed.
In [1, 2], some level operators are defined. One of them, for a given IFS

X = {{z, px(2), vx(2))|x € E}
is
Nos(X) = {(z, px(z),vx(z))|z € E & px(r) = a &vx(r) < B},
where «, 5 € [0, 1] are fixed and o« + § < 1.

: - YS! 2 3 :
Here, its analogues are intoduced. They are three: N, .. N, . N, _ and influence over

K*(T)-, L*(T)-indices and (i, 1, 7, Vs, ,1,,-)-€lements, respectively. The three operators can be
applied over an ETIFIM A sequentially, or simultaneously. In the first case, theis forms are

Ngl,ol (A* (T)) = [NPMH (K*<T>>7 L*(T), {<(pki7lj,7'7 ¢ki7lj,T>}]7
where
(Prityirs Ukityir) = (W yms Vkidyr)

only for (k;, af, BF) € N,, o, (K*(T)) and for each (l;, o}, 5%) € L*(T);
N2, o (AN(T)) = [K*(T), N (L*(T)), {0kt Vit ) 35

where
<30k¢,lj,7'7 wki,ljﬂ'> = <:uk¢,lj,7'7 Vki,ljﬂ'>

for each (k;, of, 57) € K*(T) and only for (I;, o}, 85) € N, 0, (L*(T)):
Ngg,og (A*(T)) = [K*<T>7 L (T)> {<(pkz‘7lj,7'7 wki7lj7'>}]7

where
(W gyrs Vioyr)s A pigir > p3 & Vg < 03
(Pritjr rityr) = ;
(0, 1), otherwise

In the second case, their form is

(N;hol’ Np22,027 ng,ag)(A*(T)) = [NPLUI (K* (T))v Np2702 (L* (T))v {<§0ki,ljﬂ wki,lﬂ>}]v
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where

6

( (Mki,zjn Vki7lj7'>a

<90k¢,zj ) wki,zj> =

Conclusion

if (ki, af, Bf) € Npy oy (K*(T))
and <lj7 aé’a BD € NP2702(L*<7—))
and fig, 1,r > p3 & Vg, 1, < 03

Y

if <kw af? 55) € Npl,tﬁ (K*(T))
and <Zj7 O‘é’? 6§> S sz,oz(L*<T))
and pug, 1, < p3 V Vptr > 03

As we mentioned above, the newly defined type of IMs is 3-dimensional. In future, we will

introduce new opertions over the ETIFIMs. These operations will be specific for the ETIFIM and

will do not have analogous as in matrix theory as well as in IM-theory.
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