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1 Introduction

The Interval-Valued Intuitionistic Fuzzy Sets (IVIFSs) were introduced exactly 30 years ago in
[10] and over the years their theory has been enriched with a lot of operators that do not have
analogues in the theories of standard fuzzy sets, intuitionistic fuzzy sets (IFSs), as well as the
rest of the fuzzy sets extensions. In the present paper, we introduce three operators that exhibit
behaviour similar to the modal, as well as to the level operators.
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2 Preliminary definitions

Following [4, 5], we give the definitions of the basic concepts and the basic operations, relations

and operators over IFSs.

Let us have a fixed universe E and its subset A. The set

A" = {(z, Ma(x), Na(2)) | = € E},

where M4 (z) C [0,1] and N4(z) C [0, 1] are intervals and for all z € E such that:

sup Ma(z) + sup Na(z) < 1,

is called an Interval-Valued Intuitionistic Fuzzy Set (IVIFS) and the intervals M 4(z), N4(z) rep-
resent the interval of the degree of membership (validity, etc.) and the interval of the degree of

non-membership (non-validity, etc.), respectively.

Obviously, this definition is constructed analogously to the definition of an IFS (cf. [4, 5]).

IVIFSs have geometrical interpretations similar to—but more complex than—these of the IFSs

(see Fig. 1).

(0,1)

1 — inf M4 (x)

1 — sup M4 (x)

sup N 4 (z)

inf N4 (x)

(0, 0) (1,0)
inf Mg (z) supMa(z) 1 —sup Ny(z)

1 —inf Ny (x)

Figure 1. Geometrical interpretation of an IVIFS element x

For brevity, everywhere hereafter we write A instead of A*.

Following [4], we introduce some relations and operations for two IVIFSs A and B:

ACB

A=B

-A
ANB

ifft (Vo € E)(inf Ma(z) <inf Mp(z) & sup M4(z) < sup Mp(zx)),
&inf Ny(x) > inf Np(z) & sup Na(x) > sup Np(z)),
iff (Vx € E)(inf Ma(z) = inf Mp(x) & sup M4(x) = sup Mp(x),
&inf Ny(z) = inf Ng(x) & sup Na(x) = sup Np(z));
= {{#, Na(z), Ma(z)) | © € E},
= {(z, [min(inf M(x),inf Mpg(x)), min(sup M4 (z),sup Mp(z))],
[max(inf Na(z),inf Ng(x)), max(sup Na(z),sup Ng(z))]) | z € £},
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AUB = {(x,[max(inf Ma(x),inf Mp(z)), max(sup Ma(z)sup Mp(z))],
[min(inf Na(z),inf Ng(z)), min(sup Na(z),sup Ng(z))]) | z € £},
A+ B = {(x,[inf My(z)+ inf Mp(z) — inf My (z). inf Mp(z),
sup Ma(z) 4+ sup Mp(x) — sup Ma(x). sup Mp(x)],
[inf Ny(z).inf Ng(x),sup Na(x).sup Ng(z)]) | z € E},
AB = {(x,[inf My(z).inf Mp(z),sup Ma(z).sup Mp(z)],
[inf Ny(z) + inf Ng(x) — inf Na(x). inf Np(z),
sup Na(x) + sup Np(x) — sup Na(z).sup Np(z)]) | = € E},
AQB — {<x7 [infMA(m)—ginfMB(x)7 supMA(r)—gsupMB(r)]

Y

|:inf N4 (z)+inf Np(z)
2 >

sup N4 (z))+sup Np(z)
DPIVA 5 PIVB HZEEE}

3 The new operators

Now, we introduce the first two new operators, defined over a given IVIFS A. They have the
forms:

H,p(A) ={(x, [ainf M4(z), asup M4(z)],
[inf Ny(z) + 8 — finf Na(z),sup Na(z) + 5 — Bsup Na(x)])|z € E}
={(z,]
[

Ja,5(A)

{(z, [inf Ma(x) + o — avinf My (x),sup Ms(z) + o — asup Ma(z)],

Binf Na(x), Bsup Na(x)])|x € E},
where , 8 € [0,1] and o + 5 < 1.

We check that
0 < ainf Ma(z) < asup Ma(z) <1,

0 <inf Na(x) + 8 — Binf Na(x) < sup Na(x) + 8 — Bsup Na(z) < 1,
Z = asup Ma(z) +sup Na(z) + B — Bsup Na(z)
< a(l —sup Na(z)) + sup Na(z) + B(1 — sup Na(z))
<a+f+(—a—B)supNaa)<a+f+l-a—Ff=1

i.e., the first definition is correct. Analogously, we check that the second definition is also correct.
After this, we see that for each IVIFS A and for every a, (3,7, 0, € [0, 1], such that « + 3 < 1
and v+ 60 < I:
Hap(A) C AC T, s(A)

and the inequalities are transformed to equalities if and only if « = 9 = 1 and hence 8 = v = 0.
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Similarly to the rest modal operators, defined over IVIFSs, the two new operators can be also

extended to the forms

fl( )(A) ={(z, [a'inf Ma(z), Bsup Ma(z)],

8 &

[inf Na(x) +~v —yinf Na(z),sup Na(z) + 6 — dsup Na(x))|z € E},

J( . )(A) ={(z, [inf Ma(x) + o — avinf M (), sup Ms(z) +  — Ssup Ma(x)],

[yinf Na(z),dsup Na(z)])|z € E},

where @, 3,7,8 € [0,1], 0 < B,y < 5,8+ 6 < 1.
We can see again that both operators are correctly defined and for them the inequalities

Ho, NACACT, . . \(4)
(53) (5 7)
hold for every o, 3,7,0,a/, 8',+',0" € [0,1], such that a < 5,7 < §,0+6 < 1,/ < 7,7 <
o, B+ <1.
Obviously, for each IVIFS A:

By this reason, hereafter, we will only work with the two extended operators.

Theorem 1. For each IVIFS A and for a, 8,7,0 € [0,1], suchthat« < 5,7 < 6,5+ < 1:

—H —A)=J
<a w)( ) (w

B o

T, NEA) =H, o N\ (A)
(53) (25)
Theorem 2. For each IVIFS A and for «, 3,7, d,a/, 5,7, 8 € [0,1], such that o« < 3,7 < 4,
f+d<lando/ <[,/ <&, p +§<1:

Hy o NTr o NS T, N L\ (A).
(s 3)7°(s ¥) (% ¥)7(: 1)

8 s B’ 5’ BI 5’ 8 s

Two analogues of the topological operators have been defined over the IVIFSs (see, e.g., [4]):
operator “closure” C' and operator “interior” I:

C(A) = {<£IZ’, [Ki/nﬁ Kéup]’ [Lgnf7Léup]> | T e E}7
I<A) = {<$, [Kllgﬁ Ké:.lp]? [Lﬁlfv L;/upD ’ LS E}7
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where:

Kiyp = supinf Ma(y), Kl = supsup Ma(y),
yek yerR

S ;o

Ling = InfinfNa(y), Loy, = InfsupNa(y),

o= infinf Ma(y), K

yeE sup —

inf sup Ma(y),

L! . = supinf Na(y), L, = supsup Na(y).
yek yerR

Theorem 3. For every two IFSs A and B, and for every «, 3,7,6 € [0, 1], such that o < 3,
v<0,+0< 1

C(J(; . (A))::J(; })(CWA)%
I(j( - 04))==jk - )(1@4))

Proof. Let A be a given IVIFS and let «, 5,7, d € [0, 1]. Then
C(ﬁ( . )(A)) = C({(z, [ainf M (x),ysup Ma(x)],

B
[inf Ny(z) + f — Binf Na(z),sup Na(z) + § — dsup Na(z)])|z € E})
= {(z, [sup avinf M (y), supysup Ma(y)],
yeE yeE
inf (inf Ny (y) + 3 — 5 inf Na(y)), inf (sup Na(y) + 5 — S5up Na(y)e € B}

= {(z, [asupinf M(y),~ sup sup M4(y)],
yeE yeE

6+ imf (1 ) nf Na(y)), 6+ inf (1~ 6)sup Ny(u))lx € B)
= {(z, [asupinf M4(y), v supsup Ma(y)],
yeE yeE
B+ (1—75) ;gfg inf Na(y),0 + (1 —9) yig]gsup Na(y))|z € E}
= {(z, [« sug inf MA(y),’ysuB sup Ma(y)],
ye ye
[éggmfNA(y) + 5 - ﬁ;ggmfNA(y),ynelgsupNA(y) +4d— 5;2£supNA(y)]>|x € £}

=H/ . \{{x,[supinf Ma(y),supsup Ma(y)],
( B & ) yeE yeER

[inf inf Na(y), inf sup Na(y))| € E})

_— C(A)).
(a w)( (A))

B 6
The other assertions are proved in the same way. U

Below, we will discuss the four interval-valued intuitionistic fuzzy operators from three
different perspectives.
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3.1 The perspective of the interval-valued intuitionistic fuzzy
modal operators of first type
The simplest intuitionistic fuzzy modal operators are analogous of modal operators “necessity”

and “possibility”. In the framework of the IVIFSs theory these operators are extended and modi-
fied in a “step-by-step” manner. The first group of modal operators is the following (see [4, 7]):

0A= {(x,Ma(x),[inf Na(x),1 —sup Ma(z)]) | x € E},
QA= {(x,[inf My(z),1 —sup Na(x)], Na(z)) | z € E},
Do (A) = {{x,[inf M4(z),sup Ma(z) + a.(1 — sup My(x) — sup Na(z))],
[inf Na(x),sup Na(z) + (1 — «).(1 — sup M4(x) — sup Na(x))])
|z € EY},
Fop(A) = {(z,[inf M4(z),sup M4(z) + a.(1 —sup Ma(x) —sup Na(x))],
[inf Na(z),sup Na(z) + 5.(1 — sup M4(x) — sup Na(x))])
|z € E}, fora+ [ <1,
Gop(A) = {{z,[a.inf My(z),a.sup Ma(x)], [8.inf Ns(z), B.sup Na(z)]) | z € E},
H.p(A) = {(z,]o.inf M(x), . sup Ma(x)],
[inf Na(x),sup Na(z) + B.(1 — sup Ma(x) —sup Na(x))]) | 2 € E},
H;75(A) = {(x,|o.inf My(z), a. sup Ma(z)],

[inf Ny (z),sup Na(z) + B.(1 — . sup M4 (z) — sup Na(z))])
|z € E},

Jap(A) = {(z,[inf M4 (x),sup M4 (z) + a.(1 —sup Ma(z) —sup Na(x))],

) a.(
[8.inf Na(x), B.sup Na(x)]) | z € E},
J;ﬂ(A) = {{(x,[inf M4(x),sup Ma(z) + a.(1 — sup M4(x) — B.sup Na(zx))],
[B.inf Ny(z), 8.sup Na(z)]) | x € E},
)

F(g g)(A)Z {(z, [inf Ma(z
sup My(z) + B.(1 — sup My (z) — sup Na(x))],
[inf Na(x) + 7v.(1 —sup Ma(z) — sup Na(z)),
sup Na(x) + d.(1 —sup My (z) —sup Na(z))]) |z € E, }
for6+0 <1,
@( . . )(A) = {(z,|a.inf My (), B.sup Ma(x)], [y.inf Na(x),d.sup Na(x)]) | x € E},

+ a.(1 — sup My (z) — sup Na(z)),

>(A) = {{z,[a.inf Ms(x), B.sup M4(x)],

[inf Na(z) +7.(1 — sup Ma(z) — sup Na(z)),
sup Na(z) +6.(1 — sup Ma(z) — sup Na(2))]) | z € E},
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H( o o )(A) = {(x,|a.inf My(z), B.sup Ma(x)],
[inf Na(x) +~.(1 — B.sup M4(z) — sup Na(z)),
sup Na(z) +6.(1 — B.sup Ma(z) —sup Na(z))]) | x € E},
7( . )(A) = {(z,[inf Ma(z) + a.(1 — sup M4(x) — sup Na(x)),

sup Ma(z) + .(1 — sup My (z) — sup N4(z))],
[v.inf Ny (z),0.sup Na(z)]) | z € E},
J( o - )(A) = {(z,[inf Ma(z) + a.(1 — 6.sup Ms(z) — sup Na(z)),

Sup Ma(z) + B.(1 — sup Ma(x) — 5. sup Na(2))].
[v.inf Ny (z),0.sup Na(z)]) | z € E},

for every o, 3,7v,9 € [0, 1].

The composition of two O-, {-, D-, F- and G-operators can be represented by only one of
them, while this is impossible for the rest of the operators, but now, we see that the following
assertion is valid.

Theorem 4. For each IVIFS A and for «, 3,7,4,&/, 3,7/, € [0,1], such that a < f3,
v<§B+d<landoa/ <p v <80+ <1:

Proof: We check sequentially:

H, . ~NH; . NA))=H,,  \{{z, [0 inf Ma(z), 5" sup Ma(z)],
(53)7 (5 %) (573) '

A
[inf Na(x) 4+~ — 4 inf Na(x), sup Na(z) + &' — &' sup Na(z))|z € E})
= {(z, [aa’ inf M4(z), BB sup Ma(z)],
[inf Na(2) + 7 — 7 inf Na(z) + v — v(inf Na(z) + ' — 4 inf Na(z)),
sup Na(z) + 8 — 8" sup Na(z) + 6 — d(sup Na(z) + &' — &' sup Na(x)))|z € E})
= {(z, [/ inf M4(x), B sup Ma()],
[inf Na(z) +v+9" =7 — (v +7 =77 inf Na(),
sup Na(2) + 8 + 8 — 88 — (5 + 6 — 66" sup Na(2))|z € E})
)W

The remaining assertion as well as the below ones can be proved similarly. U
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Therefore, we see that these two operators satisfy the property of F'- and G-operators.
Moreover, for each IVIFS A:

Hy1(A) = ff( 0 1 )(A) = {{,[0,0], 1, 1))z € E} = O7,

i,O(A) = J( 10 )(A) = {(z,[1,1],[0,0])|z € E} = E",

1 0
similarly to operators Hg ; and J7 , respectively.

Theorem 5. For every two IFSs A and B, and for every «, 5 € [0, 1], such that o« + § < 1:

H,3(ANB) = H, 3(A) N H,4(B),

Hap(AUB) = Hap(A) U Hag

Jas(AN B) = Jos(A) N Jos(B),

Jas(AUB) = Jos(A) U Jos(B),
H ANB)=H A)NH B),
(5 AN =Ha )N 1y B)
H AUB)=H A)UH B),
(5 )AVDI =AW ) B)
Jr o NANB =J,  NANJT,, (B,
(10)( N B) (10)()ﬂ<10>()
Jr . JNAUB =J,  NAUJ,, \(B).
(10)( U B) (10)()U<10>()

Let ext;, exts, exts, exty, exts, exts, extr, exts € {inf, sup}.
The most extended intuitionistic fuzzy modal operator from the first type has the form:

exty exty exts exty
exty extg exty extg

X( WA e h
(omaman)
= {(z, [inf Mx(x),sup Mx(x)], [inf Nx(z),sup Nx(x)])|x € E},
= {(z, [ay inf M4(z) + by (1 — exty M4 () — crexta N4(z)),

(4)

ag sup Ma(z) + ba(1 — extgs Ma(z) — caexty Na(z))],
[dl inf NA(ZL‘) + 61(1 — flext5MA(x) — extﬁNA(x)),
dosup Na(z) + ea(1 — faexty My (z) — extgsNa(z))])|x € E},
where a17b17clad17617f17a2762a627d27627f2 € [O’ ]'] and
0 <inf Mx(x) <sup Mx(x) <1,
0 <inf Nx(z) < sup Nx(z) <1,

)
sup Mx (z) + sup Nx(z) < 1
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Now, we see directly that

ext]  extp  extz  exiy )

~ ( exts inf extg sup
HO"B(A) =X a 0 rm 1 B 0 (A)’
( a 0 ro 1 B 0 >

( inf exty sup exto )
>~ exts exty exts extg
Jap(A) =X (A),
1 a« 0 B 0 r3
1 « 0 B 0 T4
( exty exty extg exty )
-~ exts inf extg  sup
He, \(A)=X (4),
v a 0 7 1 ~v 0
B 4 B 0 ro 1 & O
( inf exty sup  exty )
-~ exts exty exts extg
(4),

J(a 7)(14):)((1

«@ 0 ¥ 0 T3
1 B 0 & 0 4
where 11,79, 73,74 € [0, 1] are arbitrary numbers and ext;, exts, exts, exty, exts, extg € {inf, sup}

are one of the two symbols, regardless of which.
Therefore, the new operators have a similar X -representation as the rest of the extended

modal-type operators.

3.2 The perspective of the interval-valued intuitionistic fuzzy
modal operators of second type

The Interval-Valued Intuitionistic Fuzzy Modal Operators of Second Type (IVIFMO2) are in-
troduced for the first time in [8, 9]. They also have two forms: shorter (introduced in [8]) and
extended (introduced in [9]). These IVIFO2s are represented by one — the most extended operator

that has the form given below.
Let again ext;, exty € {inf, sup}. We define

( exty exty )

@(al B1 v 61 e1 (1 )A

az P2 y2 d2 ez (2
= {(z, [ inf M a(x) — e1exty Na(z) + 71, ag sup Ma(x) — egexta Na(z) + 2],
[Brinf Na(z) — Grexty Ma(x) + 01, fasup Na(x) — GaextaMa(x) + do))|z € E}.

The components of this operator must satisfy the following conditions in a general form:
0 < ajinf Ma(z) —erexti Na(z) + 71 < agsup My (z) — egextoNa(x) + v2 < 1,
0 < Byinf Ny(x) — Gexty My(z) + 61 < Basup Na(z) — GeextoMa(x) + 09 < 1,
g sup Mu(z) — e2extoNa(x) + 72 + B2 sup Na(z) — GexteMa(x) + 62 < 1.

The two new (more extended) modal operators have the following representations:
o ( exty exty )
H( «@ ¥ ) (A) - @ ( a 11—~ 0 =~ 0o o0 ) A7
B s B 1-5 0 6 0o o0
~ ( exty exty )

J A:@lfawaoooA’
(2 )W :)

1-8 6§ B 0 O

where exty, exty € {inf, sup}.
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3.3 The perspective of the interval-valued intuitionistic fuzzy
level operators

The basic Interval-Valued Intuitionistic Fuzzy Level Operators (IVIFLO) are (see, e.g., [4]:

Poprs= {{z,[max(a,inf Ma(x)), max(3, sup M4(z))],
[min(v, inf N4(z)), min(d, sup N4 (2))]) | x € E},
@aﬁm(s = {{(x, [min(a, inf M4(z)), min(5, sup M4 (z))],
[max (v, inf N4(z)), max(d,sup Na(z))]) | x € E},
fora, 5,7, € [0,1],a < B,y<dand f+d < 1.

The intervals of the degrees of membership and non-membership of the elements of a given
universe to its subset can be directly changed by these operators.

Obviously, for every IVIFS A and for «, 5,7v,6 € [0,1], a < S,y < dand f+ 0 < 1:

Papys(A) = AU{(z, [o, 8], v, 0]) | € E},

Qaprs(A) = AN{{z,[a, 8], [,0]) |z € E},
@Oé,ﬁ,"/,(s(A) - A C ?04757%5(14)'

Therefore, it will be suitable to denote both operators as follows:

aprs(A) =AU {{z, [0, B, [7,0]) |z € E},

Ol pqs(A) = A0 {(z, o, B], [, 0]) |z € E}.

Now, we can define the two new intuitionistic fuzzy level operators on the basis of operations

+” and “.’, defined in Section 2, but here, we use notation “x’’ instead of “.’:

02575(14) =A + {<£L’, [aaﬂ]v [77 5])’3: < E}v
Ogprya(A) = Az, [o, B, [v, 0]) |z € E}.

We see immediately that:
0276,7,6(A> = J( ;
O;:,,B;y,é(A) - H( (g
while
Haﬂ(A) = O;,a,B,B(A)>
j/,é(A) - O;a,ﬁﬁ(A)'

Therefore, the four new operators have the behaviour of level operators.
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Theorem 6. For every IVIFS A, for «, 3,7, 0,¢,(,n,0 € [0,1], such that a < 5,7 < 9,5+ <
Le<¢n<0,(+0<1:

H (53 )(PaCnﬂ(A)) = Poc,ac. -ty -0)0+5(H (23 )(A))
H( - )(@s,gne( )) = Qucpcn )n+7,(15)9+6(H( - )(A))
J( - )(E,g,n,e(fl)) = Pac st 1—yna-50+5(J, & )(A))
J & )(@a,g,n,e(A)) = Quesct-min-oral] (51 )(A))

Proof: Let the IVIFS A and «, (3,7, 6, €, (,n, 0 be given, so that they satisfy the above conditions.
Then, for the first equality we obtain:

H; o \(Pecpo(d)
( )( o

B 4

. )({@5» [max(e, inf My (x)), max(C, sup Ma(x))],
[min(n, inf Na(z)), min(0, sup Na(z))]) | z € E})
= {(z, [a max(e, inf Ma(z)), 8 max(¢, sup Ma(z))],
[min(n, inf Ns(z)) + v — y min(n, inf N(z)),
min(6, sup Na(z)) + & — 6 min(é, sup Na(z))]) | z € E}
(z)), max(5¢, Bsup Ma(z))],
(min((1 —~)n+ 7, (1 — ) inf Na(z) +7),
min((1 —0)0 + 6, (1 — 0) sup Na(z) +0)]) | = € E}}
= Poc,pe,(1-nir(1-8)6+5({ (2, [oinf Ma(w), Bsup Ma()),
[inf Na(z) +~ — ~inf Na(z),sup Na(z) + 6 — dsup Na(z))|z € E})

= {(x, [max (e, ainf My

= Pacpc,0—ymir(-0)0+6(H ( . s )<A>)-

8 s
It can be directly seen that for each IVIFS A and for «, 5,7, € [0,1], « < 3, v < ¢ and
B+0< 1

Hy . N(A) CQuprs(A) CAC Poag,s(A)CJ, . \(A).
( )() 85(A) s.5(A) ( )()

B 6 B 4

Now, we can calculate for every IVIFS A and for «, 5,7, € [0,1], « < f, v < § and
B+6<1:
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Hy, N(Aag, (A
(2 0)7 7050
= {(z, [ainf M(x), 5 sup Ma(x)],

[inf Ng(x) +~v —yinf Na(z),sup Na(z) + 6 — dsup Na(x))|x € £},
@Q{(z, [inf Ma(z) + a — ainf M4 (z),sup Ma(z) + 8 — Ssup M4(z)],
[yinf Na(z),dsup Na(x)])|x € E},

_ {<x {ainfMA(x) +inf Ma(z) + a — ainf My(x)
; 5 ;
Bsup Ma(x) + sup Ma(z) + 8 — Bsup MA<=T>}
5 ;
{inf Na(z) +v — vinf Na(z) + vinf Ny(x)

5 ,
sup Na(z) +0 — 5su1;NA(rc) +6supNA(rc)] >‘ e E}
_ {<x [infMAéx)—I—oz’ SupMA(x)—i—ﬁ] ’

2
ZEEE}

[ﬂy +yinf Na(xz) 0+ (5supNA(x)] >
From the above discussion we see that the four new operators are simultaneously modal as

2 ’ 2
AQ{(z, [a, ], [7,0])|x € E}.

well as level operators. By this reason, we legitimately can call them modal-level operators.
Finally, following the above notation, we can denote:

AQ{(z, [o, B, [, 0])|x € E} = 0( - >(A)-

B s

4 Conclusion

In [1, 2, 3], to each of the 189 intuitionistic fuzzy implications introduced in [5], three different
intuitionistic fuzzy conjunctions and disjunctions are juxtaposed. Therefore, they can be basis
for introducing a lot of new O- (and therefore, P-, ()-, H- and .J-) operators. Each of these
new operators can be extended in the ways the standard modal and level operators are extended.
Simultaneously, some of the operators, introduced for the IFS-case, have to be extended to IVIFS-
form (e.g., the G. Cuvalcioglu’s operators, [12]).

The applications of these operators will be interesting. For example, they can be used in
different Data Mining processes as of decision making, of pattern recognition and a lot of others.
One of the novel Data Mining tools is the IFS-based intercriteria analysis (see, e.g., [6, 11, 13]).
It can be easily seen that the operators, discussed in the paper, can be used for modification of
InterCriteria Analysis results and this will be an object of future research.

24



Acknowledgements

The present research has been supported by the Bulgarian National Science Fund under Grant
Ref. No. KP-06-N-22/1 “Theoretical Research and Applications of InterCriteria Analysis”.

References

(1]

(2]

(3]

[4]

[5]
[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

Angelova, N., & Stoenchev, M. (2015/2016). Intuitionistic fuzzy conjunctions and disjunc-
tions from first type. Annual of “Informatics” Section, Union of Scientists in Bulgaria, 8,
1-17.

Angelova, N., Stoenchev, M., & Todorov, V. (2017). Intuitionistic fuzzy conjunctions and

disjunctions from second type. Issues in Intuitionistic Fuzzy Sets and Generalized Nets, 13,
143-170.

Angelova, N., & Stoenchev, M. (2017). Intuitionistic fuzzy conjunctions and disjunctions
from third type. Notes on Intuitionistic Fuzzy Sets, 23 (5), 29—41.

Atanassov, K. (1999). Intuitionistic Fuzzy Sets: Theory and Applications, Springer, Heidel-
berg.

Atanassov, K. (2012). On Intuitionistic Fuzzy Sets Theory, Springer, Berlin.

Atanassov, K. (2014). Index Matrices: Towards an Augmented Matrix Calculus, Springer,
Cham.

Atanassov, K. (2018). On interval-valued intuitionistic fuzzy modal operators. Notes on
Intuitionistic Fuzzy Sets, 24 (1), 1-12.

Atanassov, K. (2018). Intuitionistic fuzzy modal operators of second type over interval-
valued intuitionistic fuzzy sets. Part 1. Notes on Intuitionistic Fuzzy Sets, 2 (2), 8—17.

Atanassov, K. (2018). Intuitionistic fuzzy modal operators of second type over interval-
valued intuitionistic fuzzy sets. Part 2. Notes on Intuitionistic Fuzzy Sets, 24 (3), 1-10.

Atanassov, K., & Gargov, G. (1989) Interval valued intuitionistic fuzzy sets. Fuzzy Sets and
Systems, 31 (3), 343-349.

Atanassov K., Mavrov, D., & Atanassova, V. (2014). Intercriteria Decision Making: A New
Approach for Multicriteria Decision Making, Based on Index Matrices and Intuitionistic
Fuzzy Sets. Issues in Intuitionistic Fuzzy Sets and Generalized Nets, 11, 1—S8.

Cuvalcioglu, G. (2007). Some properties of £, g operator. Advanced Studies in Contempo-
rary Mathematics, 14 (2), 305-310.

Traneva, V., & Tranev, S. (2017). Index Matrices as a Tool for Managerial Decision Making,
Publ. House of the Union of Scientists in Bulgaria (in Bulgarian).

25



