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Abstract: The concept of Intuitionistic Fuzzy Sets was introduced in 1983 [1] as an exten-
tion of fuzzy sets [7]. Intuitionistic fuzzy modal operators firstly are defined in [1] and new
modal operators are defined by different reserchers [3, 4, 5, 6]. Some properties of these opera-
tors studied by several authors. In this paper, some relationships between some of the new modal
operators are examined.
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1 Introduction

Intuitionistic fuzzy sets was introduced in 1983 [1], as an extension of fuzzy sets [7]. Intuitionistic
fuzzy modal operators were introduced in [1, 2]. Then several extensions of these operators were
defined by different authors. Some algebraic and characteristic properties of these operators were
studied in several papers. In this study, we will examine some relationships between B, 3, H, s,
E:;g, Ly 5, Ko 5y T gy Sa,p and ®q g 4,6 intuitionistic fuzzy modal operators.
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Definition 1. [1] An intuitionistic fuzzy set (shortly IFS) on a set X is an object of the form
A= {{z pa(@), vale)) : o € X}

where iy © X — [0,1] and pa(z) is called the “degree of membership of x in A”, vy : X —
[0,1]) and v(x) is called the “degree of non-membership of x in A”, and where s and va
satisfy the following condition:

pa(x) +va(z) <1, foral x € X.
The class of intuitionistic fuzzy sets on X is denoted by I F'S(X).

Definition 2. [1] An IFS A is said to be contained in an IFS B (notation A T B) if and only if,
forall x € X,
pa(z) < pp(x) and va(x) > vp(x).

Itis clear that A = Bifandonly if AC Band B C A.

Definition 3. [/] Let A € IFS(X) and let A = {{x, pa(z),va(x)) : © € X} then the above set
is called the complement of A

A® = {{z,va(x), pa(z)) : x € X}
The following operations of two IFSs A and B on X is defined by
AN B = {{z,pa(z) A pup(x),va(z) Vvg(z)) z € X}

AU B = {{z,ua(x) V ug(x),va(z) Nvg(z)) :x € X}

Now we will give the definition of some intuitionistic fuzzy modal operators which studied in
this paper. In 2013, B, g,H, 3 and E;jg modal operotors were defined as follows:

Definition 4. [4] Let X be a universal, A € IFS(X) and o, 8 € [0,1] then
Bag(A) = {(z, B(pa(z) + (1 — a)va(x)), a((1 = B)pa(x) + va(x))) : x € X}
Definition 5. [4] Let X be a universal, A € IFS(X) and v, 8,w € [0,1] then
Bas(A) = {(z, B(palz) + (1 = B)ra(z)), a(1 — a)pa(z) + va(x))) 1 v € X}
Definition 6. [4] Let X be a universal and A € IFS(X), o, B,w, 0 € [0, 1] then
E5(A) = {(z, B((1 = (1 = a)(1 = 0))paw) + (1 — a)fva(z) + (1 — a)(1 — O)w),

o((1 = B)0pa(e) + (1 — (1= B)(1 — 0))va(w) + (1 — B)(1 — O)w)) : & € X}
Proposition 1. [4] Let X be a universal and A € IFS(X), a, f,w € [0, 1] then

L EY(A) =4
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2. EYQ(A) =0
3. Egi(A) =X

K¥ ., and LY , intuitionistic fuzzy modal operators were defined in 2014 and same year
a7ﬂ avﬁ y p y
®a,8,7,5 Was introduced by Atanassov.

Definition 7. [6] Let X be a universal and A € IFS(X),a, f,w,a+ € [0, 1].
L L3 5(A) = {(z, apa(r) + w(l — a),a(l = Bjya(z) + af(l —w)) z € X}
2. K 5(A) = {{z, a1l = B)palz) + aB(l —w), ava(z) + w(l — a)) x € X}
Proposition 2. [6] Let X be a universal, A € IFS(X)and o, 3,a+ 8 € [0,1], a # 1.
L LIS (A) = B, 5(4)

5
2. Kog' (A) = Bap(A4)
Proposition 3. [6] Let X be a universal, A € [FS(X) and o, B,w,a+ 8 € [0, 1].
L. LZ,B(A)C = K;"ﬂ(AC)
2. L§,5<Ac) - K5,5<A)c
Definition 8. [3] Let X be a universal and A € I[FS(X).

Ra,s76(A) = {{z, apa(z) + ywalx), Bpalz) + dva(z))},
where a, 3,7,0 € [0,1]and o+ 3 < 1,7+ 0 < 1.
After the definition of ®, g s intuitionistic fuzzy modal operator, we saw that some modal
operators may not be associated with any operator in the diagram. 77, g, S, 3 modal operators
introduced in 2015 and they also are not associated with any operator in the diagram.

Definition 9. [5] Let X be a universal and A € IFS(X), o, B,a+ 5 € [0, 1].
(1) Tas(A) = {{z, B(palz) + (1 — a)va(z) + @), a(va(z) + (1 — Bua(z))) : x € X},
(2) Sap(A) = {(z, alpa(z) + (1 = B)ra(z)), Bva(z) + (1 — a)ua(z) + @) - v € X}
Theorem 1. [5] Let X be a universal and A € [FS(X). If o, B, + B € [0, 1] then
Top(A)" = Sap(A°).
Proposition 4. [5] Let X be a universal and A € I[FS(X). If a, B, + 3 € [0, 1] then
1. Tpa(A)" E T p(A%)
2. Sap(A) E SpalA)
Theorem 2. [5] Let X be a universal and A € IFS(X). If o, 3,0+ B € [0,1] and 8 < o then
L. Tp(4) C Tpa(A)
2. 53.a(A) E Sap(A)

Hence, the latest diagram of intuitionistic fuzzy modal operators as following:
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2 Main results

In this section, new results on last intuitionistic fuzzy modal operators are introduced. We have
obtained some relationships between these modal operators.

Proposition 5. Let X be a universal and A € 1FS(X). If o, 3,0 € [0, 1] then

1. @p(04a-a6).0001-8),800-a).a0+5-50) (A) = Eg5(A)
2. ®pa(1-),801-a)a(A) = Ba,s(A)
3. ®pa-a),s1-p)a(A) =Bap(4)

Proof. Let«, 3,0 € [0, 1],

BlO+a—ab)+ab(l1—-p) = BO+a(B—p0+0—p50)
O+ —B0+0—p0=p51—-0)+0

<
< 1-60+60<1

From definition of ®,, g 5 s modal operator and above inequality

0,6
®B(0+a—ab),a8(1-5),60(1—a),a(0+5-p0) (A) = E 5(A)
is clear. L]

Theorem 3. Let X be a universal and A € IFS(X). Ifa, f € [0,1] and a + 5 < 1 then
®a,8,8,0(Baa(A)) = Baa(®a,8,8a(A4))
Proof. Let o, B € [0, 1],
®aﬂﬁ,a(3a7a(A))

= {{z, a(apa(z) + a(l — a)ya(r)) + 5 (a(l — @)pa(z) + ava(z)),
B (apa(z) + a(l — a)va(z)) + a(a(l — a)pa(z) + ava(x))) : x € X}
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= {(z,a(apa(z) + Bra(z)) + a(l — o) (Bpa(z) + ava(z)) ,
a(l — ) (apa(x) + Pra(z)) + o (Bupa(z) + ava(z))) :x € X}
= Baa(®a,5,8a(4)).

Hence the proof. O]

Theorem 4. Let X be a universaland A € [FS(X). Ifa, 8,7,0 € [0, 1] and a4+ < 1,y+5 < 1
then

L. ®a,ﬁ,%6 (Li,B(A)) C Li,g((@aﬁmé(/l))
2. K} 5(®a,p45(A)) E ®agrs (KL s(A))
Proof. (1) Let i, 3,7,6 € [0, 1],

ay(1=8) < ay=ay(l-pBra(z) < ayva(z)
= o’pua(r) +ay(l = Pyale) +a(l — a) < Pua(e) + aywa(r) +1-a

and

af(1-05) < af = af(l—=Pua(r) < abpa(z)
= af(l—Pua(z) + ad(l — pBra(zr) < afua(zr) + ad(l — fva(x)

So, we prove that ®q,5,,,5 (L4 5(A4)) T LE 5(®a,s.5(A)).
(2) It can similarly proved. U

Theorem 5. Let X be a universaland A € IFS(X). Ifa, B € [0,1]]anda+ < 1,a < % then
L. Soa(®a,8a(A4) E ®a,p,pa(Saa(4))
2. ®a,5,67a(Ta,a<A>) C Ta,a(®aﬂ,67a(A))

Proof. (1) Leta, 5 € [0,1],

0 o?B = ala+ (1 —a))ua(z) + a8+ a(l — a))va()

<
< ala+B(1 - a)pa@) + a(B+ a(l — a))va() + a*8
and

< a? = alf+a(l —a))pa(z) + ala + B(1 —a))va(z) + o?
< a(f+a(l —a))pa(z) + ala+ B(1 — a))va(z) + o?

From above inequalities we have obtain that

Saa(®a,88a(4) E ®a,880(Sa(4)).
(2) The proof is obvious. L]
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Conclusion

In this study, some ralationships between ®, g5 modal operator and last intuitionistic fuzzy

modal operators are examined. Following this, we can study new properties on extended modal

operators.
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