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Abstract: In the following paper, a new representation of Intuitionistic fuzzy sets (IFSs) has
been introduced, through an integral symbol, which meaning is explained in detail. We remark
that this form represents an IFS in a very suitable way for writing down some of the operations
applying the extension principle for IFSs, and possesses some properties of the complex numbers
and integrals.
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1 Introduction to intuitionistic fuzzy sets

A fuzzy set in X (cf. Zadeh [8]) is given by

A
′
= {〈x, µA′ (x)〉|x ∈ X} (1)

where µA′ (x) ∈ [0, 1] is the membership function of the fuzzy set A′ . As opposed to the Zadeh’s
fuzzy set (abbreviated FS), Atanassov (cf. [1], [2]) extended its definition to an intuitionistic fuzzy
set (abbreviated IFS) A, given by

A = {〈x, µA(x), νA(x)〉|x ∈ X} (2)

where: µA : X → [0, 1] and νA : X → [0, 1] such that

0 ≤ µA(x) + νA(x) ≤ 1 (3)

and µA(x), νA(x) ∈ [0, 1] denote a degree of membership and a degree of non-membership of
x ∈ A, respectively. An additional concept for each IFS in X , that is an obvious result of (2) and
(3), is called

πA(x) = 1− µA(x)− νA(x) (4)
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Figure 1: Triangular representation of the the intuitionistic fuzzy sets A and B ∈ IFS(X)

in a particular point x ∈ X , where fA(x) stands for the point on the plane with coordinates
(µA(x), νA(x)). �A and ♦A stand for the two modal operators “necessity” and “possibility”
acting on A.

a degree of uncertainty of x ∈ A. It expresses a lack of knowledge of whether x belongs to A or
not (cf. Atanassov [1]). It is obvious that 0 ≤ πA(x) ≤ 1, for each x ∈ X . Uncertainty degree
turn out to be relevant for both – applications and the development of theory of IFSs. For instance,
distances between IFSs are calculated in the literature in two ways, using two parameters only
(cf. Atanassov [1]) or all three parameters (cf. Szmidt and Kacprzyk [7]).

For more detailed information regarding modal operators the reader may refer to [2], Ch. 4.1.
“Necessity” and “possibility” operators (denoted � and♦ respectively) applied to an intuitionistic
fuzzy set A ∈ IFS(X) have been defined as:

�A = {〈x, µA(x), 1− µA(x) 〉|x ∈ X}
♦A = {〈x, 1− ν(x), νA(x) 〉|x ∈ X}

From the above definition it is evident that ? : IFS(X) −→ FS(X), where ? is the prefix opera-
tor ? ∈ {�,♦}, operating on the class of intuitionistic fuzzy sets.

Talking about partial ordering on IFSs, we will by default mean (IFS(X),≤) where≤ stands
for the standard partial ordering in IFS(X). That is, for any two A and B ∈ IFS(X) : A ≤ B

is satisfied if and only if µA(x) ≤ µB(x) and νA(x) ≥ νB(x) for any x ∈ X . On Figure 1 one
may see the triangular representation of the two chosen sets A and B in a particular point x ∈ X ,
where fA(x) stands for the point on the plane with coordinates (µA(x), νA(x)).

Let us, in what follows, give two types of representations of an IFS which turn out to be very
useful for the application of the extension principle on IFSs. Both types of integral representation
of an IFS are generalization of the integral representations of usual fuzzy sets proposed in the
paper of Zadeh [9] (cf. Atanassov, Vassilev and Tcvetkov [3]).
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2 Sum and integral representation of intuitionistic fuzzy sets

As described by Zadeh in [9], Sec. 3, let us take a finite set X = {x1, . . . , xn} and express it in
the following way

X = x1 + · · ·+ xn or X =
n∑
i=1

xi (5)

With the understanding in the above sum that +, operating over the elements of X , denotes the
union of the singletons of the elements rather than the arithmetic sum. That is,

xi + xj := {xi} ∪ {xj}, for any i, j ∈ {1, . . . , n}

The expression (5) for X can be easily extended in case that X is countable. Another extension
of (5), as proposed by Zadeh, for any fuzzy subset A ∈ FS(X) with membership function
µA : X → [0, 1], is the following one,

A = µA(x1)x1 + · · ·+ µA(xn)xn or A =
n∑
i=1

µA(xi)xi (6)

In case X is a numerical subset, i.e. x1, · · · , xn are numbers, then µA(xi)xi may seem ambigu-
ously (it can be taught as multiplication). In this case, we write µA(xi)/xi with the separation
symbol / for disambiguation. Therefore, (6) becomes

A = µA(x1)/x1 + · · ·+ µA(xn)/xn or A =
n∑
i=1

µA(xi)/xi (7)

In the above expression we will omit all members of the sum with membership function corre-
sponding to value 0 which is a completely correct extension of (5). That is, for any x from the
universe X for which µA(x) = 0 can be omitted.

Example 2.1 As a concrete example, let us take the universe of discourse to be the set of integers
{1, . . . , 10}, i.e. X = 1+2+ · · ·+10. Then the fuzzy subset labeled “several” may be expressed
like this

several = 0.5/3 + 0.8/4 + 1/5 + 1/6 + 0.8/7 + 0.4/8

Like in (5), the expression (7) may also be interpreted as the union of its constituent fuzzy sin-
gletons {µA(x)/x}. Thereby, if for x′, x′′ ∈ X such that x0 := x′ = x′′ but a′ 6= a′′ for any
a′, a′′ ∈ [0, 1], we write

a′/x′ + a′′/x′′ = max{a′, a′′}/x0 (8)

That is,
A = . . .+ α/x+ β/x+ γ/x+ . . . = . . .+ (α ∨ β ∨ γ)/x+ . . . (9)

where we have written down only a fragment of the expression (8) for the fuzzy subset A and
with ∨ and ∧ will be denoted the supremum and infimum, respectively.

Let us define a multi-set as a set which can contain one or more of its elements more than once.
More formally, let us take an usual set Y with a binary relation ∼, which is reflexive, transitive
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and symmetric, i.e. ∼ is an equivalence relation in Y . The equivalence classesX := Y/ ∼ can be
seen now as a multi-set basis, where we identify all elements from Y which are related through
∼. We say that X ′ ⊆ Y is a minimal generator for the multi-set Y if

(∀x̃ ∈ X)(∃!x ∈ X ′)(x ∈ x̃)

where (∃!x ∈ X ′) stands for “exists only one element x from X ′”. That is, card(X ′) = card(X)

and (∀x1, x2 ∈ X ′)(x1 6= x2 ⇒ x̃1 6= x̃2) where x 7→ x̃ ∈ X = Y/ ∼ for all x ∈ Y is
the canonical map corresponding to the equivalence relation ∼. Let us now take as an universe
the set X for which some elements can be taken repeated building up a multi-set Y. Therefore,
applying (8) we can express any fuzzy subset A ∈ FS(X) in the form

A =
∑
y∈Y

µA(y)/y =
∑
x∈X

(
∨

t∈Y :t̃=x̃

µA(t))/x (10)

Example 2.2 As next example let us express the empty subset and the whole universe X , i.e. the
least and greatest elements of FS(X). They will look like this,

∅ =
n∑
i=1

0/x = NOTHING

and respectively,

X =
n∑
i=1

1/xi = 1/x1 + · · ·+ . . . 1/xn

Let us now, by analogy, but taking into account the additional parameters - the non-membership
and uncertainty degrees, extend the above expressions for the family of intuitionistic fuzzy sets
IFS(X) over some universeX . Taking again first a finite or countable universeX = {x1, . . . xn},
then any intuitionistic fuzzy setA = {〈x, µA(x), νA(x)〉|x ∈ X} ∈ IFS(X) can be written down
in the following way,

A =
n∑
i=1

(µA(xi) + νA(xi))/xi =
n∑
i=1

µA(xi)/xi + νA(xi)/xi (11)

where  is taken as a delimiter between the membership and non-membership parts of the sum.
Some of the elements from the membership and/or non-membership parts of the above sum can
be omitted. Namely, these members of the sum for which µA(x) = 0 and/or νA(x) = 1.

Example 2.3 As an example, let us take X = {a, b, c, d} and A = {〈a, 0.3, 0.6〉, 〈b, 0, 1〉,
〈c, 0.85, 0.1〉, 〈d, 0, 0.5〉}. We will have that

A = (0.3 + 0.6)/a+ (0 + 1)/b+ (0.85 + 0.1)/c+ (0 + 0.5)/d (12)

and thereby,
A = (0.3 + 0.6)/a+ (0.85 + 0.1)/c+ 0.5/d (13)

For the above defined sum expression we are going to show how the modal operators would
look like. And namely, taking the intuitionistic fuzzy set A as expressed in (11), we have
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�A =
n∑
i=1

(µA(xi) + (1− µA(xi))/xi (14)

and respectively,

♦A =
n∑
i=1

((1− νA(xi)) + νA(xi))/xi (15)

In the same way as in (10), we can consider the sum representation of an intuitionistic fuzzy
set A ∈ IFS(X) as a sum over a multi-set Y , where X is a corresponding base of the multi-
set. But now for the non-membership part of the sum the infimum over all the elements of the
corresponding equivalence class has to be taken. That is, by analogy with (10) for

A =
∑
y∈Y

(µA(y) + νA(y))/y (16)

where some of the sum indices y ∈ Y in the above sum may be repeated, we will have,

A =
∑
x∈X

(
∨

t∈Y :t̃=x̃

µA(t) + 
∧

t∈Y :t̃=x̃

νA(t))/x (17)

As in (9) we can write down how a particular equivalence class would look like in the last
sum. And namely, if

A = · · ·+ (αµ + αν)/x+ (βµ + βν)/x+ (γµ + γν)/x+ · · · (18)

then A can be rewritten as
A = · · ·+ (αµ ∨ βµ ∨ γµ + αν ∧ βν ∧ γν)/x+ · · · (19)

We will see in the following sections that the symbol  for the sum representation of the
intuitionistic fuzzy sets possesses analogous properties as the imaginary i in the framework of
the complex numbers and integrals over curves in the complex plane C. By analogy with the
sum representation of the intuitionistic fuzzy sets, we are going to define a corresponding integral
representation in case if the underlying universe is neither countable, nor finite. As the sum
in the above expressions does not stand for the usual sum in mathematics rather than for the
union, the notion of “integral” we are going to introduce, will not be considered in the standard
understanding, i.e. Riemann or Lebesgue integrals.

Let us now consider the underlying universe X to be a continuum or of greater cardinality
and the same for the support of a usual fuzzy set A ∈ FS(X). The reader may refer to Zadeh [9],
Sec. 3, where such a fuzzy subset is expressed as

A =

∫
X

µA(x)/x (20)

with the understanding that the integral denotes the union of the fuzzy singletons {µA(x)/x} for
all x ∈ X . By analogy, we can introduce the following integral denotation for an intuitionistic
fuzzy set A ∈ IFS(X)

A =

∫
x∈X

(µA(x) + νA(x))/x =

∫
x∈X

µA(x)/x+ 

∫
x∈X

νA(x)/x (21)
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where some of the sum indexes in the above sum may be repeated, i.e. considered as a multi-set.
We will have then,

A =

∫
y∈Y

(µA(y) + νA(y))/y =

∫
x∈X

(
∨

t∈Y :t̃=x̃

µA(t) + 
∧

t∈Y :t̃=x̃

νA(t))/x (22)

We can also omit some of the indices as done in the sum representation.
Let us define the support of an intuitionistic fuzzy set A ∈ IFS(X) as

Supp(A) := {x | (x ∈ X) & (µA(x) > 0 ∨ νA(x) < 1)} (23)

Obviously, the support of an IFS can be expressed in the following equivalent way

Supp(A) = µ−1A (0, 1] ∪ ν−1A [0, 1).

Let us now briefly denote the support of A ∈ IFS(X) as XA. Therefore, in (21) omitting the
indexes x ∈ X for which µA(x) = 0 and νA(x) = 1 we have the following expression∫

x∈XA

(µA(x) + νA(x))/x (24)

More generally, for all X1 such that XA ⊂ X1 ⊂ X , we can write

A =

∫
x∈X1

(µA(x) + νA(x))/x (25)

In the above notations we have the following properties for the union, intersection and the
complement of the intuitionistic fuzzy sets A,B ∈ IFS(X),

• A ∪B =
∫
x∈XA∪XB

(µA∪B(x) + νA∪B(x))/x,

• A ∩B =
∫
x∈XA∩XB

(µA∩B(x) + νA∩B(x))/x.

• A =
∫
x∈X(µA(x) + νA(x))/x =

∫
x∈X(νA(x) + µA(x))/x

3 Integral representation of the extension principle for IFSs

Suppose we are given a mapping f from X to Y , i.e. Dom(f) = X and Range(f) ⊂ Y . The
extension principle for IFSs allows the domain of definition of the mapping f to be extended
from X to IFS(X) and its range from Y to IFS(Y ). Actually, the extension principle for
intuitionistic fuzzy sets, stated by Çoker [6], is a generalization of the extension principle for
fuzzy sets, introduced by Zadeh (cf. [9] and [8]). For further applications of the extension
principle for IFSs the reader may refer to Atanassova [4]. Let us first consider a fuzzy set F ∈
FS(X) and state the fuzzy extension of the above introduced f : X −→ Y . We will see that the
extension principle for FS resembles the action of a linear operator between vector spaces. The
role of the vector spaces play the domain and the range, respectively, of the function f . Namely,
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let us have some usual set (universe) X and let us choose some fuzzy set A ∈ FS(X). The
extension principle for FSs states that f(A) ∈ FS(Y ) such that for every y ∈ Y ,

µf(A)(y) =

{
sup{µA(x) : x ∈ f−1{y}}, if y ∈ Range(f)
0, if y /∈ Range(f)

(26)

And for every B ∈ FS(Y ), f−1(B) is defined in the following way

µf−1(B)(x) = µB(f(x)) (27)

for every x ∈ X .
Following the above definition and letting A be expressed in the form A = µ1/x1 + · · · +

µn/xn, where now the universe X = {x1, · · · , xn} is supposed to be finite, we can see that
f(A) = f(µ1/x1 + · · ·+ µn/xn) = f(µ1/x1) + · · ·+ f(µn/xn). And let us show that from (26)
we will get

f(A) = µ1/f(x1) + · · ·+ µn/f(xn). (28)

The last expressions mean that considering the elements from X as basis elements and the degree
of membership for every “vector” A ∈ FS(X) in any point xi as the corresponding coordinate
of xi, f behaves as a linear operator between FS(X) and FS(Y ). Let us now suppose that for
instance x1 = x2 and skipping the delimiter “/” let us rewrite the first and second members of the
above sum as

µ1f(x1) + µ2f(x2) = (µ1 + µ2)f(x1).

That is exactly the expression of a vector sum for a linear operator and letting the “+” in (µ1+µ2)

above mean “sup” or “∨” we get the validity of (28).
The above reasoning can be easily generalized in the case with a universeX of any cardinality

applying the integral representation for fuzzy sets. That is, if A ∈ FS(X) is expressed as in (20),
then

f(A) = f(

∫
X

µA(x)/x) =

∫
X

µA(x)/f(x). (29)

Let us now state the extension principle for IFSs and extend the above expressions for the
intuitionistic fuzzy case. Namely, suppose we are given two universes X and Y for intuitionistic
fuzzy sets and a usual function f : X −→ Y . The extension principle for IFSs says, that f can
be extended to f : IFS(X) −→ IFS(Y ) as follows. Namely, let us now take some usual set
(universe) X and let us choose some A ∈ IFS(X). The extension principle for IFSs states that
f(A) ∈ IFS(Y ) such that for every y ∈ Y ,

µf(A)(y) =

{
sup{µA(x) : x ∈ f−1{y}}, if y ∈ Range(f)
0, if y /∈ Range(f)

(30)

νf(A)(y) =

{
inf{νA(x) : x ∈ f−1{y}}, if y ∈ Range(f)
1, if y /∈ Range(f)

(31)

For any B ∈ IFS(Y ), f−1(B) is defined in the following way

µf−1(B)(x) = µB(f(x)) and νf−1(B)(x) = νB(f(x)) (32)

for every x ∈ X .
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Applying the properties of the sum (17) and integral (22) representations for IFSs, stated in
the last section, we are ready to introduce the extension principle for IFSs in a easy way as already
done above for the usual fuzzy sets. And namely, letting first X be a finite universe, we have that

f(A) = f(
n∑
i=1

(µA(xi) + νA(xi))/xi) =
n∑
i=1

(µA(xi) + νA(xi))/f(xi). (33)

In case of a universe of arbitrary cardinality, replacing
∑

with
∫

in the last expression (33),
we obtain easily

f(A) = f(

∫
x∈X

(µA(x) + νA(x))/x) =

∫
x∈X

(µA(x) + νA(x))/f(x). (34)

4 Conclusion

In this paper, a new representation of intuitionistic fuzzy sets (IFSs) has been introduced, applying
the presented integral symbol. It turns out that this form represents an IFS in a very suitable way
for writing down some of the operations applying the extension principle for IFSs and possesses
some properties of the complex numbers and integrals. The extension principle in the context of
this paper provides for every function between two crisp sets (function between two universes
f : U1 −→ U2 ) an extension of the function as a mapping of the IFSs over the first set to the IFSs
over the second set (f : IFS(U1) −→ IFS(U2) ).
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